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Preface 



The motto of connectivity and superconductivity is that the solutions of the 
Ginzburg-Landau equations are qualitatively influenced by the topology of 
the boundaries. Special attention is given to the “zero set”, the set of the 
positions (usually known as “quantum vortices”) where the order parameter 
vanishes. The paradigm of connectivity and superconductivity is the Little- 
Parks effect, discussed in most textbooks on superconductivity. 

This volume is intended to serve as a reference book for graduate students 
and researchers in physics or mathematics interested in superconductivity, 
or in the Schrodinger equation as a limiting case of the Ginzburg-Landau 
equations. 

The effects considered here usually become important in the regime where 
the coherence length is of the order of the dimensions of the sample. While in 
the Little-Parks days a lot of ingenuity was required to achieve this regime, 
present microelectronic techniques have transformed it into a routine. More- 
over, measurement and visualization techniques are developing at a pace 
which makes it reasonable to expect verification of distributions, and not 
only of global properties. 

Activity in the field has grown and diversified substantially in recent years. 
We have therefore invited experts ranging from experimental and theoretical 
physicists to pure and applied mathematicians to contribute articles for this 
book. While the skeleton of the book deals with superconductivity, micronet- 
works and generalizations of the Little-Parks situation, there are also articles 
which deal with applications of the Ginzburg-Landau formalism to several 
fundamental topics, such as quantum coherence, cosmology, and questions in 
materials science. 

The sequence of the chapters in the book follows similarity of subjects 
rather than authors’ disciplines, so that articles by physicists and by mathe- 
maticians are intermixed. We have made an effort to have all authors express 
themselves in a common language, but the reader will still identify differences 
in their styles. 
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In the Memory of Shlomo Alexander 



Pierre-Gilles de Gennes 

ESPCI, 10 me Vauquelin, 75005 Paris, France 




My first recollection of superconducting clusters is based on work by Guy 
Deutscher and coworkers in Tel Aviv, where they probed certain random 
arrays of microscopic metallic particles. Goming to Israel soon after, I men- 
tioned the amusing properties of “wire networks” , where some superconduct- 
ing threads (simple loops, or connected periodic networks) are exposed to a 
magnetic field. 

Shlomo was immediateley interested by these questions. With Amnon 
Aharony and others he had fully understood the question of classical diffu- 
sion on percolation networks — what I had called the “ant problem”. He 
was immediately able to transpose these concepts to the quantum mechani- 
cal problem of a Landau-Ginzburg equation with a vector potential, and to 
predict the magnetic behavior. 

In another direction, he kept an active eye on self similar fractals, such 
as the Serpinskii gasket, where he constructed a very interesting set of wave 
functions. As usual, I was deeply impressed by all he had brought within a 
short time... 

Recently, many years later, I had another contact with random clus- 
ters and their spectral dimension: the field here is very different. We talk 
about flexible branched polymer chains, and how they can be sucked into a 
nanopore. Shlomo discussed this with us at great length. One amusing fea- 
ture was that a very simple calculation, based on Flory’s ideas, was able to 
predict the spectral dimension of the clusters. He enjoyed this. 
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2 Pierre-Gilles de Gennes 

Now, if we find a difficult problem, or a strange concept, we cannot come 
to him and ask for help. We have lost a great man. 

P.G. de Gennes, April 1999 




1 Topological Considerations 
in Superconductivity 



Jacob Rubinstein 

Department of Mathematics, Technion, 32000 Haifa, Israel 



1.1 Introduction 

Some of the fundamental phenomena of superconductivity are observed in 
samples with a nontrivial topology. The purpose of this book is to assem- 
ble evidence ranging from experimental physics to pure mathematics that 
supports this assertion. The task is not easy. The different communities rep- 
resented in the book have very different perspectives. They often even talk 
in different languages. But we feel that the gap between them has narrowed 
in recent years, and we hope that the book will serve to narrow it further. 

In this introductory chapter, I review results by my colleagues and myself 
over the last decade. They include several examples in which topology plays a 
crucial role in the mathematical analysis of the Ginzburg Landau model, and 
where physics is deeply affected too. I shall not try to survey the entire field. 
This is the purpose of the book as a whole. Rather, I shall try to highlight 
some of the main features of topological considerations, particularly from the 
mathematical view point. 

Following a brief introduction to the Ginzburg Landau model, I proceed 
to investigate one of the earliest fascinating patterns discovered in supercon- 
ductivity: permanent currents. I show that these currents persist even with- 
out an external magnetic field. A nontrivial topology (a toroidal domain, for 
example) is essential for maintaining the currents. Permanent currents are 
of course well known in physics. It is interesting to note, though, that the 
mathematics needed to study them is quite novel. 

I continue with the Little Parks effect, which is closely associated with 
the Aharonov Bohm effect. Here the topology manifests itself in the phase 
transition diagram. The effect becomes even more involved when we consider 
arbitrary graphs. Now the topology (related to the cycles of the graph) has 
to be coupled with the geometry (the connectivity of the graph). 

Vortices are arguably the most important pattern in superconductivity. 
The very notion of a vortex is topological in nature, since a vortex is asso- 
ciated with a degree - the circulation of the order parameter phase around 
the vortex core. There is an important difference, though, between the topo- 
logical argument related to vortices and those appearing in the examples in 
the previous paragraphs: in the study of vortices the topology is built into 
the solution through the initial data and the external conditions, such as the 
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applied magnetic field. It is not required for the sample to have unusual ge- 
ometry to have vortices. In addition to the built-in topological feature of a 
vortex through degree considerations, the vortex line may have a nontrivial 
spatial shape. It can form loops, knots and links. The phenomena of vortex 
line entanglement plays a prominent role in turbulence in superfluids. There- 
fore, a natural question is whether such patterns can arise naturally also in 
superconductivity. While I do not have a complete answer, I present below a 
partial result pertaining to a simplified model, in which magnetic fields are 
neglected. In this toy model one can show that complex patterns formed by 
superconducting vortices tend to unknot themselves. Hence vortex entangle- 
ment is not expected to be typical in superconductivity, unless it is forced 
through unusual boundary and initial conditions. 

Vortex formation and the Little Parks effect are shown to be related to 
each other in asymmetric domains with nontrivial topology. We examine this 
point by studying the zero set of the order parameter in thin networks. The 
problem of the linear GL model on graphs is further elaborated by Castro 
and Lopez in Chap. 2. The case of a two dimensional setup, i.e. networks 
with finite thickness, is considered in Chap. 3. The analysis of the zero set in 
networks is used to introduce another interesting topological tool - the double 
covering of a manifold. Moreover, a nontrivial topology can imply a zero set of 
codimension 1, which is quite unusual for complex valued functions. Finally 
we point out a connection between a ring topology and the Josephson effect. 

1.2 Introduction to the Ginzburg— Landau Model 

The Ginzburg Landau (GL) model for superconductivity is based on the 
Landau theory for second order phase transitions. The model consists of 
an energy functional depending on a complex order parameter W and the 
magnetic vector potential A. In dimensional units, the energy density is given 

by 

a(T)|!F|2 -b 6(T)|tF|‘‘ -b — - 2ieAW\^ + ■ {H - 2H^) (1.1) 

4m 2 

where T is the temperature, Hf. is the applied magnetic field, b{T) is a pos- 
itive temperature dependent material function, the material function a(T) 
is positive for T > Tc, and negative for T < Tc, /xm is the magnetic per- 
meability, m is a free parameter, taken in general to be the electron mass, 
and Tc is the critical transition temperature. A material is associated with 
two fundamental length scales: the coherence length (characterizing the or- 
der parameter) ^ = h/2^yrn\a\, and the penetration length (characterizing 
the magnetic potential) A = m6/2|a|/XMe^. 

Several kinds of nondimensional units are often used. One of them is based 
on scaling all lengths with respect to A: 

H Xx. (1.2) 

6 V 
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In these units the GL functional takes the form 

FGL=f\{-V-iA)i;\^ + M^-lf+f {VxA-H,f. (1.3) 

Ja tc J^3 

Here we introduced the nondimensional GL parameter k = A/^, and com- 
pleted the magnetic contribution to a full square by adding a constant to the 
energy. 

Another kind of scaling is based on using the coherence length as the 
sale length [26]. Scaling by either the coherence length or by the penetration 
length has the deficiency that the length unit is temperature dependent. This 
situation is undesired when studying phase transitions. Thus we sometimes 
restore to a different scaling in which the sample scale is chosen to scale 
lengths in the problem [7]. Throughout this chapter, and, in fact, throughout 
the book, different scalings will be used depending on the problem under 
consideration. The GL functional and its related Euler Lagrange equations 
have been extensively studied from the pure mathematical view point. We 
refer to [14] and [26] for further references. In addition we refer to the three 
classical texts by de Gennes [13], by Abrikosov [1] and by Tinkham [33] for 
a comprehensive treatment of superconductivity in general. 

1.3 Permanent Currents 

One of the classical quantized objects is provided by a permanent current cir- 
culating in domains with non trivial topology, such as tori. While in the set- 
ting we shall consider there are no vortices, the permanent current is closely 
related to the issue of quantized fluxoid that we define below. Obviously, 
permanent currents are well known and understood both theoretically and 
experimentally from the physical view point. Nevertheless, it takes some- 
what unusual mathematics to establish their existence in arbitrary multiply 
connected domains. We note that we are investigating permanent supercon- 
ducting current without any driving mechanism such as an external magnetic 
field. Glearly these patterns can be only local minima of the GL functional. 

Denote by Q the domain in IR^ occupied by the superconducting mate- 
rial. Assume furthermore that 17 is multiply connected. More precisely, we 
assume that the fundamental group of 17 is nontrivial. Gonsider now smooth 
(Lipschitz) mappings from 17 into the unit circle S^, and define for each of 
them a homotopy type, determined by its circulation along the 1-skeleton of 
17. We can thus divide the smooth mappings from 17 into into equivalent 
classes defined by their homotopy types. The solid torus is a concrete exam- 
ple that we shall use in the sequel. In this case the set of homotopy class is 
exactly Z - the set of integers. 

The material is not subjected to an external magnetic field. Therefore we 
write its energy in the form 

F„(^,A)= / |(V-iA)V^|2 + «2(|^|2_i)2^ /■ |vxA|2, (1.4) 

Jn JR^ 
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where the coherence length scaling is used. The first term is the energy as- 
sociated with the superconducting electrons, which are confined to f2. The 
second term is the energy of the magnetic field, which is defined over the 
entire space. We have to choose an appropriate function space for the mag- 
netic field A. The natural space seems to be the Sobolev space M^), 

which can be taken as the closure of vector fields in the norm |Vup. 

Recalling the gauge invariance of the GL energy, we impose the additional 
constraint V • A = 0; thus we consider for A the space Sl^), which 

is the closure of divergence free vector fields under the |Vup norm. 

We shall show that for each homotopy type m and for k sufficiently large, 
there exists a local minimizer {ip]^,A]^) of (1.4). We first introduce, for each 
TO, an auxiliary pair , A^) . For this purpose we introduce the Sobolev 
space S^) of mappings between 12 and the unit circle. Considering the 

functional for functions in this space, we observe that the middle term on 
the right hand side of (1.4) vanishes identically; thus we define the functional 

Foii^,A)= f \{W-iA)i;f+ f |Vx^|2. (1.5) 

JQ J 

A crucial question is how to associate homotopy types with Fl^ functions 
(that are not necessarily smooth). The solution to this problem is provided 
in two parts. The first is a theorem by Bethuel, stating that the smooth 
functions are dense in Fl^{Q, S'^) [10]. The second ingredient is a theorem by 
White [34], indicating that two smooth functions that are sufficiently close 
in the Fl^ norm must have the same homotopy type. It follows that non- 
smooth functions can be associated with a unique homotopy type through 
approximations by smooth functions. Moreover, White has shown that homo- 
topy type is preserved under weak convergence in . Thus we can partition 
the space F[^{Q,S^) into subspaces of functions with the same 

homotopy class. 

Using these results, and the direct method of calculus of variations, it 
can be shown [31] that, for each to, there exists a pair {%p, A) in A^) x 

that is a local minimizer of (1.5) in the space F[^{Q, A^) x 
We denote this minimizer by (t/>™. A'"). 

We can now state a theorem about the homotopy classification of the 
minimizers for the full functional (1.4). A result along this line was first proved 
in [19] for the special case of symmetric domains. An abstract formulation 
that applies for arbitrary domains is provided in [31]: 

Theorem 1. For each homotopy type to there exists kq, such that for all 
K > Kq, the functional F^^ posseses a local minimizer Moreover, 

the sequence {'tpff,Aff) converges to {tp^,A™) as k ^ oo in H^{n,C) x 
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Proof 

Fix a homotopy type m, and minimize over the set 

{{i;,A)GH\f2,C)xHdUlR^) : ||V’ - V’™ll < 7m}, 

where ■jm is chosen so that minimizes Fq in a ball of that radius in 
S^). Clearly, the following chain of inequalities hold 

(i.e) 

Hence < K~'^Fo(ip™, A"‘), which implies ^ 1 pointwise a.e. 

as K ^ oo. Also, F[^ compactness implies the convergence (possibly of subse- 
quences) of 'tp™ to some function U, with \U\ = 1, and of A™ to some vector 
field A, weakly in i7^(l7, C) x respectively. The lower semiconti- 

nuity of the F[^ norm implies 

Fo{U, A) < liminfFo(r^™, A^). (1.7) 

Combining (1.6) and (1.7) we find that U satisfies 

Fo{U,A)<FoiP;^,A^), and 1 1[7 - | < 7m- (1-8) 

Therefore U = e'“r/'’”, and A = A™ for some constant a that we can take 
without loss of generality to be zero. This implies the convergence of the 
norms of Vipjp and VA™ to those of Vr/’™ and VA™, respectively. Therefore 
the convergence is in the strong sense. 

An interesting question is whether the topology for the convergence can 
be upgraded to C^, or at least to This is important from the physical 
view point, since it will imply that there are no vortices in 17 when k is suffi- 
ciently large. Such an extension was indeed obtained recently in [11] within a 
more general framework. The general abstract mathematical question of un- 
derstanding the critical points of the CL functional in multiply connected do- 
mains, and their dependence on the domain topology is addressed by Almeida 
and Bethuel [2]. 

The homotopy classification relates to the phenomena of quantized flux- 
oids. Assume again that 17 is a solid torus. Writing ip = ye“^, the supercon- 
ducting current can be written in the form Jg = y'^{'V(p — A). Let ct be a 
closed curve in 17 homotopic to its 1-skeleton, and denote by S any surface 
bounded by a. Then the fluxoid is defined as 

FL= [ HdS+ [ ^da. 

J s J(T y 

The relation W x A = H and Stokes theorem imply 
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Therefore the fluxoid must be an integer times 2tt. This integer is precisely 
the homotopy type that was used to classify the local minimizers. 

The stable configurations we found are obviously associated with the ex- 
istence of permanent currents. These currents are experimentally observed 
to circulate around superconducting rings even in the absence of an exter- 
nal magnetic field. Some driving force, though, was needed to create these 
currents, i.e. to drive the system from a quiescent equilibrium (which is the 
global minimum) to the vicinity of one of the local minimizers. For example, 
a strong magnetic field can be used to bring the system into the domain of at- 
traction of one the local minimizers with large homotopy type. The approach 
presented here enables one to predict the structure of permanent currents in 
domains with various topological properties. 



1.4 The Little— Parks Paradigm 

The second main topological aspect of superconductivity is the Little Parks 
effect. Little and Parks observed in 1961 [21] that the phase transition tem- 
perature in long and thin cylindrical shells is essentially a periodic function of 
the axial magnetic flux through the cylinder. This is obviously a quantum me- 
chanical effect, actually a manifestation of the Aharonov-Bohm effect. More 
precisely, the Tc(fP) curve, where is the critical temperature and <P is the 
flux, is of the form of a periodic function superimposed on a parabola. The 
pure effect (i.e. without the parabolic background) has a simple explanation 
in terms of one dimensional considerations. The parabolic background was 
shown by Groff and Parks [15] to be a consequence of the finite thickness of 
the shell. The theoretical work was based on the assumption that the order 
parameter has essentially constant amplitude. 

With the introduction of advanced fabrication methods, modern exper- 
iments are performed on essentially two dimensional domains (i.e. the shell 
is actually a flat ring). For a long time people found excellent agreement 
when they compared experimental results with theoretical calculations (e.g. 
[15]). A closer look, however reveals problems. As an example we mention 
the experiment of Zhang and Price [35] . They measured dl / as a function 
of (p, where / is the current flowing in the ring, and <P is the flux through a 
disc defined by the average radius of the ring. Near the critical temperature 
the graphs have strong positive peaks for flux values that are approximately 
integer plus half (in normalized units). These peaks are unaccounted for by 
the usual theory (e.g. [33]). 

To understand these peaks, a more refined theory is needed. In fact, Berger 
and Rubinstein [5] observed already before this experiment that even a slight 
deviation from uniform thickness implies an unusual behavior at flux values 
near Z 1/2. They showed that in this situation, and in a one dimensional 
setup, the order parameter has a zero whenever the flux is exactly in the 
set Z 1/2. Moreover, the assumption of uniform amplitude for the order 




1 Topological considerations in superconductivity 



9 



parameter breaks down in a temperature interval near Tc, and for flux values 
near Z + 1/2. They have further shown [6] that the new theory can explain, 
at least qualitatively, the anomalies in the Zhang-Price experiment. We refer 
to Chap. 5 for an extensive review of this subject. 

Recent theoretical progress [7], [16] revealed that the key term is symmetry 
breaking. The nonuniformity of the thickness of a ring indeed gives rise to a 
specific symmetry breaking. But it is only a special case of a more general 
situation. In the next two sections we shall examine the general GL theory on 
graphs, and introduce precisely the issue of asymmetry in a one dimensional 
setup. Extensions to two dimensions are discussed in detail in [7], [16] and in 
Chap. 3. 

We comment that the classical literature on Little Parks oscillations as- 
sumes that the superconducting sample is multiply connected, typically with 
a ring- like geometry. Nevertheless, an oscillatory Tc{<P) curve can also be ob- 
tained for simply connected domains. This has been shown experimentally by 
Buisson et al. [12] who considered a small disc. Later Moshchalkov, Bruyn- 
doncx and their coworkers (see Chap. 4 for a comprehensive review) measured 
the transition temperature Tc(^) for a mesoscopic square. Both groups re- 
ported oscillatory phase boundary superimposed on a linear background. The 
heuristic reasoning for the oscillations is that as the flux increases, the wave 
function concentrates near the boundary, and the sample appears effectively 
as a thin ring. This gives rise to a topological quantization constraint on the 
phase of the wave function and hence the Little Parks oscillations. The anal- 
ogy with the experiments in thin shells is not perfect, though. In the case of a 
simply connected sample under strong fields, the width of the ‘effective’ ring 
is not fixed. Rather, the width shrinks as the applied held increases. Further 
theoretical study of this issue is provided in [9], [18] and in Chap. 7. 

1.5 Ginzburg— Landau Model on Graphs 

The theoretical framework for the magnetic Schrodinger operator on graphs 
was laid down by de Gennes and Alexander (dCA) about 20 years ago. 
The theory was further developed by Castro, Lopez and their coworkers (see 
Chap. 2). A key idea was to transform the underlying ordinary differential 
equations for the order parameter ^|) into equations for the values of ip at the 
nodes of the graph. While the idea is limited to linear problems, it enabled the 
calculations of many useful quantities, including the phase transition diagram 
for rather complicated geometries. 

The problem is somewhat more involved in the nonlinear version of the 
dCA theory, where the quartic term in the GL energy functional is taken 
into account. One possible approach to the problem is to integrate the phase 
equations. This can be done over each of the independent cycles of the graph. 
The consequence is that, instead of solving an equation for the complex order 
parameter, one needs to solve an equation for the real amplitude of ^|J, and. 
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in addition, to find a number of constants: the total phase change across 
each independent cycle in the graph. We shall show in some detail how this 
integration is performed. 

We start by introducing fundamental graph theoretical notions. We shall 
use them to express compactly the integrated equations. An oriented finite 
graph M is described by a set V of vertices and a family S of edges. The 
edge-node incidence matrix of a graph M is the | V| x \S\ matrix A defined by 
Avj = -bl if u is the origin of edge j and not its end, Ayj = — 1 if u is the end 
of edge j and not its origin, and 0 otherwise. Each edge of M is numbered 
by J G {!) ■ • ■ ) and each vertex is numbered by u G V; the number of 
vertices is denoted by |V| and the number of edges is denoted by \£\. 

A path in M is a list of vertices {ui, . . . , Vn\ such that for each j, (vj,Vj+i) 
or (^Vj+i,Vj) belongs to the set of edges £. A path is elementary if all its 
vertices are distinct, and it is simple if all its edges are distinct. A cycle is a 
path whose end vertex coincides with the origin vertex vi. It is elementary 
if all its vertices are distinct, except for the coincidence between the first and 
last vertex. 

A cycle can also be seen as an algebraic sum of edges, affected with the 
+ sign if their orientation coincides with that of the cycle, with the — sign 
if it is opposite and with the 0 sign if the edge does not belong to the cycle; 
therefore, the sum of cycles can be defined, as well as the 0 cycle, and the 
multiplication of a cycle by any relative integer. The graph possesses a basis 
of independent simple and elementary cycles. Notice that there are several 
such bases. Denoting by C an arbitrary family of simple cycles, we may define 
the edge-cycle incidence matrix: it is the \C\ x \£ matrix B{C,M) such that 
B[j{C,M) = -bl if edge j belongs to cycle I and has the same orientation, 
B[j{C, M) = — 1 if edge j belongs to cycle I and has the opposite orientation, 
and Bij{C, M) = 0 otherwise. 

Assume that we can embed the graph M in IR^. This means that the 
vertices are points of and that the edges are curves of IB? parameterized 
by a smooth map pj from an interval (aj,bj) to we assume that p' 
is bounded away from 0 over [a^ , 6j]. Thus, without loss of generality, the 
parameter is the arc length. It is convenient to denote by Mj = Pj{{cij,bj)) 
the arc of M indexed by j. 

We need to describe the arcs leaving or entering any vertex of M so that 
we can write down Kirchhoff-like transmission conditions. This is done by 
introducing for each v G V the set J{v) defined as follows: 

J(v) = {{j,aj,+l) : pj{aj) = w} U {(j, 6^-, -1) : pj{bj) = u}. (1.9) 

If C belongs to J{v), its components are denoted (C[l], C[2], CP]) • There are 
|J(u)| curves which start or end at any vertex u G V; an arc might start and 
end at v if it is a loop. 
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We can now write down the one dimensional GL functional on M: 

IG i-b, 

+ -l)V2])ds. (1.10) 

j=i “'“r 

Here ip is the complex-valued order parameter, A (which is a real valued 
function on M) is the tangential component of the magnetic vector potential 
A corresponding to the (given) applied magnetic field He, and fj, = , 

where i? is a length scale characterizing the perimeter of the graph, ^(0) is a 
material length scale (an effective zero temperature coherence length) and 
is the phase transition temperature in the absence of external magnetic fields. 
A word of caution ~ we work in units in which the fundamental flux unit is 
27 t. Therefore the special flux values (referred to in the previous section), in 
which ip might have zeros are now given by kir where k is an odd integer. The 
one dimensional problem of minimizing is the nonlinear version of the 

dGA model. It was shown [27] to be the rigorous limit of the two dimensional 
GL functional in thin structures centered around M . 

The set IB? \ M has a finite number of bounded connected components 
which we denote by Fi . The ordered boundaries of the Fi ’s are simple elemen- 
tary cycles of M: they constitute a basis of cycles of M which will be denoted 
by C. The flux of the applied magnetic field Hg through Fi is denoted by 
it follows from Stokes formula that 

= r Ajds. ( 1 . 11 ) 

j&s 

The Euler Lagrange equations associated with H are (for every j G 
/ d \ ^ 

^i— -|- Ajj ipj -\- /x(ji/jj| — Fjipj = 0, s G {ujjbj). (1-12) 

In addition ip is continuous at the vertices, and the following Kirchhoff trans- 
mission conditions hold there: 

^[3](#k[i] + ^k[i]V'k[i])(^[2]) = 0. (1-13) 

kGJ{v) 

It is convenient at this point to define the absolute value and the phase of 
the order parameter: ip = . At each point where ipj yf 0, yj and (pj satisfy 

the following pair of differential equations, obtained by taking the real part 
and the imaginary part of (1.12): 

-y'j + {^3 - - 1) = 

2{A,-cP')y' + {A'-<P';)\ = 0. 



(1.14) 

(1.15) 
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Multiplying equation (1.15) by yj and integrating, we obtain 

{4>'j — Aj)yj = Constant. (1-16) 

The constant on the right hand side of (1-16) is the branch current Ij. Thus, 
we write more explicitly 

- A,)y] = Ij. (1.17) 

At each vertex where ip does not vanish, condition (1.13) is equivalent to 
the two conditions 

^ At[3]2/^[,](At[2])=0, (1.18) 

kGJ{v) 

and 

^ «[3]/,[i]=0. (1.19) 

hGJ{v) 

If Ij does not vanish, we have the relation: 

f\<l>'-A,)ds = I, r J. (1.20) 

Jaj Jaj yj 

Standard results in the theory of ordinary differential equations imply that 
if vanishes on (a^, bj), then either it vanishes identically, or it vanishes at 
isolated points. Furthermore, if ip vanishes at an isolated point sq of [aj,bj], 
then, by uniqueness of solutions of ordinary differential equations, 'ipji.so) 
cannot vanish. Therefore, we have 

i’jis) = So) + ... (1.21) 

which implies 

yj{so + 0)e^‘^Aso+o) ^ _ Qy<PA^o-o) ^ (^ 22) 

Therefore, the phase jumps by an odd number times tt at the zeros of ^pj; thus 
if pj is the number of zeros of tpj over the open subset (aj,bj), we combine 
this information with (1.17) to obtain: 

Cj 

4’j{bj) — 4'j{0‘j) = Pj'^ + / Aj(s) ds mod 27 t. (1-23) 

J aj 

Any cycle Cm of M is a linear combination of the dFi’s, which are the 
oriented boundaries of the Fi’s: 

\c\ 

Cm = ^ ^mldFi 
1 = 1 



(1.24) 
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with coefficients emi € Z] thus we can define for every cycle a flux through 
the oriented region bounded by this cycle through 

|C| 

1=1 



Define M to be the subgraph of M whose vertex set is V, and whose 
edges are those edges of M on w^ch the branch current does not vanish. The 
edge-node incidence matrix for M is the matrix A obtained by erasing from 
A the columns indexed by j ^ S, where S is the set of edges of M. Let C be 
a basis of simple and elementary cycles of M. Since ip does not vanish along 
any cycle Cm € C, the expression 



Y^Bmj{C,M) 




4>'j ds 



(1.26) 



is well defined, and it is the phase difference along a cycle Cm G C. As ip is 
a continuous function, the expression (1.26) must be a multiple of 27 t, which 
we denote by 2TrNm' 



Y^BmAC^M) 

ie£ 




(p'j ds = 2TrNm- 



Define now for each real- valued function z on (a^ , bj) 




(1.27) 



(1.28) 



with the convention that Aj{z) = -l-oo if 2 ^ is not integrable. For all func- 
tions y on M, let A{y) be the \S\ x \S\ diagonal matrix 



( 1 - 29 ) 

For all Cm G C, we multiply (1.20) by Bmj{C,M) and sum with respect 
to j G S; with the help of relations (1.11), (1-27) and (1.29), we see that 

27TiV™ = ^m + {B(C, M)AI)^ (1.30) 

This expression can be given an alternativejprmulation: Observe that the 
above defined basis C of the cycle space of M consists of cycles of M. Let 
B{C,M) be the edge-cycle incidence matrix for C in M. Then the edge-cycle 
incidence matrix B{C, M) is simply obtained by erasing from B{C, M) all the 
columns indexed hy j ^ £. 
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Define further the \S\ x \S\ matrix A{y) by 

{A{y))^^ = 6jkAj{y), \/j,kGS. (1.31) 

We write 

l=2^N-$={2^Nra-<l>ra)^^C- ( 1 - 32 ) 

With notations (1.32), relation (1.30) can be rewritten as 

^=BA{y)I. (1.33) 



We observe that if the edge j is a loop starting and ending at v, the terms 
containing Ij cancel out in (1.19); there are no contributions oi S\S to (1.19). 
Thus relation (1.19) can be rewritten 

Vu G V, = 0, (1.34) 

je£ 



or in a more concise form 

AI = 0. (1.35) 

We now show how to take into account the edges where the branch current 
vanishes. Indeed, if Cm is a cycle, we denote by Zmi'tp) the number of zeros 
along it, counted algebraically. Then, since, according to (1.23) and (1.20) 




Ij + j xlj(s)ds, 



whenever yf 0, while 




PA 



Aj{s) ds 



if Ij = 0, we see that (1.30) generalizes to 



2TrNm = {BAI)^ + + Zm{lp)T^, 



(1.36) 



(1.37) 



(1.38) 



where Zm{ip) is the number of zeros of if) in the cycle Cm- 

The solution of the algebraic system (1.33), (1.35) is characterized by the 
following result: 

Lemma 1. For any choice of S C S and for any diagonal \E\ x \E\ matrix 
A with strictly positive diagonal terms, there exists a unique solution of the 
system (1.35), (1.33); moreover, this solution is given by 



T = B^ (B A{y) B^) 



(1.39) 
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This lemma enables us to give an expression of in terms of y. we 

have 

m = |y' 1^ + ((/)' - Ajf , (1.40) 

and thanks to (1-17), 

m + = \y'j 1^ + (1.41) 

Therefore, we obtain the identity: 

^ f jir/'' + ds = ^ / r ds + ^ Aj{y)l]. (1.42) 

j&£ 

We now infer from Lemma 1 

Y,l!My)=^i^A{y)B^)-% (1.43) 

je£ 

This implies: 

Lemma 2. Let ip he a minimizer of H over H^{M) which does not vanish 
at the vertices of M, and let y = \ip\; let E he the set of edge indices for 
which the branch current Ij does not vanish and let C he a maximal set of 
independent cycles of M on which the branch current does not vanish. Then 
there exists an integer vector tSf G , such that 

^(^)=E r'[kjr+A^(y/-l)"/2] ds+{27rN-$)^{BA{y)B^)-\2TTN-$)^ 

(1.44) 

An elementary analysis indicates that when ip has a zero on a branch j, 
then the associated Aj is infinite. This enables us to consider the formulation 
described in Lemma 2, while removing the “hats”, and taking the (contin- 
uous) limit Aj oo. Recalling the phase jump across zeros (1.23), we can 
summarize now our analysis in the following theorem: 

Theorem 2. Consider the functional 
IC{y,f,A) = J2 r(|j/'P + M(2/|-l)V2)ds+(^)^(SAS^)-i(5), (1.45) 

ie£ “'“3 

where A is a diagonal matrix with diagonal entries belonging to (0,-|-oo]. Let 
A{y) be defined by (1.28) and (1.29). Then 

min{7f(r/>), ip £ = (1-46) 

Tam{JC{y,( + TiZ{y),A{y)), y e ( G 2 ttZ^^^ - T>} . 
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Thus the phase equations were integrated up to a set of integers {Ni, I = 
1, . . . , |C|}. From the definition of and (1-45) we see at once that the mini- 
mizers are periodic with respect to each with a (non-dimensional) period 
of 2tt. This is of course well known experimentally. If the matrix 
is diagonal, then when there are no zeros, for any value of A the energy is 
minimized when every is minimized. Therefore each Ni is the closest inte- 
ger to <Pi/2'k. This is the case, for example, when every edge of M is a closed 
loop. For arbitrary M, however, the determination of the {Ni} cannot be 
decoupled from the amplitude equations. In fact, it is possible to construct 
examples in which some of the are not minimized. Such examples, and 
further theoretical considerations regarding the functional K, are provided in 
[28]. 

The dGA functional Ti. is valid in the limit of very thin networks. Actu- 
ally, the derivation is performed under the assumption that, as the network 
thickness d shrinks to zero, all other parameters in the problem are fixed. It is 
useful to consider one dimensional models under other preferred scaling. For 
example, [24] consider the limit in which the applied magnetic field is of the 
form d~^Hg. The resulting one dimensional limit has an additional factor, 
quadratic in Hg. This model can be used, for example, to study Little Parks 
oscillations with the parabolic background. 

Another interesting limit is when the GL parameter scales like 0{d^), 
for some positive parameter p. Gomputing this limit enables the analysis of 
phase transitions in mesoscopic samples with small GL parameter. It is well 
known that in bulk samples, the transition between the normal state and 
the superconducting state is of type I (discontinuous) if the GL parameter 
is lower than l/-\/2. Nevertheless, type II (continuous) phase transitions are 
observed experimentally in A1 mesoscopic samples, even though the GL pa- 
rameter for this material is quite small. This effect was considered in [8] and 
[25] where one dimensional models were derived for canonical scaling of the 
GL parameter. It is interesting to note that the exponent p depends on the 
domain connectivity. Gonsider, for example, a narrow two dimensional strip. 
If the strip is open, i.e. it is not closed to form a ring, then the phase transi- 
tion is continuous if k > C\d for some 0(1) constant. On the other hand, if 
the strip forms an annular region, the necessary condition for smooth phase 
transition is k > Cidd!‘^ . The heuristic reasoning behind the quantitatively 
different behaviors in closed or open strips, is that, in fact, the nature of 
the phase transition is determined by the Meissner effect. Strong Meissner 
current favors discontinuous phase transition. In thin open strips the super- 
conducting currents are weak (since they have nowhere to go) , while in a ring 
the current may circulate around the hole bounded by it. 
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1.6 The Zero Set 

One of the fascinating subjects in the study of the GL model in multiply 
connected domains is the zero set of the order parameter. Several chapters in 
this volume address this question from different perspectives. We shall con- 
sider it now for the case of one dimensional models, with a geometry similar 
to the preceding section. We have shown in this section how to handle zeros 
while integrating the phase equations. But do zeros indeed occur? Consider, 
for example, a single uniform loop. It is natural to expect a solution with 
a uniform order parameter. However, it was shown in [5] that even slight 
deviations from uniformity imply (for certain flux values) large variations in 
the amplitude of the order parameter. The question is closely related to the 
nature of the transition between different types of circulation along cycles in 
the graph. As the flux through a cycle j is varied, we reach a value where the 
total circulation, characterizing the j-th entry of the vector ^ changes to an 
adjacent integer. The question is whether this change is continuous (and thus 
accompanied by a zero of i/' somewhere along the cycle), or discontinuous. 

A partial answer was given in [6] for single narrow rings whose cross 
section deviates slightly from a constant. In the limit case of the one dimen- 
sional model it was found that in general a zero will form at some point 
along the loop whenever the flux is an odd multiple of tt. A general theo- 
retical framework to study this zero formation, together with extensions to 
two dimensional situations was developed later in [7] (see also Chap. 5). One 
consequence of this theory is that under generic asymmetry assumption, a 
zero will form for the critical flux values even for rings with arbitrary cross 
section. The crucial point is to define an appropriate notion of asymmetry 
in this context, since the definition used in [7] is neither natural nor easy to 
check. The problem was resolved by Helffer et al. in [16] (see also Chap. 3 
for a survey of recent progress by this group) . They proposed to consider the 
GL equations over the double covering of the ring. In this space one can find 
a convenient gauge, and the equations simplify considerably. 

I shall apply the method of Helffer et al. to the problem of zeros in graphs. 
I assume that the flux through each Tj is an odd multiple of tt. Furthermore, 
to simplify the exposition, I shall limit myself to linear problems. Physically, 
this amounts to considering the phase transition from the normal state, where 
tp = 0, to a superconducting state. In graphs this phase transition is always 
continuous, taking the form of a bifurcating branch. The bifurcation occurs at 
the lowest fx where the zero solution is no longer a local minimum. We denote 
this critical value by fXc- Calculating the second variation of the GL functional 
[4] one finds that /ic is exactly the ground energy of the magnetic Schrodinger 
operator on M. The superconducting order parameter is proportional to the 
ground state. Therefore the problem we shall consider now is whether the 
ground state has zeros. 

The double covering of M is denoted by M. In fact there are many double 
coverings, and we have to choose an appropriate one. For this purpose we lift 
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both and A into M. We denote a function f on M lifted to _M by /. We pick 
a covering such that the integral of A over every cycle in M isJyiT for some 
even k € Z. Denoting the primitive of A by C, our choice of M guarantees 
that e**” is a single valued function on M. This is the crucial observation that 
facilitates the analysis. It is here that we need the condition that the flux 
through every cycle of M is an odd integer times tt. We can therefore define 
the new gauge _ 

v = e~^^ip. (1-47) 

In this gauge the GL functional over M reads 

Fgl = [w{\v'f + - l)^)ds, (1.48) 

where we introduced a weight w that models nonuniformities in the network 
thickness. The nonuniformity will enable us to investigate symmetry breaking 
even in single loops. 

Consider further the mapping G : M —> M which ^nds every point to 
its corresponding point on the other copy of M . Since ip is G symmetric by 
construction, ^then u is G antisymmetric. The weight w, on the other hand, 
is lifted into M from the weight w in M, and thus it is G symmetric. There- 
fore the variational problem we consider is to minimize Fgl over complex 
G antisymmetric functions in M . The advantage of the new formulation is 
that a complicated problem on M was reduced to a simpler problem on M, 
except that the minimization is now taken over a special class of functions. 
The critical temperature is determined by the eigenvalue problem of mini- 
mizing Jlc = over all complex G antisymmetric functions v such 

that f]^w\v\'^ = 1. The minimal value is the eigenvalue /Xc = Jlc, associated 
with a ground state v. 

Instead of minimizing over complex valued functions, we consider the 
eigenvalue problem of minimizing /x* = over all real G antisymmet- 
ric functions u such that = 1. Assume is a simple eigenvalue, 

associated with the eigenfunction xx®. We argue that in this case /Xj. = 
and Vc = xx®- For suppose, in contradiction, that /Xc < /x®. Since the spec- 
tral problem for /Xc is invariant under complex conjugation, both the real 
and imaginary parts of v are real G antisymmetric eigenfunctions. Hence our 
assumption on implies that they are proportional to each other and to u. 

Consider now the special example where M is a single loop, and assume 
that )x® is simple (this is why we need the nonuniformity; when xc = 1, the 
eigenspace of )x® has dimension two). Clearly a G antisymmetric function 
must have at least one zero on each of the copies of M that comprise M. 
Using G antisymmetry again, it is easy to verify that there cannot be two 
zeros on each copy, and simple surgery argument implies that an eigenfunction 
associated with a smallest simple eigenvalue cannot have three or more zeros. 

An interesting question is whether the zero(s) occur only in the linear 
bifurcating solution. It was shown in [7] (and in more detail in Chap. 3) 
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that, in fact, if is simple, there is an interval (/ic,/tc + (physically, a 
temperature interval) where the solution to the full nonlinear GL problem 
has a zero for ^ = kir for odd k. Another important question regards the 
nature of the zero in a truly two dimensional domain f2 with holes. The 
important aspect in our construction was our ability to “gauge out” the 
magnetic potential. This can be done whenever the potential is a gradient of 
some function. In one dimension this is always true. But in two dimensions 
we need the compatibility condition V x A = 0 to hold. This condition is 
equivalent to assuming that the magnetic field vanishes in f2 (although it 
should not vanish in the holes bounded by f2, in order to guarantee the 
desired flux value). Indeed, it can be shown (Chap. 3) that the conclusion 
regarding the identification of u with u, in the case where /I® is simple, holds in 
two dimensional multiply connected domains, under the special assumption 
that He = 0 in 17. Again the zero set of i/' is the nod^ set of m - the leading 
G antisymmetric eigenfunction of the Laplacian on 17. Thus the zero set is 
of codimension one. When Hg does not vanish in 17, there may still be a 
smooth transition between circulations along closed loops in 17. But now the 
transition is mediated by vortices (see Chap. 5 for a detailed investigation of 
this effect). 

We have shown that when M is a loop and /I® is simple, there is exactly 
one zero in the order parameter. We now set w = 1, i.e. assume uniform 
thickness, and consider a canonical version of the model in an arbitrary graph. 
Given a graph M we face two questions . First, is ^® simple? Then, if it is 
simple, what is the size and structure of the zero set? Clearly there will be 
at least one zero, but in sufficiently complex graphs we could expect more 
zeros. To make the discussion more concrete, let us analyze the special case 
of symmetric ladders. An n symmetric ladder consists of n identical squares 
in a row. Parks conjectured that the order parameter will have zeros in an n 
ladder if and only if n is even. The conjecture was verified experimentally for 
n = 1,2,3. For the case of symmetric ladders, it can be checked that when 
n is odd, the symmetries of the ladder imply that /I® is not simple. On the 
other hand, it can be verified that /I® is simple for n even. Thus we have a 
simple justification of Park’s conjecture in this case. We emphasize, though, 
that the original conjecture did not take into account the strict symmetry 
requirement. By this I mean that "0 can have zeros even in a 3 ladder, say, if 
we replace the squares by unequal loops, or if we introduce nonuniformities 
in M. Returning to the question of estimating the size of the zero set, it is 
easy to check that the number of zeros is at least n/2 (for even n). I suspect 
that for symmetric ladders this is also the actual number of zeros, but I have 
not verified that. I refer to [29] for an extensive discussion on double covering 
of graphs and estimates on the number of zeros of G antisymmetric functions 
there. 
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1.7 Other Problems with Topological Flavor 

We finally mention briefly two more examples in which topology plays an 
interesting role in superconductivity. 

1.7.1 Josephson Junctions 

Our first example concerns loops with impurities. The impurities can be 
modeled in several ways. For example, Chap. 5 discusses impurities in the 
form of very narrow contrictions in the loop. Another way to model impurities 
is through a modified GL model. The idea is to recall that the Landau phase 
transition theory is based on an energy functional with a quadratic term, 
a(T)|!Fp, in (1.1), such that a becomes negative as T decreases past a critical 
value Tc- An impurity can be modeled by a quadratic term with a coefficient 
that remains positive even at low T. The model was introduced long time ago 
(e.g. [3], [20]). It has been recently reconsidered in [17] who incorporated the 
screening effect of the impurity into the topological constraint on the phase 
in a closed loop. 

To describe the model in some detail, consider a ring parameterized by 
0 < s < 27 t. The ring consists of two sets: The normal part {0 < s < d} 
and the superconducting part {d < s < 27t}. The Modified Ginzburg Landau 
(MGL) model then takes the form 

FmglW = 

+ (l(^ - i^)V'P + - l)^)ds, (1.49) 

where p is a positive parameter that controls the ‘strength’ of the impurity 
and /i is again proportional to _ The model is somewhat similar to the 
‘toy model’ of Section 3.6, except that the impurity contribution is not exactly 
in the form of a potential added to the regular GL functional. 

The model (1.49) can be investigated along the lines of Ghap. 5. One of 
the interesting quantities to compute is the dependence of the critical tem- 
perature Tc (via /i) on the flux <P enclosed by the loop. Recall that the critical 
temperature is defined as the smallest value of /i for which the zero solution 
is no longer a minimizer. The function )JLc(F) can be computed explicitly in 
the limit of small d for one or more impurities. Its shape depends crucially 
on the impurity strength, defined as the Li norm of the impurity potential. 
For weak impurities (p < 1), the loop behaves to leading order as a ‘clean 
ring’. When p = 1, one obtains a complex dependence of pc on <P. For strong 
impurities (p > 1) the order parameter vanishes to leading order at s = 0, 
and the supercurrent satisfies the Josephson formula I ~ sin(^). 
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1.7.2 Vortex Lines 

So far we have discussed topological effects that are associated with the ge- 
ometry confining the superconducting sample. Considering superconductors 
in IR^ , we may encounter additional interesting topological entities, since the 
zero set of the order parameter might form nontrivial loops, links and knots. 
This problem received a lot of attention in the study of superfiuids, where 
the entanglement of vortex lines is associated with turbulence. The standard 
time dependent GL model in superconductivity is dissipative, so a different 
behavior is expected here. Nevertheless, one wonders if the action of dissipa- 
tion may not act just to simplify the form of the vortex line, without altering 
its basic topological identity. For example, suppose that the initial form of 
the vortex line is a knot of some kind; will the knot simplify in due course to 
a canonical knot, or will the knot change its form completely, or even vanish 
while evolving under the flow? 

The problem is still open as far as the full GL model is concerned. But 
an answer is available in the special mathematical model where the magnetic 
vector potential is neglected [30]. Let u{x,t) be the solution to 

ut = Au + u{l — lul"^ \) (1.50) 

in X M+, subjected to the initial data u{x,0) = uo{x). Then, under mild 
smoothness assumptions on uq, u{x,t) converges as [xj -I- t ^ oo to some 
constant unit vector e. Suppose now that the zero set (line vortices) of the 
initial data has a complex pattern of loops and knots. The result quoted 
above implies that these complex shapes disappear in finite time. Therefore 
the flow associated with the model (1.50) cannot stabilize or even support 
nontrivial topological patterns in its zero set. 
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2 The de Gennes— Alexander Theory 
of Superconducting Micronetworks 
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2.1 Introduction 

The technology of the second half of the XX century was largely based on 
the applications of the quantum physics of the solid state, which explains the 
electronic properties of matter. Technology of the XXI century will surely be 
based on the macroscopic quantum properties of matter, that is to say, on the 
coherent macroscopic states of physical systems, some of their best known ex- 
amples are the laser, superfluidity and superconductivity. The present review 
is dedicated to a presentation of the bibliography and the more relevant re- 
sults referred to superconducting micronetworks, that is to say, circuits made 
of superconducting material, fabricated by photolitography or carved using 
particle beams, electrons or ions, on insulating substrates. The circuits to 
which we refer have connections with characteristic lengths of the order of 
1 p,m and transverse sections of about 0.01 /xm^. This allows to identify them 
as mesoscopic, since, from the microscopic point of view, they are large rela- 
tive to the superconducting properties characterized by the coherence length 
of the Cooper pairs, but small relative to the characteristic dimensions of 
macroscopic superconductivity. It was de Gennes [9,10] who first introduced 
these structures in 1981 as a model for inhomogeneous superconductors. His 
interest was centered in the analysis of the magnetic susceptibility of a kind of 
“spaghetti and sauce” superconductor, where the spaghetti were made up of 
superconducting material, and the sauce was some insulating material. The 
thermodynamic and electrodynamic properties of these systems are more re- 
lated to their topology (i.e. their connectivity) than to their geometry. To 
study this kind of system in the vicinity of the normal-superconductor tran- 
sition, de Gennes devised the theory which we are going to present below. The 
importance of percolation phenomena in this systems lead Shlomo Alexan- 
der [1,3] in 1983 to the study of certain systems which are paradigmatic in 
percolation theory, like the so called Sierpinsky gasket. The possibility of 
building regular superconducting networks lead other authors to the study 
of these latter structures, as models of artificial systems in which quantum 
coherence plays an important role [12,23,25,26] due to fluxoid quantization 
along intertwined loops. Later on several papers applied the theoretical for- 
mulation developed by de Gennes and Alexander to micronetworks of varied 
geometric and topological characteristics (infinite networks, planar and spa- 



J. Berger and J. Rubinstein (Eds.): LNP m62, pp. 23—62, 2000. 
(c) Springer- Verlag Berlin Heidelberg 2000 




24 



J. I. Castro and A. Lopez 



tial networks, fractal and disordered networks, etc.) obtaining results which 
are important not only because of the physics underlying them but also be- 
cause of possible future applications. 

The de Gennes- Alexander theory was very successful in explaining the 
description of the second order phase transition between the normal and 
superconducting phases and is the subject of this review. The properties of 
these same systems in the superconducting state far from the phase transition 
boundary cannot be described by this theory, which is a linear approximation 
to the Ginzburg-Landau theory. In Section 2.4 we review nonlinear aspects 
of the Ginzburg-Landau theory, allowing for the exploration of the phase 
diagram in the whole range of validity of the GL theory. 

2.1.1 The Ginzburg Landau Theory 

The Ginzburg-Landau [20,15] theory of the superconductor-normal phase - 
transition in a bulk material, in the presence of an applied magnetic field, 
describes the superconductor thermodynamics assuming that: 

1) There is a complex order parameter characterizing the electronic 
condensation in the superconducting phase at position r inside the material; 
'ip goes to zero continuously and vanishes when the material is in the normal 
state; is proportional to the density of superconducting electrons. 

2) The free energy density Fs can be expanded in powers of and 
jV'i/'j^, with coefficients which are regular functions of the temperature T. 

Taking into account the gauge invariance condition for Fs, the total free 
energy of the system is an integral of the free energy density over all space, 
in the form 



Fs = Fn + 



a{T) iv^r 






2me 



(tfiV — 2-A)ip 
c 



Hi 

Stt 



d^v. 



( 2 . 1 ) 

Here Fn is the normal state free energy (when ^ = 0), is the magnetic 
field induced by the supercurrents and A is the magnetic vector potential, i.e. 
W X A — He -I- Hi, where Hg is the applied field. The magnetic potential is 
usually taken in the Goulomb gauge, V • A = 0. The normal phase is assumed 
non magnetic. 

The coefficients a{T) and (3{T) are assumed to be of the form: 



a{T) = C{T - Te) , P{T) = f3{T,) = C (2.2) 

where Tg is the zero field critical temperature, C and C being constants. 

Furthermore, it is possible to relate a{T) and /3(T) to the zero field order pa- 
rameter V'oo(T) and to the thermodynamic critical field Hc(T), both defined 
for the bulk material under Meissner conditions (complete field expulsion): 




2 The de Gennes-Alexander Theory of Superconducting Micronetworks 



25 



^ = -|V'oo|^ , ^7Tj=HI (2.3) 

Defining the “GL coherence length” ^ = hj yj2me |cr|, the free energy dif- 
ference between the superconducting and normal states for a volume V of 
material can be written 



Fql = Fs — Fn 

= ^ 

4tt 






Ott 

(*V--A)V^ 



-h f Hfdh 



Stt 



(2.4) 



In this equation and from now on, we use a normalized order parameter 
'!/)(new)= ■i/)(old)/'!/'oo, = c/i/2e is the magnetic flux quantum (or “fiuxon”) 

and 



e(o) 

Vl - t/t. 



(2.5) 



The condition for Fql to have an extremum under variations of the order 
parameter and the magnetic vector potential implies that the fields tp = tp(r) 
and A = A(r) must satisfy the well known GL differential equations: 



e2(*V-|^A)2^ + 



-l)iP = 0 



—V X (V X A) = j 
47T 



where the superconducting current is 



( 2 . 6 ) 

(2.7) 



j 



c^o 

(47t)2A2 



V'*(tv 



— A)V’ -h (c.c.) 



( 2 . 8 ) 



and A = ymeC^/lfiTre^ |V’oo|^ is the “GL penetration depth”. The equation 
(2.6) has the form of Schroedinger equation for a particle in a magnetic 
field and with a scalar potential energy proportional to \ip\ ; equation (2.7) 
is Maxwell equation for the magnetic field in terms of the superconducting 
current density. 

The coherence length ^ and the penetration depth A are the characteristic 
distances for changes in the fields ip and A respectively. The approximate 
form 



A(0) 

\/l - t/t. 



(2.9) 
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is generally assumed, A(0) being a constant expressed in terms of the normal 
state electronic parameters. It is useful to observe that 



2nV2X^Hc = ^o ( 2 . 10 ) 

and 



A A(0) We^O / P 

C ^ ^ ^ 27rfi2 V ^ 



( 2 . 11 ) 



are quantities independent of T in this theory; the dimensionless ratio k is 
usually called the “GL constant”. 

Equations (2.6) and (2.7) must be solved with the boundary conditions 
following from the variational procedure applied to the free energy functional 
Fgl- 

Assuming ip = \ip\ in (2.7), the current density can be expressed as: 



j 



2c^o 

(47tA)2 



(V(/? + 



I^A) 

^0 



2cj>o 

(47tA)2^ 



IV'I'Q, 



( 2 . 12 ) 



where we have defined the supercurrent “velocity” Q = ^(V(^ + §^A). The 
negative electron charge makes j and Q opposite vectors. Integrating this 
expression along a closed path C inside the material, and recalling that the 
phase ip can vary only by integer multiples of 27 t when returning to the 
starting point, the important relation 



47tA^ 

c 



^-2 ■ dv + <1> = m (m integer) 

IV’I 



(2.13) 



is obtained, where <P = A ■ dr is the total magnetic flux across a surface 
with contour C. The left hand side in this formula is called the “fluxoid” and 
relation (2.13) is called the “fluxoid quantization condition”. The integer m 
is also called the phase winding number. 

Finally, using the GL equations (2.6) and (2.7) and the boundary condi- 
tions in the free energy Fgl the thermodynamic equilibrium free energy is 
found to be: 



= / H^dh. (2.14) 

07’' Jv oTT 

In this expression the interplay between the negative superconductive con- 
densation energy, depending of \ip^), and the positive magnetic energy, de- 
pending of the induced supercurrents j in the material, can be clearly seen. 

2.1.2 de Gennes Alexander Linear Approach for Micronetworks 

At the beginning of the 80’s, Pierre G. de Gennes [9,10] applied the GL the- 
ory to filamentary structures of superconducting material at the submicron 
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Fig. 2.1. Branch b = {a, a') with cross section area S and length Lb- The point x 
has cnrvilinear coordinate s 



level; the theory was devised to deal with randomly distributed filaments as a 
model for random heterogenous systems; these multiply connected structures 
are called “superconducting micronetworks”. Using the GL equations in the 
limit when ip 0, de Gennes studied the normal-superconductor second or- 
der phase transition boundary on the {Hg,T) plane; in this limit, (the 
externally applied magnetic field) can be identified with |Vx A| (the total lo- 
cal magnetic field) , because the induced superconducting current approaches 
zero: j ^0. The first system to be studied was a loop connected to an open 
branch, that de Gennes called “the lasso”. He then made an statistical ex- 
trapolation to a “soup” of lassos as a model of a large randomly connected 
filamentary system. Later Shlomo Alexander [1,3] extended the theory to 
regular complex systems (square network, triangular Sierpinsky gasket), em- 
phasizing the algebraic equations for the order parameter at the nodes; Fink, 
Lopez and Maynard [12] worked out the case when external currents are fed 
into the micronetwork and Rammal, Lubensky and Toulouse [25] applied the 
theory to ladder structures (See also Ref. [26], [27]). A brief presentation of 
de Gennes-Alexander (dGA) theory follows. 

A superconducting micronetwork is a collection of thin wires with uniform 
cross section S, connected at nodes n; a wire connecting two nodes {a, a') is 
called a branch b with length Lt, (Fig. 2.1). A loop I is a closed path on 
the network including a certain number of branches only once; an arbitrary 
network with B branches and N nodes has L = B — N +1 independent loops 
that uniquely describe the superconducting current distribution. The whole 
network is assumed to lie on an insulating substrate and to be in the presence 
of an uniform externally applied magnetic field. 
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We assume thin wires meaning that the following conditions are satisfied 

a) e"(0) <S<e 
h) Lb 
c) S<\^ 

The lower limit for S given by a) ensures the validity of GL theory. Con- 
ditions a) and b) imply that the order parameter can be considered uniform 
on the wire cross section, varying only along the curvilinear coordinate s de- 
fined along each branch: ip = ip{s). Condition c) in the limit when tjj 0, 
implies that there is no magnetic shielding inside the wire: the network is 
“transparent” to the magnetic field. The vanishingly small current density j 
is uniform on S. Because of the geometry, only the component of A along the 
branches is relevant. At a given point of coordinate s on a branch we take 
A =A(s)s, s being the unit vector directed along the branch at that point. 

Near the phase transition boundary , tp —>■ 0, j ^0 and A — > Ag, where 
Ag is the externally applied magnetic potential at the transition. Taking into 
account that tp = ip{s) and A =A(s)s and neglecting terms of order higher 
than \ip\ , the free energy (2.4) for the network becomes 

q fLb J n 2 

^ E - IV'(«)I ds (2.15) 

where ^ is the sum over all branches. In this expression, 'tp(s) is the only 

b 

quantity to be determined variationally. The condition for the extremum of 
Fgl leads to the GL linearized equation on each branch 

$^(*7- - §^^e(s)) V(s) - V’(s) = 0 (2.16) 

as 4>o 

and to the conditions at each node of the network 

E (*T“ - §^^e(s))V'(s) = 0 , (a = l,...,n) (2.17) 

(a') L as '^'0 Ja 

Here ^ is the sum over the branches connecting the node a with its first 
(“') 

neighbor nodes o'. This conditions imply the validity of Kirchhoff laws at 
each node. Equation (2.16) is formally identical to Schroedinger equation 
for a free electron in a domain with the network symmetry, in presence of 
a magnetic field; plays the role of the eigenvalue for the Hamiltonian 
operator {i-^ — ^Ag(s))^. The phase transition boundary is determined by 
the lowest eigenvalue which we call fio- 
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/io = r^ = (e( 0 ))-"(l-§), (2.18) 

Tq being the temperature at which the transition occurs when the considered 
external field is applied. 

The solution of (2.16) on branch b = (a, a') is 



V'o(s) = ^(g)) sin(v 7 i()(L 6 - s)) 

sm[y/fXo-Lb) 

+ ipo{a') expiijoiLb)) sm{y^s)] (2.19) 

with 

27t /■* 

7o(s) = ^ / Ae(s') ds' (2.20) 

^0 Jo 

Substituting (2.19) in (2.17) we obtain a linear system of n equations for 
the n order parameters (i/'o(a)> a = 1 , ..., n) at the nodes of the network, that 
are our unknowns; these are the “Alexander nodal equations”: 



V'o(a) X! cot(7/T)L6)- ^ 



jjoia') exp(i7o (£{,)) 
sin(^/^Lfc) 



0 (a=l,...,n) ( 2 . 21 ) 



The non trivial solution of this homogeneous system determines the relative 
magnitude of the order parameter at each node, whereas the condition of zero 
characteristic determinant gives a relation between /xq and 70 corresponding 
to the Hg = Hf,(To) line for the second order phase transition boundary in 
the (H,T) plane. 

The superconducting current density in each branch b, job, can be ob- 
tained from (2.8) and (2.19): 



V'o(s)(*S “ l7^e(s))V'o(s) 

( 2 . 22 ) 

= \Ma)\ |x/’o(a')|sin[((pa - ^a') ~ lo(Lb)] 

where J& = ( 2 c^o)/( 47 rA)^Lb. Notice that charge conservation implies that 
job is independent of the coordinate s along the branch. 

It is necessary to note here that, being (2.16) a linear equation, the am- 
plitude of x/>(s) is undetermined, and the equations ( 2 . 21 ) allows us to find 
only the relative magnitude of the order parameter; being job proportional to 
Ix/lol^, also job is undetermined in amplitude. The amplitude can be obtained 
considering the non linear terms of the GL theory that are neglected in the 
de Gennes-Alexander approximation. 



Job — 



2c<i’o 

(47tA)‘ 



Re 
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2.1.3 Symmetry Analysis in the dGA Theory 

Although the physical properties of networks are basically determined by the 
topology, symmetry properties are very helpful in analyzing the solutions to 
the linearized equations [4] . Artificially fabricated superconducting micronet- 
works can have geometrical symmetries by design, useful to predict the type 
of “modes” that the nodal order parameter will show when searching for the 
solutions of Alexander equations (2.21); these modes correspond to the dif- 
ferent superconductive condensation and currents distributions in the wires, 
and their relative stabilities depend on the field and temperature ranges con- 
sidered. Being a linear theory, it is possible to analyze the solutions applying 
the theory of symmetry groups; this allows for the classification of modes 
according to the transformation properties of the order parameter under the 
group operations. 

The external field Hg reduces the number of symmetry elements of the 
geometrical space group. In fact, being the magnetic field a pseudovector, 
the system remains invariant only under those point operations that keep Hg 
invariant (as an example, the mirror planes parallel to the field are not sym- 
metry elements of the system). Using the symmetric gauge Ag = Hg x r/2, 
the only acceptable point groups for regular superconducting micronetworks, 
referred to the axis defined by Hg, are (7„ (rotation around an axis by 27r/n 
), Cnh (same as C„ plus a symmetry plane normal to the axis; Cm is also 
called Cs), and Sn (similar to Cnh, but the symmetry includes both rotation 
and reflection) in Schonflies notation. 

Taking the nodal order parameters tpo{o,) as a basis, we can construct the 
representation Tjv of the symmetry group. Defining the A-uple vector tpQ = 
[^/>o(a)]^]^, a symmetry operation S produces an equivalent configuration 

A A ^ 

characterized by the transformed vector tpQ =S ipo where S is the matrix of 
S in the representation Tat. If T^ are the irreducible representations of the 
group, we have 



Tn OiTi (2.23) 

I 

Ui being the multiplicity of T^ in Tat. The coefficients Oi can be calculated 
from a corollary of the “great orthogonality theorem” of group theory: 

at = -'^9c Xc{i) Xc{N) (2.24) 

^ C 

where Xcij) and Xc{N) are the characters of class c in the representations T^ 
and Tat, g is the number of operations of the group and gc is the number 
of operations of class c; for the groups we are dealing here, ^g = 1. The 
characters Ac(fV) can be found using the non shifted nodes technique. The 
condensation modes are classified according to the irreducible representation 
with the same transformation properties under the symmetry operations of 
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Fig. 2.2. Shown are the symmetry elements of a simple planar network. The pres- 
ence of a magnetic field in the Ca axis direction leaves only the symmetry elements 
shown as hatched. (Taken from Ref. [4]) 



the group. They are grouped in sets with the numerical proportion provided 
by the coefficients a^. 

An example can clearly show this. Consider the four identical square loops 
network studied by Rammal et al. [25], drawn in Fig. 2.2; when there is no 
external field, the point group of space symmetry is Dah- When an external 
uniform magnetic field is applied, parallel to the Ca axis, the planes CTi,, Od 
and the C 2 axes are eliminated and the point space group is the subgroup 
C 4 /J, whose symmetry operations are E, Ca, C 2 , Cf, I, S'!, Oh and S' 4 , with 
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Fig. 2.3. Shown are the hve modes of the order parameter for the lattice of Fig. 2.2 
The arrows indicate the phase of the order parameter 



the character table 



Cih 


ECiC 


2 Ci I 


SI 


(74 


^4 


A, 


1 1 


1 1 


1 1 


1 


1 


Bo 


1 -1 


1 -1 


1 -1 


1 


-1 


Eo 


1 i — 


1 —i 


1 i 


-1 


—i 


Eg 


1 —i — 


1 i 


1 —i 


-1 


i 


An 


1 1 


1 1 - 


1 -1 


-1 


-1 


Bu 


1 -1 


1 -1 - 


1 1 


-1 


1 


Eu 


1 i — 


1 — i — 


1 —i 


1 


i 


Eu 


1 —i — 


1 i — 


1 i 


1 


—i 
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If ■00 = [00(1)5 ■0o(2), ■0o(3), ■0o(4), 0o(5)], the C4 operation applied to it 
gives 

00 =C4 00 = [0o(4),0o(l),0o(2),0o(3),0o(5)[ 
and this implies that 



A 

C4 = 



0 0 0 1 0 
1 0 0 0 0 
0 10 0 0 
0 0 10 0 
0 0 0 0 1 



The remaining matrices are obtained in similar manner: 





'1 


0 


0 


0 


O ' 




'0 


0 


0 


1 


o ' 


A A 


0 


1 


0 


0 


0 


A A 


1 


0 


0 


0 


0 


'' A 

E = CFh = 


0 


0 


1 


0 


0 


, C4= S4 = 


0 


1 


0 


0 


0 




0 


0 


0 


1 


0 




0 


0 


1 


0 


0 




0 


0 


0 


0 


1 




0 


0 


0 


0 


1 





'0 


0 


1 


0 


0 ' 




'0 


1 


0 


0 


0 ' 


A A 


0 


0 


0 


1 


0 


A A 


0 


0 


1 


0 


0 


C 2 = I = 


1 


0 


0 


0 


0 


c3 

, ^^4 — 04 — 


0 


0 


0 


1 


0 




0 


1 


0 


0 


0 




1 


0 


0 


0 


0 




0 


0 


0 


0 


1 




0 


0 


0 


0 


1 



In this case g = 8 and 

XE{n) = X^hin) = 5, 

XcAn) = XsAn) = XC 2 {n) = Xi{n) = Xc|(«) = Xs|(tt) = 1; 
using 2.23 and 2.24, and the character table for 64/1 it follows that 



^N = ‘^^Ag + ^Bg + ‘^^Eg 



In Fig. 2.3 we plot the five modes of this network, with its corresponding 
classification; the directions of the arrows represent the phase the order pa- 
rameter and the length, the relative modules; the normal-superconducting 
boundary is determined by only four of the modes because one of the Ag 
modes is more energetic, as a consequence of the strong gradient of the or- 
der parameter between the central node and the external ones. The order 
parameter has a zero in each of the internal branches. 
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a) 

f) 



Fig. 2.4. a) The yin-yang (YY). b) Geometry of the associated superconducting 
micronetwork 

2.2 Some Simple Applications 

of the dGA Theory to Symmetric Micronetworks 

2.2.1 The Yin- Yang 

The yin-yang (YY) (see Fig. 2.4) is a superconducting micronetwork with 
three branches of equal length and two loops of equal area [5]. Its symmetry 
is C 2 h- Due to these relations between the length of different branches, the 
equations are quite simple for this example. Some extensions of this example 
are discussed in Section 5.2. 

Taking the symmetric gauge Ag = —{Her /2)e0, where eg is the cylindrical 
unit vector, the flux in the basic loop cr is 

= J J He - da = j) Ae- dr =He{TrR^/2) ; 

by the symmetry of the network, it is obvious that the circulation of Ag along 
the external branches amounts 

2tT , 2TT^e ^ , 

7g = — / Ag • dr = 27 T 0 g 

WQ Jl Wq 

where we have defined the reduced flux ^g = <?g/^o- The circulation along 
the central branch is 7 ' = 0. Calling L = ttR the common length of the 
branches, the nodal equations are 

3 cos{y^L) tpo{l) - {1 + 2 cos 7 e) V'o(2) = 0 
3 cos{^/JIoL) tpo{2) - (1 -b 2 cos 7 e) V'o(l) = 0. 

There are two types of solutions: ’ipo{2) = ±^/>o(l) corresponding to the irre- 
ducible representations Ag (symmetric) and (antisymmetric) of the C 2 h 
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Fig. 2.5. Phase diagram for the yin-yang: the solid line is the N-S second order 
phase transition boundary . Shown is also the phase of the order parameter along 
the external ring and also along the central branch for the modes m = 0, 1, 2 



group. The phase boundary (see Fig. 2.5) is given in each case by the char- 
acteristic equations 



[1 -h 2 cos (27T(()e)] 
cos[^L) = ±1^ ^ i 

In these expressions the -I- (— ) sign corresponds to an even (odd) number of 
flux quanta for the fluxoid on the external ring of the YY; this is equivalent 
to characterize the modes of the order parameter by means of its “phase 
winding number” m = — ^ ■ dr on the external ring: if m is even 

(odd), the mode is Ag {By). The phase boundary is determined by the mode 
TO = 0 if 0 < </>e < 1/3, by the mode to = 1 if 1/3 < 4>e < 2/3, and by the 
mode TO = 2 if 2/3 < < 1- 

Using 2.19 it is simple to And the order parameter on the branches starting 
from the node denoted by 1, for which we impose ■i/'o(l) = 1- For the left and 
right branches we have 
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^o(s) = [sin [Vmo {L - s)] ± sin (v^s)] (right branch) 



^o(s) = Tin([[!^Ly [sin [VMo {L - s)] ± e sin (^^s)] (left branch) 
For the central branch: 



ipo{s) = exp(-i7' (s)) 



COS [^(L/2-s)] 

cos [VmL/2] 



(central branch, m even) 



ipo{s) = exp(-i7' (s)) 



sin \^{L/2-s)] 
sin[yjI7L/2] 



(central branch, m odd) 



where 



7e(s) 



</>e [sin(27Ts/L)/2 + 7 ts/L] (O < s < ^) 

</>e [7 t(1 — s/L) — sin(27Ts/L)/2] < s < 



It is interesting to note that [V'o(s)]ieft = (~1)™ bPo{L — s)]right> ^s it must be 
by the C 2 h symmetry in the different modes, and that the order parameter 
is maximum at the center of the network for the even modes, and it vanishes 
at that point for the odd modes. 

The current density in the external branches is 



Jo = J 



sin(7^L) 



sin 





and Jo = 0 in the central branch. When (j)^, is a half-integer number, the 
currents vanish for whatever value of m. In the case m = 0, the order pa- 
rameter vanishes for (jjg = lj2 at the center of the external branches allowing 
for the phase to rearrange in the following even mode m = 2. The transition 
between the modes m = 0 and m = 2 proceeds via two “zeros” of the order 
parameter in the external branches, where the superconducting circuit opens 
and interrupts the current in the external loop. 



2.2.2 The Double Yin- Yang 

The symmetry properties of the YY extend to the “double yin-yang (2YY)” 
(see Fig. 2.6), a network topologically identical to that of Fig. 2.2, but sim- 
pler to study. The symmetry group of the 2YY is C 4 h and the presence 
of the magnetic field along the C 4 axis does not modify the group. It is 
again convenient to use the magnetic vector potential in the symmetric gauge 
Ae = — (Her /2}eg. The fiux across the basic loop is 






H„ • da = 



Ae ■ dr =He(TTR^/4) . 
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Fig. 2.6. Geometry of the “double yin- yang” (2YY). This network has the same 
topology and, under the external magnetic field, the same symmetry Cah as the 
network of Fig. 2.2 



From the symmetry of the network it is easy to see that the circulation of 
Ae along the branches takes the values 



27T 



27T^, 



27T 






7e=^/ Ae-rfr=^^=27T(/.e,7' = ^ / Ae-dr=^ =7T(/.e= ^ 






0 Jl 









0 Jl 






With L = 7ri?/2, the nodal equations are 



4 cos{y/]IoL) V'o(O) — e ^ V'o(o) = 0 (central node 0) 



a—1 



3 cos(y^L) V'o(a) - e*^'V’o(a + 1) - e - 1) - e*T''/^V’o(0) = 0 

(a=l,2,3,4) 



for which there are five solutions: 
a) Two of type Ag with 

exp(f 7 r(/)e) cos(v^T) V'o(O) = V'o( 2 ) = ■i/'o( 3 ) = ■i/'o( 4 ) = 'i/'o(l)- 

We have fixed the complex phase taking ■00 (1) to be real and normalized such 
that ■00 (1) = 1; for these two modes the characteristic determinant gives for 
the phase boundary 



cos(y^L) 



COs(2'7T0e) /cos^(2'7r0e) ^ 1 

3 V 9 3 ■ 



The less energetic solution corresponds to the plus sign and determines the 
N-S transition when the applied external flux is close to an integer multiple 
of (pg; the solution corresponding to the minus sign has higher energy because 
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the gradient of the order parameter on the branches is also higher than for 
the other mode. 

b) One of type Bg with 

V’o(O) = 0,t/>o(2) = V’o(4) = -V'o(l), V'o(3) = V'o(l)- 
For this mode the phase boundary is determined by 

2 

cos(y^L) = --cos(27T(/)e); 

this solution determines the N-S transition when the applied external flux is 
in the neighborhood of half-integer multiples of <Pq. 

c) Two of type Eg with 

V'o(O) = O,'0o(2) = T*V'o(1),V'o(3) = -V'o(l),V’o(4) = ±iipo{l). 



The second order boundary is in this case given by 

2 

cos{^/JI^L) = ± - sin(27r(/)e). 

Fig. 2.7 shows the thermodynamical phase diagram resulting from the so- 
lutions a), b) and c); the solid line breaks at certain “critical” magnetic 
flux values where the mode determining the N-S phase boundary changes 
{(j)ec = -216, .375, .625, .784, and so on). 

The current can be calculated using equation (2.22). The central branches 
carry no currents; the peripheral branches support the same current 



jo = -J . IV’o(l)l^sin ['27r((/)e - y) 



The number m takes the value 0 for both Ag modes; m = 2 for the mode 
Bg and m is lor 3 for the modes Eg. The current jo as a function of </>e for 
the different modes shows inversions and jumps that allows for the fluxoid 
quantization condition to be satisfied. This behavior is typical for systems 
with complex phase coherence in multiply connected domains. 

Whenever the currents vanish, the critical temperature for the N-S tran- 
sition shows a relative maximum. This effect appears because the absence of 
currents lowers the free energy of the system; in the absence of currents the 
superconducting state remains stable up to higher temperatures. 



2.2.3 Wheatstone Bridge 

Figure 2.8a represents a network with four nodes, equal length branches and 
equal area minimal loops; it has no central node. This system can be called 
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Fig. 2.8. a) Wheatstone bridge network: its symmetry is S4. b) The four possible 
modes for the order parameter 

a “superconducting Wheatstone bridge” . It is really a three dimensional net- 
work. The corresponding symmetry space group is S4. The nodal equations 
are 



3cos(y^L) V'o(a)-e V’o(a-l)-e*"’''V'o(a+l)-V'o(a+2) = 0(a = 1,2, 3, 4) 
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Fig. 2.9. Phase diagram for the Wheatstone bridge network 



For these equations we can expect four solutions: one of type A, one of 
type B, and two of type E. The solutions are (see Fig. 2.8b) 

ipo{a) = V’o(l) exp [— i7r(m — l)(a — l)/2] (m, a = 1,2, 3,4) 

where the subscript m takes on the values m = 1 for the mode A, m = 3 for 
the mode B, and m = 2, 4 for the modes E. The characteristic determinant 
for each mode gives 

, 2 cos[7T(<(.e-(m-l)/2)] + (-l)™-i 

cos{y/fioL) = ^ ^ ^ . 

This allows us to plot the phase diagram shown in Fig. 2.9. The N-S boundary 
is determined by modes A and B. The modes E have higher energy. For half- 
integer values of 4>e the normal-superconductor phase boundary is given by 
a threefold degenerated eigenvalue. 

The analysis of the fluxoid quantization and the phase twisting number 
on each loop of the network can be seen in Fig. 2.10, where we have displayed 
mode B. 

2.2.4 The Basic Triangular Gasket 

The number of papers in the literature on simple micronetworks is quite 
large, so we have selected as a final example of this kind of systems one with 
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0 



$0 ' 



$0 



$0 





0 







Fig. 2.10. Fluxoid quantization on the seven loops shown at right, for the B mode. 
The scheme at left shows the order parameter on the branches 



three nodes, useful to analyze the fractal “triangular Sierpinsky gasket” [16]. 
The system we refer to is depicted in Fig. 2.11b. It is topologically equivalent 
to the basic building block of the gasket (Fig. 2.11a) but with equal length 
branches and equal area minimal loops, a condition that makes it simple to 
deal with. As shown in the figure it has three symmetrical nodes, placed a 
distance I from one another, with circumference arcs of length L = 1.043 1; 
the minimal loop area is 2/5 of the area of the triangles in Fig. 2.11a. Taking 
the same gauge as in the previous examples, the circulation of Ag on the 
branches is given by 



7e = g7r(/e and 7/ = -TTf/g 

for the external and internal branches respectively. 

This system has, in the presence of an externally applied magnetic field, 
two symmetry elements: the plane ah containing the network and the axis 
normal to the plane, C3; the space point group is C^h and we must expect 
three solutions for the nodal equation, one corresponding to the A! irreducible 
representation and two corresponding to the E' one. The nodal equations are 

4cos(V/Z^L) V'o(a) - + 1) - - 1) = 0 

(a =1,2, 3) 



for mode A! { ^/>o(l) = V’o(2) = V'o(3) 



for mode E' 



/V’o(2) = V’o(l) 

1 V’o(3) = V’o(l) ■ 



with solutions 
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Fig. 2.11. a) Basic triangular Sierpinsky gasket network, b) Network topologically 
equivalent to the previous network and with the same symmetry (Csh) 



The characteristic determinant gives in each case 

cos(y/7^L) = cos (57T^e/3) cos{n<j)e) mode A' 



cos(y^L) = cos [§7r(^e T §)] cos mode E' 

The resulting phase diagram is shown in Fig. 2.12. Notice the similarity with 
the phase diagram experimentally obtained by Gordon et al. [16] for the 
Sierpinsky gasket (Fig. 2.13). The experiment shows a repetition of the basic 
pattern up to order four; the ideal gasket, being a fractal structure, would 
show a repetition of infinite order. Fig. 2.14 shows the stable mode E' when 
(j>e = 1. 

The currents on the external and internal branches, are 



jo = - J 




|V’o(l)|^sin 




m 

T 



) 



and 

2 

-7r((/)e - to) 

respectively, where to = 0,1,2 for the modes A' and E'-, the “distribution” 
of currents among external and internal branches is determined by the ratio 



Jo = -J 



sin(v^T) 



IV'o(l)l^sin 



^ ^ sin [§7r((/)e - f ) 
Jo sin [lTr{4>e ~ m) 



When (j)e integer, it is easy to see that jo/jg ^ 4, a consequence of fluxoid 
quantization. In fact, in that limit we have 0 and, according to 

equation (2.19), V'o(s) ^ " 00 ( 1 ) exp(-i 7 e(s)), |V'o(s)|^ ^ I0o(l)|^ and the 
order parameter becomes uniform over the network; the fluxoid quantization 
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Fig. 2.12. Phase diagram for the network of Fig. 2.11b). The period of the modes 
is 3^0 ; the period of the observable quantities \' 4 >\ and Q is 



equation (2.13) for a loop with uniform current is 

, ■ i, ds + 4>e = m 

c<?o |V'o(l)l" Jc 

and can be applied to the large loop formed by the external branches and 
also to the small loop formed by the internal branches, providing jo = 4jg as 
desired. In Fig. 2.15 we plot the currents for each mode; for certain values of 
flux, the current in the loop formed by the external branches flows in opposite 
direction to that flowing in the loop formed by the internal branches to satisfy 
fluxoid quantization on each loop. 



2.3 The dGA Theory for Extended Micronetworks 

2.3.1 Geometrical Properties of Ladder Systems 

The regular square ladder (see Fig. 2.16a) has been intensively studied in 
references [13,26] in the framework of the dGA theory; it is a network with 
equal length branches and equal area minimal loops that facilitate its analyti- 
cal solution. A network with the same properties is the regular rhombic ladder 
(Fig. 2.16b), that reduces to the square ladder for S = tt/ 2. If we consider 
a rhombic ladder with S = tt/ 3 and attach new rectilinear branches joining 
nodes a~^ and (a -I- 1)“, we obtain a regular triangular ladder (Fig. 2.16c), 
which also has equal length branches and equal area minimal loops. In the 
presence of an uniform external applied magnetic held, the space symmetry 
group is Ti{L)®C 2 h for the three ladders (square, rhombic and triangular). 
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Fig. 2.13. a) The superconducting transition temperature as a function of the 
normalized flux through an elementary triangle of the gasket. The solid line is 
experimental data and the points represent the theory for a second-order gasket 
scaled to ht the data at 4‘/4'o = §• In b)-d) the field axes have been expanded 4, 16, 
and 64 times, respectively, in order to highlight the small-field structure in Tc{H). 
The self-similar nature of the curve is made apparent by our superimposing the 
second-order theory on each plot. (Taken from Ref. [16]; note that 4‘/4‘o = ^e/^o) 



Here ?i(L) is the translation group and C 2 h is the point group; the symbol 0 
indicates direct product. The essential difference between the triangular and 
rhombic or square ladders lies on the topology of the network; the increased 
connectivity at each node changes the “frustration” [24] conditions of the 
order parameter. 

We will concentrate on the triangular ladder, but simultaneously we will 
show the corresponding results for the rhombic ladder in order to analyze 
similarities and differences. Choosing the magnetic vector potential in Landau 
gauge Ae = Hf,yex, the circulations of Ag along longitudinal and transverse 
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Fig. 2.14. The stable E' mode for the network of Fig. 2.11b), with (j>e = $el^o = 1 




Fig. 2.15. The solid (dotted) line shows the current densities on the external (in- 
ternal) branches for the modes that determine the N-S boundary in Fig. 2.12. Note 
the changes in the relative direction of the currents when comparing external and 
internal branches 

branches turn out to be 

7e(s) = TT(j)eX 7e(^) = ~ l)|;COs5 ^ rhomblc 

'Ye(s) = 27T<pex 7 ' (s) = TT^e ( f ~ 1) f ^triangular 
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Fig. 2.16. a) The square ladder, b) The rhombic ladder, c) The triangular ladder. 
The same Landau gauge is used for the three cases 

Note that, to compare the results, the fluxes across the minimal loops must 
be “scaled” by a factor 2. 

2.3.2 Nodal Equations and Phase Transition Boundaries 

Alexander equations for nodes and a~ are 

3cos(7^L)V’a+ - e*T''^/>(a+l)+ - e"*T''V’(a-l)+ - V'a- = 0 

rhombic (2.25) 

3cOs(7^L)V’a- - - e*T'=V’(a-l)- - '0a+ = 0 
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and 

4cOs(7^L)V'a+ - e*'>"'V'(a+l)+ - e"*'^'V'(a-l)+ - V’a- ~ V'fa+l)" = 0 

triangular 

4cos(7^L)V'a- - e"*^'V'(a+i)- - e*^"!/'(a-l)- - V'a+ ~ V'(a- 1 )+ = 0 (2.26) 

with 7 e = 7e(i)- These equations are equivalent to the Schroedinger equation 
for an electron in the same geometry, in the tight binding approximation. 

Since the space group is T®C 2 hi the translational invariance under the 
symmetry operations of T gives solutions periodic in a (Floquet theorem). 
These solutions can be cast into the form 



V’a- = fa{q) exp{iqa) {a = +, -) (2.27) 



where g is a “mode index” and fa-(q) is an amplitude to be 
placing (2.27) in the nodal equations (2.25) and (2.26) we 
the equations 



/3+ f+(g) - f.(q) = 0 

/3- f-(q) - f+(q) = 0 



determined. Re- 
obtain for fcr{q) 

(2.28) 



Here 



P± = 3 cos{ y/JIoL) — 2cos(7e ± q) rhombic 

P± = [2cos(^//7oL) — cos(7e ± g)] [1 T itan(( 7 / 2 )] triangular 

Observe that for the triangular ladder P± are complex numbers; for q = 0 it 
is P±= 1. The non trivial solution of (2.28) requires 



P+ -1 
-1/3- 



= 0 



or equivalently 



cos(y^L) 



cos(y^L) 



2 

3 

1 

2 



cos 7e COS q 



cos 7 e cos q 




/ • 2 -2 I 2 ^ 

/ sm 7 e sin q + cos^ - 



rhombic 

triangular 

(2.29) 



The N-S boundary is given by the lower envelope of the lines p,Q = 4fo(<//e) 
obtained from (2.29) for each value of q in the interval [— tt, -l-7r], as shown in 
Figs. 2.17a and 2.18a. These plots will be analyzed below. 
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0 21T a = 2Ti0/(tio in 

Fig. 2.17. a) Spectrum of eigenvalues for the square ladder. The Floquet index 
takes on the values (fc7r/10) where k is integer, b) Spectrum of eigenvalues for 
the square lattice. In both cases the lower part corresponds to symmetric modes 
and the upper part to antisymmetric modes. Note that both figures have the same 
symmetry properties relative to the transformations of Table 2.1. In both cases the 
flux goes up to 2 flux quanta per unit cell (see text). (Taken from Ref. [4]; note 
that a — 27T(^/(()oand L in the figure correspond to e and ^JJloL in this article.) 



It is possible to obtain an analytical expression for the N-S phase bound- 
ary taking the lower value /xq corresponding to a given applied flux (j)^; this 
condition gives us the q value characterizing the nucleation mode of the or- 
der parameter at the N-S transition, which we call go- Since the solutions are 
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0 Tt a = 2Ti4)/0(| 



Fig. 2.18. a) Spectrum of eigenvalues for the triangular ladder. The Floquet index 
q takes on the same values as in Fig. 2.17a). b) Spectrum of eigenvalues for the 
triangular lattice. Note that both spectra have the same symmetry properties under 
transformations of a and L. Both spectra can be seen to evolve out of those of 
Fig. 2.17 in the way described in the text. (Taken from Ref. [4]; as in Fig. 2.17, 
a = 2iuj)/(f)o = £ and L = y^JIoL.) 



periodic in </>e, for 0 < ())e < 1 we have 




(0 < </>e < .215) 

(.215 <(j)e< .785) rhombic 
(.785 < </>e < 1) 



' 1 

cos go = < cos (2TT(j)e) + I [1 



(0 < </>e < .167) 

cos (27T(?ie)]~^ (.167 < < .833) triangular. 



1 



(.833 < < 1) 
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Fig. 2.19. The effect of the additional branch transforming the unit cell of a rhom- 
bic ladder (with <5 = tt/ 3) into the unit cell of a triangular ladder, can be seen 
both in the N-S phase boundary (solid lines) and in the superconductive nucleation 
modes at the N-S transition (dotted lines). Note that for the triangular ladder su- 
perconductivity can not be nucleated with go — showing a band gap of forbidden 
modes 



Replacing these values in (2.29) we obtain the desired phase boundary. In 
Fig. 2.19 we plot the phase diagrams for both cases and also the values of 
qo characterizing the superconductive nucleation modes at the transition. In 
the rhombic case all possible q-modes are present at the N-S phase boundary, 
whereas in the triangular case the modes with qo close to tt are excluded] 
this can be understood considering that if a regular rhombic ladder with 
<7o ~ 7!" is transformed into a triangular one by adding new branches, the 
resulting triangular ladder has an order parameter varying strongly along 
the branches, so that energy increases with respect to the rhombic case. This 
shifts the corresponding eigenvalues /io to higher levels. In Fig. 2.18a we see 
that the modes g ~ tt are clearly shifted toward lower temperature and apart 
from the normal state. 

2.3.3 Nodal Order Parameters 

The form (2.27) for the nodal order parameter is imposed by the symmetry 
of the networks, in particular by the translation space group T, and it is 
enough to know it to predict the phase boundary. But there are also other 
symmetries included in the point space group C 2 h and we expect the solu- 
tions of Alexander equations to be distributed into two classes: one of them 
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Fig. 2.20. Two modes, symmetric {Ag) and antisymmetric {Bu), are shown for the 
rhombic ladder {(j>e = 0.295 , q — tt/ 4) and for the triangular ladder {(f>e = 0.5 , q = 

7t) 

transforming like the symmetric irreducible representation Ag, the other one 
like the antisymmetric irreducible representation i?„; this is to say that they 
must satisfy (Fig. 2.20) 

V'-a- = ±V'a+ 

where the + (— ) sign corresponds to the Ag (i?„) mode. 

From equations (2.29) it can be seen that the modes +q and —q are 
degenerate, so the nodal order parameter will be written as a linear 
combination of those modes; the adequate linear combinations that transform 
according to Ag and are given by the 2-uples 

= [ m ^]] = (T^ [[k] ^ [k] 

normalized to [1, ±1] for a = 0. As before, the + (— ) sign holds for the 
Ag {Bu) modes. 

In equations (2.29), the plus sign corresponds to the Ag modes and the mi- 
nus sign to the modes; the first (symmetric modes) have been considered 
with great detail in the paper by Simonin et al. [26] for the square ladder, and 
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are generally stable modes; the second type of modes (antisymmetric modes) 
often of higher energy, metastable or unstable, appear deep into the super- 
conducting region of the phase diagram. This is the case of the square ladder, 
but it does not hold in the case of the triangular ladder because the modes 
having q ~ tt approach the N-S boundary for (/>e ~ 1/2 (see Fig. 2.18a); this 
is due to the gain in condensation energy due to the additional transverse 
branches which tends to stabilize the modes, similarly to the open branch in 
the “lasso” treated by de Gennes [9]. For this reason, the modes in this 
case can no longer be ignored when studying the superconducting phase not 
far from the phase boundary. 

For q = ±7T the solutions Ag and of the triangular ladder are de- 
generate over the complete range of values of </>e (compare the superconduc- 
tive nucleation for both modes in Fig. 2.20). The rhombic ladder (and also 
the square ladder) shows in its phase diagram (Fig. 2.17a) a region around 
~ 1/2 , Mo ~ (^/2F) where there are no eigenvalues moj where super- 
conductivity only can be nucleated in Ag modes with finite order parameter. 
These characteristics of each ladder are absent in the other. 

2.3.4 Current Distribution near the Phase Transition 

The superconducting currents in the branches can be obtained as usual using 
equation (2.22), except for the undetermined amplitude factor that requires 
use of the non linear GL terms for its determination. For the rhombic ladder 
we have 

J0a+ = - J sin(VMTOa±/3+)^ {sin(7T^e + ?) + /?+ Sin(7r(/e ~ q)± 

2/3_|_ sin(7T(/)e) cos[(2a -I- l)g]} 



JOa— — J0a+ 

foa = {Wa) 

where joa+ and joa- are the current densities in the branches starting at 
nodes a+ and a— and ending at nodes (a -I- 1)-|- and (a -I- 1)— (upper and 
lower branches in Fig. 2.16); the currents in the transversal branches starting 
at a-|- are denoted by primes. In turn, for the triangular ladder we obtain 

— J iV(a-l-l) 

sin{^L) (i+\l3^f ±2Re{(3+}) 

_ J N{a) 

±2Re{(3+}) 

./ = ±j ~ sin(2gg) 

sin(TM^T) (1+ |/3+|2±2Re{/3+}) 
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a)0/^=.2ii X/j=5.65 




b)0/jjj,382 , Vj = 274 




00/5,;. 4 46 X/j=2.28 



Fig. 2.21. Vortex structure in the ladder showing the evolution of current distri- 
bution as field is increased. The net current in each branch is the sum of all current 
lines shown. The external flow lines represent the shielding currents. Normaliza- 
tion is arbitrarily defined for each graph and a suitable discretization was applied. 
(Taken from Ref. [26]; A in the figure is 27r/g.) 



.// (1 - 1/3+1^) sin[(2g-H)g] 

sin(T^L) (1+ |/3+|2±2Re{/3+}) 

where 

N{a) = sin(27T(/)e + g) + \!3+\^ sin(27r</)e — g) ± 2 sin(27r(/)e) Re{/3+e“*^“'^} 

In these expressions the upper sign corresponds to the Ag modes, and the 
lower sign to the modes. 

In Fig. 2.21 we show the current distribution near the N-S phase boundary 
for a mode incommensurate with L in the square ladder, quite similar to the 
rhombic one. 



2.3.5 Some Features of the Ladders 

In Figs. 2.17a, 2.18a and 2.19 it can be seen that addition of a new branch in 
the primitive cell of a rhombic ladder transforms it into a triangular ladder 
and gives rise to various noticeable effects: 

a) The period of the phase diagram for the triangular ladder, when con- 
sidered as a function of the magnetic field, is twice the period of the rhombic 
ladder because the minimal loops area is diminished by half. 
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b) In the case of the triangular ladder, the normal state can be found at 
lower temperatures than in the case of the rhombic ladder, because the aug- 
mented connectivity of the network facilitates the “phase frustration” [24] of 
the complex order parameter in the network, when there are “vortex conden- 
sation” modes [26]. 

c) The starting slopes of the N-S boundary in the {fio,4'e) plane are dif- 
ferent for the rhombic ladder and for the triangular ladder, because the “den- 
sification” of the micronetwork in the triangular ladder increases the super- 
conductive material mass in the unit cell [26], facilitating the nucleation of 
the almost uniform superconducting phase at low fields. 

d) In the rhombic ladder all symmetric modes Ag contribute to the con- 
figuration of the N-S boundary, while the antisymmetric modes remain 
confined to deep regions of the phase diagram. 

e) In the triangular ladder not all symmetric modes determine the N-S 
boundary; the Ag modes with <7 ~ tt are excluded because the order parameter 
varies strongly on the additional branch, thus raising the energy; instead, the 
Bu modes are stabilized by the extra branch and localized near the phase 
transition boundary; this behavior is analogous to that of the simple YY 
network (see paragraph 2.2.1) where the mode comes to be more stable 
than the Ag mode for (j>e ~ 1/2. 

f) For g ~ 0 both ladders show similar behavior: the symmetric Ag modes 
are more stable than the antisymmetric ones Bu- 

g) The general distribution of modes in the rhombic ladder phase dia- 
gram strongly resembles the characteristic “butterfly” form of the Hofstadter 
[1,3,17,4] spectrum (Fig. 2.17b) for the regular 2-D square network. In turn, 
for the triangular ladder it can be seen that the B^ modes appear in the 
superconducting region with similar distribution to that of the Ag modes 
(which give the N-S boundary), but displaced by A(j)e ~ 1/2; besides this, 
the general distribution of modes is clearly similar to the eigenvalue spectrum 
of the regular 2-D triangular network [8] (Fig. 2.18b). 

h) In the low held limit with extended modes (ye, q,L ^ 0) equation 2.29 
gives 



Tio — I ^ rhombic 

(2.30) 

( 2_|_4 2 \ 

Tio — I triangular 

This kind of dependence of /tq with respect to q and 7e is typical of Landau 
levels for an electron confined in a box of width L on the y axis and free 
to move along the x axis, save for a term of “confinement energy” coming 
from the different boundary conditions for each problem. The influence of 
boundary conditions when solving micronetworks is of great importance; the 
presence of boundaries or limiting surfaces determines the type of solutions. 

Due to the above mentioned equivalence between this problem and that of 
an electron in the tight binding approximation, we see that equations (2.30) 
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give the dispersion relation for the electron in the network geometry, at low 
fields. The “effective mass”, depends on the length of the branches and on 
the “connectivity” of the unit cell of the ladders. 

i) Finally we can mention that, at the transition to the normal state, 
the extended vortex modes (g ^ 0) give rise in both ladders (rhombic and 
triangular), to “solitonic solutions” for the phase of the order parameter; this 
is to say that the phase remains almost uniform on certain regions of the 
ladders, and varies strongly in small regions (a few unit cells) in the same 
way as the magnetization in Bloch walls between ferromagnetic domains. In 
this limit, taking the node index a as a continuous variable x in Eqs. (2.25) 
or (2.26), it can be shown that the phase satisfies the Sine-Gordon equation 
[30]: 

^ « sin [2ip{x)] {q 0) 

2.3.6 Square and Triangular Networks 

Of special interest is the case of the square, triangular and other networks. 
These planar networks can be studied starting from our knowledge of ladders, 
discussed in the previous section. In the absence of a magnetic field, ladders 
and planar networks have different translation properties. The presence of the 
magnetic field and the dependence of the nodal equations (2.21) on the vector 
potential imposes a breaking of 2D translational symmetry. The best one can 
do the exploit some translational symmetry is to choose a Cartesian gauge 
which preserves ID translations and is compatible with the C 2 h group. As a 
consequence it turns out that the square, triangular and hexagonal lattices 
have the same symmetry group, Ti{d)®C 2 hi where d is the lattice parameter 

[4]. 

The modes for the planar structures and for the strips (ladders) are clas- 
sified according to the Floquet index or wave vector q. For each q value there 
must be a mode symmetric under inversion (Ag) and an antisymmetric one 
(Bu). These exhaust all possible irreducible representations. 

Using the same gauge for ladders as for planar lattices, it follows that 
the symmetry properties of the spectra and the transformation properties 
of the corresponding modes of the lattices can be deduced from those of 
the associated ladders. In Fig. 2.22 we show the choice of origin for the 
square lattice and for the corresponding ladders. With the Landau gauge 

= —H(,y, we preserve translational invariance in the x direction. In both 
cases we chose tprnn = V’me**", where m and n are lattice indices for the 
nodes. For the ladders, tpm exists only for two values of m, corresponding 
to each one of the two longitudinal wires; the corresponding amplitudes are 
related trough (2.25) and (2.26). For the square lattice the different values of 
'tpm are related through the Harper equation [17,8] of the Aubry model. Both 
spectra (for the square ladder and the corresponding planar lattice) remain 
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Fig. 2.22. Square lattice and square ladder. Shown is the coordinate system as- 
sociated with the Landau gauge. (Taken from Ref. [4]; note that and 

H = H,) 

invariant under the transformations of L and s = 2TT<j)g indicated in Table 
2.1. The associated space symmetries are also indicated: 

A similar table can be constructed for the triangular ladder and the cor- 
responding planar lattice. 

These symmetry properties allow us to draw a relation between the spec- 
tra of the triangular structures and those of the square ones. It is possible 
to construct a triangular ladder, and similarly a triangular lattice starting 
from a 7t/3 tilted, rhombic structure. This again has the C 2 h symmetry and 
its spectrum is the same as for a square network. Adding a new transverse 
strand produces a triangular network. Fig. 2.17a shows the spectrum for the 
square ladder, whereas Fig. 2.17b is the well known spectrum for the square 
lattice, for periodic boundary conditions. The corresponding graphs for the 
triangular structures are given in Figs. 2.18a and 2.18b. In each case the 
lower part of the spectrum corresponds to symmetric modes, whereas the 
upper part belongs to antisymmetric modes. It can be seen that although the 
spectra for the lattices are much more complex with the characteristic fractal 
structure, there are patterns which are already contained in the spectra of 
the ladders. In particular one can see that the density of states in both cases 
is quite similar, a fact that can be appreciated by looking at the figures at a 
glazing angle. Also, one can appreciate the inversion symmetry of the spectra 
by turning the page up side down. 
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Table 2.1. Transformations of the parameters e and L that leave the spectra of the 
square structures (ladder and planar network) invariant. The Floquet index q and 
the point group mode change as indicated in each case. L has been adimensionalised 
(multiplied by ^/JIq) 
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2.3.7 Incommensurate, Fractal and Disordered Systems 

Several types of incommensurate structures have been studied in the lit- 
erature, including incommensurate, fractal, quasicrystalline and disordered 
structures. 

Franco Nori and Qian Niu [21] have studied lattices with Penrose tiling 
design and have compared their results with experiments by J.M. Gordon 
and A. M. Goldman [16]. The peculiarities of the spectrum in this case follow 
from the fact that different loops in the network have uncommesurate areas, 
a fact that breaks down the periodicity of the spectrum in the applied flux. 
Fig. 2.23 shows the normal superconducting boundary for this case and a 
comparison with experimental results for a Josephson junction array, with 
the same geometry, which shows similar behavior to the superconductive 
network. 

Another interesting case considered are fractal lattices, like the triangular 
Sierpinsky gasket, theoretically studied first by S. Alexander [1,2], and exper- 
imentally worked out by J.M. Gordon et al. [16]. In Fig. 2.13 we can see the 
results for the phase boundary. The experiments were performed on a gasket 
of order four. For this reason the fractal characteristics of the spectrum are 
only partially present. 

Disordered systems were studied by Simonin el al. [28,29]. These authors 
considered a square lattice on which nodes are removed at random. The 
branches connected to the missing node are also removed. The fraction of 
missing nodes is (1 — p). In this case, being a two dimensional system the 
classical limit for site percolation is Pc = 0.59. 
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REDUCED MAGNETIC FLUX 

Fig. 2.23. Superconducting-normal phase boundary for the Penrose pattern. The 
solid line is experimental data for a Josephson-junction array, and the points are 
theoretically obtained values for a lattice with 301 nodes. The vertical axis repre- 
sents voltage (lOnV) for the experimental data, and Tc(0) — Tc{H) (arb. units) for 
the theory. (Taken from Ref. [22]) 



For the perfect square lattice {p = 1) the critical magnetic field near 
H = 0 goes as He cc {T — Tc). As 1 — p increases the lattice opens up and 
there are a certain number of isolated loops, with dangling branches, for 
which the critical field varies as for de Gennes “lasso”. He oc (T — The 
divergence in the slope can be represented by 

dHe . \ — k 

Several authors [11,19] have predicted the value of k using scaling laws to be 
k = 0.87. The numerical experiments of Simonin et al. give k = 0.93 ±0.06 in 
good agreement with the predictions. Experiments in heterogenous supercon- 
ductors give fc = 0.6 ± 0.05; the discrepancy is due to the fact that these are 
three dimensional systems. Microfabrication techniques have allowed for real 
systems to be built which are identical to the model systems. In the work by 
Gordon and Goldman [16], experimental results are reported for a disordered 
square lattice, for which fc ~ 1.0, showing how good numerical experiments 
are for this case. 
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2.4 Beyond de Gennes-Alexander Theory: 

Inside the Phase Diagram 

The de Gennes-Alexander theory, as a limiting case of the Ginzburg-Landau 
theory applied to microcircuits, is valid only on the second order normal/ 
superconductor phase transition boundary, where the order parameter and 
the currents are vanishingly small throughout the superconducting material. 
The solution to the ensuing linearized equations suggests the order parameter 
and current distribution in the system, giving their relative amplitude. The 
theory does not determine the absolute amplitude of these physical quantities, 
which strictly speaking are zero at the phase transition boundary. It can be 
said that the dGA theory refers more to the stability of the normal phase 
than to properties of the superconducting phase. 

It is well known that the Ginzburg-Landau theory can describe the in- 
terplay between the superconducting condensation energy and the kinetic 
and magnetic energy of the induced currents. This interplay can lead to a 
change in the type of transition, from second order to first order at the so- 
called Landau critical points of the phase transition boundary. Since a first 
order transition implies a finite jump in the order parameter, it is clear that 
the dGA theory, which deals with infinitesimal or nascent quantities, is not 
adequate to describe this kind of transitions. 

A complete study of the phase transition boundary, of the superconduct- 
ing region immediately close to it, and of the phase diagram deep inside the 
superconducting region, up to the limit of validity of the Ginzburg-Landau 
theory, requires consideration of the complete expression for the free energy 
and of the ensuing equations, a more complete treatment than that of de 
Gennes-Alexander . 

This problem has been approached by two different roads: one is a pertur- 
bative approximation [14,5,6] and the other is a variational method [5,7,18]. 
As these works go beyond the scope of the present review of the dGA theory, 
we present here only briefly the main results of the variational approach. 

The variational approach allows for a description of the behavior of net- 
works inside the superconducting region of the phase diagram. An important 
result of general validity is that a superconductive network behaves, in the 
presence of a magnetic field, similarly to a bulk material with a renormal- 
ized G-L constant and three additional Abrikosov-like constants; all these 
parameters depend on the geometry and topology of the network. 

Let us first mention that at the second order phase transition boundary 
the Ehrenfest-Keesom (EK) relation, analogous to the well known Glapeyron- 
Glausius relation for first order transition, is satisfied. The EK equation gives 
the slope of the phase transition line and for superconducting networks it can 
be written as 

dT S„B2 
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where 



2<2(0)Te 

and B\ and B2 are coefficients associated to the order parameter and current 
distribution on the network, 

Bi=^ [ \tpo{s)\'^ ds 

b do 



B2 = { 2 /(j)e) ^ job / Ae{s)ds , 



So- being the area of the loop used to measure the flux (jg. 

The theory predicts the existence of Landau critical points (LCP). At 
these points the second order phase transition boundary predicted by the 
dGA theory goes over into the supercooling boundary for a first order transi- 
tion. The presence of a LCP depends essentially on the relative weight of the 
magnetic inductive effects on the network; a LCP is present if the following 
condition is satisfled [5,6] 

S _ Bl 

Here S is the uniform cross section of the branches and and B\ are 
coefficient related to the order parameter and the current distribution, similar 
to Bl and B2, 

bI=J 2 f \Ms)fds 

b do 

Bl Ai jh + 2 ^ Mii> joi jo/' 

/ /,/'>/ 

The coefficients A and M are the self induction and mutual induction co- 
efficients of the loops; jo/ are the loop currents obtained from the branch 
currents job- Neumann’s theorem ensures that the result is independent of 
the assumed decomposition of the network into loops. From the expression 
for it follows that this quantity represents double the superconducting 
condensation energy, while H4 represents twice the magnetic energy of the 
system. There is a competition between these two energies. When the conden- 
sation energy supersedes the magnetic energy the transition is second order 
whereas in the converse case the transition is first order. Since k = A/^, given 
a value for the coherence length, the inductive effects depend on the ratio 
between the transverse area of the branches and the penetration area for the 
held in the material as measured by A^. 

Finally, for the phase transition boundary the theory predicts a jump in 
the specific heat, in the coefficient of variation of magnetization with tem- 
perature and in the magnetic susceptance, given by the derivatives of the 
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volume average of the free energy density, g: 

AC 

^ °9T2 47t/3^(2X2 _ 1) 

A ^ 

47t/3;^(2A:2 - 1) 

1 

dH^ - 1 ) 

Here K denotes a kind of “renormalized” Ginzburg-Landau constant, 



K = 



pK Bs 

V S cBi 



The coefficients (3 are analogous to Abrikosov’s distribution factor (3a- For a 
micronet [3a = {V / S){B^/ BiY and 



(3' - 

7T BlScrB2 

y ^ 

V being the material volume of the lattice, i.e. the product of the cross section 
times the total length of the micronet. 
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Abstract. This is a survey on [HHOO] and further developments of the theory 
[He4]. We explain in detail the origin of the problem in superconductivity as first 
presented in [BeRu], recall the results of [HHOO] and explain the extension to the 
Dirichlet case. As illustration of the theory, we detail some semi-classical aspects 
and give examples where our estimates are sharp. 



3.1 Zero Sets in Superconductivity 

Following the paper by Berger-Rubinstein [BeRu], who refer to the Little 
Parks experiment [LiPa] we would like to understand the minima (or more 
generally the extrema) of the following Ginzburg-Landau functional which 
plays an important role in superconductivity. We are working in a bounded, 
connected, regular, open set 17 C IR^ and, for any A > 0 and k > 0, we 
consider G\_^ defined, for u G il^(l7;(F) and A G IB?) such that 

curl A G by 

Ga.k(w,A) = + ^\u?) + \{W - iA)u?)dxi ■ dx 2 

/jj 2 [curl A — He?dx\ • dx 2 ■ 

We note here that u (which is called in this theory the order parameter) is 
defined only in 17, but that the magnetic potential A is defined in IB?. Here 
Hf. is a G“ function on IB? or more generally some function in L'^{IB?). 
Physically Hf, represents the exterior magnetic field. 

We shall sometimes use the identification between vector fields A and 
1-forms UJA- 
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When analyzing the extrema of the GL-functional, it is natural to first 
analyze the corresponding Euler-Lagrange equations. This is a system of two 
equations (with a boundary equation) : 

(GL)i -(V - iA)'^u + Am(|u|2 - 1) = 0 , Va; G f? , 

\gL )2 curl * (curl — i?e) = (V — iGl)^)] • 1q (3-2) 

{GL )3 (V — iA)u • jz = 0 , Vx G dfl . 

Here jz is a unit exterior normal to dG and is the chracteristic function 
of f2. The operator curl* is defined by curl*/ := {dx^f, —dx^f)- 
Moreover, without loss of generality in our problem, we may add the condition 

{GL)i divH = 0 in 17. (3.3) 

One can also assume if necessary that the vector potential satisfies 

A - V = Q , 

on the boundary of f2. 

Let He be a solution of 

curl He = He 
div He = 0 . 

Such a vector potential always exists in 
The first remark is that the corresponding pair (0,He) is a solution of the 
Ginzburg-Landau system. This solution is called the normal solution. 

Remark 1. Note also that the normalization of the functional leads to the 
property that 

GA,K(0,He) =0 . (3.6) 

Following for example [DGP], one can show that, if Q is bounded, then the 
functional Ga,« admits a global minimizer which is a solution of the equation. 
If (u, H) is such a minimizer (or more generally a local minimizer) and if it 
is different from the normal solution, it is a natural question to ask for the 
structure of the nodal sets of u. This problem was analyzed in [ElMaQi] in the 
case of a simply connected domain Q and with different boundary conditions. 
The authors show that the solutions have as zero sets points or lines which 
necessarily end at the boundary. 

Inspired by [BeRu], our aim is to analyze the non simply-connected situation. 
In the next section we shall show how to reduce this non-linear problem to 
a linear problem. Instead of following closely [BeRu], we will show how to 
implement some ideas of [HHOO] for an alternative presentation of their 
results and extend it to the multiple holes case. We refer to [DuHe] (or [He4]) 
for a more complete analysis of the bifurcation (stability) (in connection with 
[Du]). 



(3.4) 

(3.5) 
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3.2 Bifurcation from Normal Solutions. Preliminaries 

Starting from one normal solution, a natural way for finding new solutions is 
to increase A from 0 and to see if one can bifurcate for a specific value of A. 
One can show by a priori estimates that this is impossible for small A, if the 
lowest eigenvalue A^^^ of the Neumann realization of in ^ is strictly 

positive : 

A(i) > 0 . (3.7) 

Here, we denote by —Aa, for a magnetic potential A, the magnetic Laplacian : 

■ (3.8) 

It is rather standard that a necessary condition for having a bifurcation is 
actually that A becomes an eigenvalue of —Aa^ ([BeRu], [DuHe]). We shall 
consider only what is going on around A^^^ . Note here that there is an intrinsic 
degeneracy to the problem related to the existence of an action. We observe 
indeed the property : 

If (u,A) is a solution of the GL-system, then (expi9u,A) is a solution, 

(3.9) 

for any 0 G M. 

In order to go further, we add the assumption 

A^^^ is a simple eigenvalue. (3.10) 

We will come back later to the properties of the spectrum of —Aj^ and in 
particular to the strict positivity (3.7) and to the multiplicity of the lowest 
eigenvalue. Let us only say here that (3.10) is rather generic. 

Now, one can try to apply the general bifurcation theory due to Crandall- 
Rabinovitz [CrRa]. Note that, although, the eigenvalue is assumed to be sim- 
ple, it is not exactly a simple eigenvalue in the sense of Crandall-Rabinowitz 
who are working with real Banach spaces. Actually, this is only simple mod- 
ulo this S'^-action which was observed in (3.9). In this context, the theory 
developped for example [GoSc], (Ghapter VII, §3 and Ghapter VIII (Proposi- 
tion 2.2)) is relevant, but special cases involving Schrodinger operators with 
magnetic field are treated in [Od], [BaPhTa], [Ta] and [Du]. There are actu- 
ally various ways to remove the degeneracy and we shall present one which 
seems quite adapted to our peculiar situation by introducing a notion of real 
solution in Section 3.5. 

All the considered operators are (relatively to the wave function or order 
parameter) suitable realizations of operators of the type 



u 1 -^- —Aau — Xf{\u\‘^)u , 
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with /(O) = 1. For our model (see (GL)i), we have indeed f{t) = 1 — t. 

In the case when ||m||c-o( 72) sufficiently small (which will be for example a 
consequence of ||u||^2(72) small), we observe that if rt is a non zero solution 
of 



-Aau - A/(|mP)m = 0 , 


(3.11) 


then 




V ■= \//(|u|2)u 


(3.12) 


is a non zero solution of the linear equation : 




-{f{\u\^))-^AA{f{\u\^))-h-Xv = 0, 


(3.13) 



and has the same nodal set as u. Moreover u and v satisfy the same boundary 
condition. 

The last remark is here that, if A — and ||m||c 70(72) Etre small enough and 
(3.10) is satisfied, then A is the lowest eigenvalue (with multiplicity 1) of the 
Neumann-realization of the linear operator £u,a ■= 

and we have to analyze the properties of the groundstate v of this opera- 
tor. Note that the assumptions that A — A^^^ and 11^11(^0(73) small enough 
will be satisfied when we consider bifurcation starting from the normal so- 
lution. The conclusion is that we can apply the linear theory developed for 
the Schrodinger operator with magnetic field Aa modulo a small (but easy) 
extension to the operators £u,a- So before to go further it seems useful to 
recall some basics on the Schrodinger operator with magnetic field. 

3.3 The Linear Schrodinger Operator with Magnetic 
Field 

Our starting point is the Laplace operator with magnetic field in a C°°, 
relatively compact domain i? C Here we discuss also the more general 
Schrodinger operators of the form —Aa + V where F is a C°° potential. 
This was not needed for the application to superconductivity but we want 
to emphasize how general is our approach. In particular there would be no 
use of analyticity properties like for example in [ElMaQi] . More generaly, we 
could also look at operators in the form —g(x)~^ AAg{x)~^ + V{x) in order 
to treat the examples appearing previously but we do not do this here for 
simplicity. So we are considering the operator 

u 1-^- Pa,vu := —(V — iA)‘^u + Vu . (3-14) 

We are interested in the Neumann-realization Pav Dirichlet realiza- 

tion P^y. The basic properties of these operators are discussed in [AHS] (See 
also [He2]). It is well known that if we denote by A^^^’^(H) (resp. A^^^’^(H) ) 
the lowest eigenvalue of P^v (resp. Pay) , then we always have the property 

A(i)W(^) > A(i)W(o) ; 

A(i).r?(,4) > A(i)>-^(0) . 



(3.15) 
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The natural question is then to decide when we have equality. The first nec- 
essary condition is 

_B = curlA = 0 Va; G (3.16) 

This condition is also sufficient in the case when is simply connected. When 
fl is not simply connected, we have also to consider, for any closed path 7 
in Q, the quantity <^(7) := ^ J^(Aidxi + A 2 dx 2 ) which will be called the 
(normalized) circulation of A along 7. Of course, when B = 0 and O is simply 
connected, this quantity is equal to 0 but it is no more the case when we have 
holes. In the general context, it can be proved that A^^^’^(^) = A*'^^’'^(0) if 
and only if B = 0 and, for any closed path 7 in 17 

^>(7) G ^ . (3.17) 

A similar result holds for the Dirichlet case. This was proved in the case 
of the Dirichlet realization (See Lavine, O’Caroll [LaO], [Hel], [He2]) and a 
similar result is also true in the case of Neumann [HHOO] . We observe that 
(3.16) and (3.17) are just the conditions under which there exists a gauge 
transform such that the operator is unitary equivalent to the case without 
magnetic potential. 

In this last case, the lowest eigenvalue is simple and the corresponding ground- 
state has no zero. 

We will discuss later the natural question of determining for which poten- 
tials A, such that curlA = 0 in 17, the eigenvalues A^^^’^(A) or A^^^’^(A) are 
maximal. 

Note also that, in the case when 1^ = 0 and for the Neumann realization, the 
condition (3.7) is a consequence of the non validity of (3.16) or (3.17). We 
have indeed A^^^’^(O) = 0 and strict inequality in the first line of (3.15). 

We close this section by discussing briefly the question of multiplicity. It has 
been observed [AHS] that the property that the lowest eigenvalue is simple 
when A = 0 (which is a consequence of the Krein-Rutman theorem, cf for 
example [ReSi]) is no more true in general. As we shall discuss later, there is 
a strong connection between the nodal sets and the multiplicity. 

3.4 The Operator K 

We now consider the case with zero magnetic field (Assumption (3.16) ). 
We consider the non simply connected situation. The connected components 
of the complementary set of 17 in IR^ is the union of k holes Oi and of an 
unbounded connected component. Let us denote by ai a closed path^ which 

^ A piecewise smooth mapping 7 : [0, 1] ^ A is called a path in X. The point 7 ( 0 ) 
is called the initial point and 7 ( 1 ) is called the final point. The image F = 7 ([ 0 , 1]) 
of the path is called a curve. 
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parameterizes the boundary Si of the i-th hole and turns once in an anti- 
clockwise direction. Let us consider the circulations 

^i = ^ ^ • dx, (3.18) 

of A round the i-th hole {i = 1, . . . , fc). 

Let us assume that 

2<P, = 2i+l , with i & Z . (3.19) 

This case is quite specific in the sense that, in this case, 

Pa,v and P-a,v are gauge equivalent. (3.20) 

One can indeed find a multivalued C°° function^ </> in 12 such that expi(f> is 
univalued and such that 

d(j) = —2{Ai dxi + A 2 dx2) ■ (3-21) 

We then have 

exp— Pa.v expi(() = P-a,v ■ (3.22) 

We also observe that, if P is the conjugation operator 

u ^ Pu = u , (3.23) 

then 

PAa = A_aP , (3.24) 

and consequently 

PPa,v = P-AyP , (3.25) 

Combining (3.22) and (3.25), we obtain, for the operator 

K := exp —i<p P , (3.26) 

which satisfies 

= Id, (3.27) 

the following commutation relation 

K Aa = AaK . (3.28) 

Let us also observe that the Neumann conditions and the Dirichlet conditions 
are respected by K. 

As a corollary, we get 

Lemma 1. If u is an eigenvector of A^ (resp. A^), then Ku has the same 
property. 

Along a path 7 of index 1 around one of the holes contained in 17, the variation 
of (j> is 2mv (n G X). 



4 
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Let us now explain the possible role of the operator K. Similarly to what is 
done with the Laplacian and the operator F, we observe that one can find an 
orthonormal basis of “real” eigenvectors uj, i. e. they satisfy the condition 

Kuj = Uj . (3.29) 

In particular, if m is a simple eigenvector, then we can multiply it by a constant 
so that it becomes a “real” eigenvector. 

Remark 2. Here we would like to say that all the properties of Pa,v described 
in this section are also true for the operators —g{x)~^ AAg{x)~^ + V{x). Note 
also that if Ku = u, then the function v defined by (3.12) will also satisfy 
the same condition. 

3.5 Bifurcation for Special Spaces 

Let us come back to the functional Ga,k introduced in (3.1). Following [BeRu], 
we assume that 

He = 0 in 77 , (3.30) 

and that (3.19) is satisfied for B = Hf.. We would like to show how to take 
advantage of the existence of the operator K introduced in Section 3.4. We 
look for solutions of the GL equation in the form (u,Ae) with Ku = u. Let 
us observe that 



L|-(H;(F) :={ue L2(17;(C) | Ku = u} , (3.31) 

is a real Hilbert subspace of L^(l7; (C ). 

We denote by the corresponding Sobolev spaces : 

H^(H;G) = H™(H;G) . (3.32) 



We now observe the 

Lemma 2. Ifu€ F[^, then the current 2s(u- (V — iAe)u) = 0 almost every- 
where. 

Proof of Lemma 2: 

Let us consider a point where m yf 0. Then we have u = pexpiO with 29 = cj) 
modulo 27 t^. Remembering that A^ = it is easy to get the property. | 

Once this lemma is proved, one immediately sees that (u, A^) (with Ku = u) 
is a solution of the GL system if and only if m G and 

Am( 1 - |up) = 0 , . . 

(V — Ae)u ■ V = 0 , on dil . \ ■ > 

We shall call this new system the reduced GL-equation. 

But now we can apply Theorem 2.4 by Grandall-Rabinowitz [GrRa]. By as- 
sumption (3.10), the kernel of {—Aa^ — A*-^^) is now a one-dimensional real 




70 



B. Helffer et al. 



subspace in L\. Let us denote by u\ a normalized “real” eigenvector. Note 
that Ml is unique up to the multiplication by ±1 and that Ui G Vm G IN. 
Therefore, we have (see [BeRu] for a weaker form in the one hole case) the 



Proposition 1. Under assumptions (3.10), (3.16) and (3.19), there exists a 
bifurcating family of solutions {u{-] a), \{a)) inH]^xlR^ with a g] — eo, -l-eo[, 
for the reduced GL-equation such that 




u{a) = aui + a^U 2 {a) , 

< ui,U2{a) >L2= 0 , 

||'U2(a)||H2(j7) = 0(1) ; 


(3.34) 




A(a) = A^^^ -1- ca^ + O(a^) , 


(3.35) 


with 


c = A^^^ • f Ml ^ dx . 

J n 


(3.36) 


Moreover 


u{—a) = —u(a) , A(— a) = A(a) . 


(3.37) 



Remark 3. Note that the property (3.37) is what remains of the 5'^-invariance 
when one considers only “real” solutions. 



Let us give here the formal computations of the main terms. Denote by Lq 
the operator Lq := —Aa — Writing ^ 2 ( 0 ;) = U 2 o + O{a), we get modulo 
0(a4). 



(Lq — ca^)(o;Mi + a^U2o) + \ui\'^ = 0{a^) . 

Projecting on ui, we get (3.36). Projecting on the orthogonal space Ui“^ and 
denoting by Mq the operator equal to the inverse of Lq on this subspace and 
to 0 on Ker Lq, we get 

U 20 := -A*^^^Mo(ui|uip) = -A*^^^Mo(ui|uip - cui) . (3.38) 

The second result is that, once we have observed that u{a) is a “real” 
solution of the reduced GL equation, then one can show that, for small a yf 0, 
the nodal set of u{a) will behave like the nodal set of mi (see Section 3.8 for 
a precise statement). In particular, if there is only one hole, then the nodal 
set of u{a) consists exactly of one line joining the interior boundary and the 
exterior boundary. 



3.6 The Toy Model 

Before to discuss the general results of [HHOO] in Sections 3.7 and 3.8, we 
think it is worth to discuss a model which in some sense is a limiting case of 
a very thin ring like open set (see Berger- Rubinstein-Schatzman [BeRuSc]). 
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This is the case of the Schrodinger operator on the circle which is actually a 
rewriting of the Hill’s equation. If we consider the operator 

Pa = ~{de - iaY 

on LF‘{S^), then the spectrum is easily seen as given by 
(^{Pa) = {{n — of , n G Z} . 

The minimum is obtained for the n’s such that (n — a)^ is minimal. When a is 
an integer, one obtains n = a and the eigenvalue is simple with corresponding 
eigenfunction 9 expia0. 

This property is still the same for any a ^ \ + Z. When a G ^ + 
Z, the lowest eigenvalue is j and with multiplicity 2. For example, when 
a = |, the eigenvectors are generated by 1 and expiO or expi9/2cos0/2 
and expzd/2sin0/2. The last one vanishes on 0 = 0. Of course one gets a 
continuous family of eigenvectors with zeros by considering expz0/2sin(0 — 
0o)/2. 

It is easy to see that this degeneracy disappears when considering 
Pa,ev = -{de - iaf + ev{9) , 

perturbatively as e yf 0 is small, and if the condition expi9v(0)d9 yf 0. 
We now also see from the general theory of the Hill’s equation (See Eastham 
[East]) that for any C°° potential v on the lowest eigenvalue Ai(a) of 
is periodic and takes its maximum for a G Zi -v\. Moreover, the multiplicity 
is one if this last condition is not satisfied. 

Our aim is to analyze the zeros of the groundstate as a function of a. We 
recall that it has been proved that a “real” groundstate vanishes when ot= \ 
modulo This was the object (in a more general case) of [HHOO]. 

The case when a = 0 modulo Zi is well known because the operator is gauge 
equivalent to the Schrodinger operator with a = 0. 

There is a lot of information in this case because it was analyzed in great 
detail when considering the Schrodinger operator with periodic potential on 
L^{M). We shall recall some of these results. The following theorem can be 
found in [ReSi] (Theorem XHI.89, p. 293). 

Theorem 1. Let Ai(o;) the first eigenvalue of Py^a- Then we have 

1. Ai(of) is simple for a G [0, A[. 

a I— > Ai(a) increases strictly on [0, A[. 

So the only case, where Ai(a) may be degenerate is consequently the case 
when Of = i, modulo Z. 

Let us look in this context at the nodal sets. 
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Theorem 2. 



1 . 

2 . 



If a ^ I + Z, the groundstate does not vanish. 

If a G I + Z, the multiplicity may be 1 or 2 and the ’’real” groundstates 
have a single zero in . 



Proof 

We observe that 9 ^ v\{9, a) = exp —ia9 ui{6, a) is a solution in C°°{1R) of 
—dfu/dO"^ + v{6)u — Xi{a)u = 0 on M. Here v\ is considered as a function 
of 9 (here a is fixed and a ^ Z) and has the same zeros as mi(0, a). Let us 
assume the existence in [0, 27 t[ of a zero of Ui and consequently of Vi. Let us 
consider the decomposition : v\ = f + ig, with / and g real. 

Two cases have to be considered. 



• / and g are linearly dependent. In this case, possibly changing vi, we can 
assume that Vi is real. But the Floquet condition will give Vi(9 + 2tt, a) = 
exp— i27ra vi{9,a) and this implies sin(27ra) = 0. This corresponds to 
the case when a G Z j2. We are in the second case and get the announced 
result. 

• We now consider the case when / and g are linearly independent. Here we 
get two linearly independent solutions of the same second order equation 
vanishing at the same point. By the Cauchy uniqueness theorem they 
have to be proportional. This gives the contradiction in the first case. So 
ui can not vanish as initially assumed. 



3.7 Variation of the Ground State Energy 

Let us consider the non-simply connected situation. We observe that, if the 
circulations <P = {<Pi, . . . ,<Pj.) of two distinct vector potentials A and A' 
are equal modulo then the corresponding operators Pa,v and Pa'.v are 
unitarily equivalent under a gauge transformation. The following theorem 
was given in [HHOO]. 

Theorem 3. Let Q C he a region with smooth boundary, which is home- 
omorphic to a disk with k holes. For a given smooth potential V, the first 
eigenvalue of the magnetic Schrodinger operator Pa,v , where A satisfies 
(3.16), depends only on the circulations = {Fi, . . . of A: 

A(i) = Ai(<l>) . 

The function Xi{<P) has the following properties (in which I G is arbi- 
trary): 



Xi{F+l) = Xi{F) . 

Xi{l/2 + F) = Xi{l/2-^) . 
Ai(^) > Ai(0, ...,0) for<P^Z*^. 



(3.39) 

(3.40) 

(3.41) 
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For the case k = 1, we have in addition to inequality (3-41) that 

Xi{<P) < Xi{l/2) 



(3.42) 



for <P ^1/2 + 

Equations (3.39), (3.40) and inequality (3.41) are straightforward. In this 
context we should also mention the recent very interesting results [HN] by 
Herbst and Nakamura concerning large magnetic fields. The Neumann bound- 
ary conditions on Pa,v are motivated by superconductivity but our results 
are also valid for the case of Dirichlet boundary condition. Dirichlet bound- 
ary conditions are related to the Aharonov-Bohm effect for bound states. 
See [LaO,Hel,He2,He3]. This will be discussed in Section 3.11. 

Remark 4- The proof of (3.42) uses a connection between the maximality of 
the first eigenvalue for circulation 1/2 and the structure of the nodal set of 
groundstates. In a recent paper [HHON], it is conjectured that for <1> e [0, 1/2) 
(3.42) can be strenghtened to X{(d>) > 0. 

Using semiclassical arguments, one can show that in general the first eigen- 
value is not necessarily maximized for circulation (1/2, . . . , 1/2), this will be 
discussed in Section 3.11. 

3.8 Nodal Sets 

Let us now analyze the structure of the nodal set of the groundstate of Fa,v 
under the assumptions (3.16) and (3.19). For the toy model, one has to think 
that a was the constant magnetic potential on the circle, and the condition 
(3.19) corresponds exactly to the second case in Theorem 2. We have seen in 
Section 3.4, that, without any assumption on the multiplicity, it is enough to 
analyze the zero sets of ’’real” groundstates (See (3.29)). But let us start by 
a precise definition of this set. 

Definition 1. The nodal set Ah(u) of an eigenfunction u of a magnetic 
Schrodinger operator on a manifold with smooth boundary is defined in f? 

by 

Xf(u) := {x € f? : u(x) = 0}. (3.43) 

Useful information on nodal sets of real valued eigenfunctions of non-magnetic 
Schrodinger equations in two dimensions is given in [Bers,Che,HOMN] and in 
Proposition 4.1 in [HHOO]. In particular such nodal sets consist of the finite 
union of smoothly immersed circles and lines. “Generically” , the nodal set of 
every complex eigenfunction of a magnetic Schrodinger operator consists of 
isolated points of intersection of the lines of zeros of the real and imaginary 
parts of the function. See [ElMaQi]. 
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The local properties of the nodal sets of eigenfunctions of the opera- 
tor Pa,v are the same as the local properties of complex solutions of non- 
magnetic Schrodinger equations. More precisely, since we may find at every 
point a local gauge satisfying : = A, we may multiply any eigen- 

function of Pa,v by a local gauge so that the product solves a non-magnetic 
Schrodinger equation. The nodal set is invariant under local gauge transfor- 
mations. 

We shall see in what follows that although the local properties of nodal 
sets of eigenfunctions of our magnetic Schrodinger operator are the same as 
the properties of a non-magnetic Schrodinger operator, the global properties 
differ in the case where <P = (1/2, . . . , 1/2). In particular, in the non-magnetic 
case we see that (since a real eigenfunction must change sign at the nodal set) 
an even number of nodal lines (or perhaps no nodal lines) of an eigenfunction 
emerges from each boundary component of the region. In Theorem 4 we show 
that for ^ = (1/2, . . . , 1/2), an odd number of nodal lines of the groundstate 
emerge from each component. The following definition was introduced in 
[HHOO]. 

Definition 2. We say that a (nodal) set Af slits i? if it is the union of a 
collection of piecewise smooth, immersed lines such that 

1. each line starts and finishes at the boundary dQ and leaves the boundary 
transversally; 

2. internal intersections between lines are transversal; 

3. the complement fi\N is connected; 

4. an odd number of nodal lines leaves each interior boundary component. 

We shall say that a collection of paths slits fl if the union of the images of 
the paths slits fi. 

See Figure 3.1 for some examples of regions which are slit. 

Note that part 3 of Definition 2 is the reason why a nodal set which slits 
12 contains no immersed circles, and also implies that each line of a slitting 
set links together a unique pair of distinct (i.e. i yf j) boundary 

components. Note also that for the single hole case, a set which slits 12 consists 
of one line which joins the outer boundary of 12 to the inner boundary. 

The main theorem is then 

Theorem 4. Let (2 he a region with smooth boundary, which is homeomor- 
phic to a disk with k holes. Let V he a smooth potential and let A he a smooth 
magnetic vector potential satisfying equation (3.16), such that the value of the 
circulations around each hole lie in 1/2 + Z (that is<L = (1/2, . . . , 1/2), mod- 
ulo 

1. If the first eigenvalue of Pa,v is simple then the nodal set of the corre- 
sponding eigenfunction slits fl. Otherwise there exists an orthonormal 
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Fig. 3.1. Examples of some sets which slit fi 



“real” basis {u\, . . . ,Um\ of the groundstate eigenspace such that the 
nodal set of any non-zero combination ^idj G M for 

each ^ < i, j < rn, slits fl. 

2. For k = 1,2 with groundstate multiplicity two, the nodal sets of two lin- 
early independent groundstates do not intersect. It follows that the nodal 
set of a combination ai u\ + 02 M2 is empty whenever 0102 ^ IR- 

Remark 5. 

1 . For the cases fc > 3 , we expect that there could be intersection of nodal 
sets of two independent groundstates, and correspondingly that the nodal 
set of a combination oiMi + 02M2 will not in general be empty when 
ai02 ^ M. 

2 . If we assume that Pa.v has Dirichlet boundary conditions then Theorem 4 
holds with suitable changes to the proofs. 

The proof given in [HHOO] is inspired by one step in the proof of [BeRu] 
who treat only the one hole case. But it appears more convenient to lift the 
problem on some two-fold covering manifold where one can gauge away the 
magnetic potential and analyze real solutions of a real operator with some 
additional anti-symmetry. This will be explained in Section 3 . 9 . 

Let us compare with the point of view developed in [BeRu] . 

In the one hole case, we can consider for any slitting path 7, the selfadjoint 
realization of the Schrodinger operator —A -|- R in 12(7) := f2 \ {7} with 
Neumann boundary condition on dfl and Dirichlet condition on 7. We denote 
the lowest eigenvalue of this operator by /^(y) and the corresponding strictly 
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positive, normalized, eigenvector by Let x = X 7 be a solution of 
dx = Al dxi + A 2 dx 2 , in ■ 

Such a solution exists because 1 ^( 7 ) is simply connected, without any as- 
sumption on the circulation of A. Considering the function u-y = exp iy '07 
(considered by extension as defined on (which belongs to iL^(l7)), we 

get by applying the minimax lemma, 

\ly < m(7). (3.44) 

We consequently have proved, without any special assumption on the 

multiplicity and without any restrictive condition on the circulation, the first 
part of the 

Proposition 2. Let V be C°° and A a C°° potential on Q such that B = 0 
in fl. Then 

< inf u( 7 ) , (3.45) 

7e£i(r2) 

where £^(C) is the set of all piecewise curves 7 such that L2{x) is simply 
connected. 

If (3.19) is satisfied, then we have actually equality in (3.4.5) 

. ( 3 -«) 

Remark 6. The quantity appearing in the r. h. s of (3.45) was introduced 
in [BeRu] in the case V = 0. The condition of non degeneracy which was 
introduced by these authors and used in their argument was actually the 
condition: 

(C) : The inflmum inf.^ ^( 7 ) is realized for a unique slitting path 7 . 

We emphasize that we shall not use this assumption. Moreover we can prove, 
as a result of our analysis that either this condition is satisfied (and the lowest 
eigenvalue is then simple) or there is an infinite family of paths realizing the 
minimum. 

We assume now condition (3.19) and would like to find some 7 such that 
t{i) 54 ^A.v This would give as a consequence the equality (3.46). A solution 
7 which gives the solution is actually the nodal line of one “real” ground state. 

One can interpret all this theory as the analysis of an excited eigenvalue 
of a Schrodinger operator defined on the two-fold covering of fl. This will be 
detailed in Section 3.9. 

On the other hand, according to the arguments developed in Sections 3.3 
and 3.5, we obtain the following theorem 
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Theorem 5. Under the assumptions of Proposition 1, there exists ei > 0 
such that, for all a such that 0 < |a| < Ci, the zero set of the “real” bifurcating 
state u{a) slits Q. 

Although we have not verified the mathematical details there are strong rea- 
sons to think that this nodal set tends as |a| ^ 0 to the nodal set of u\. 



3.9 A Twofold Riemannian Covering Manifold 



In this section we keep the assumption of Section 3.8 and explain some el- 
ements of the proof of the characterization of the nodal sets. The proofs of 
the results of [HHOO] use a twofold Riemannian covering manifold 17 of the 
domain 17. For the case of more than one hole, there exists more than one 
twofold Riemannian covering manifold of 17. We shall take a particular choice 
of covering manifold on which the circulation of the lifted magnetic poten- 
tial A along any closed curve is an integer. Before the precise definition, we 
introduce some basic notation. For further details see for example [GHL]. 

Definition 3. Let 17 be a covering manifold of 17, and let U be the associated 
covering map. We denote the lifts of various quantities as follows: 

For a set N define Al = {x G 17 : 7T(x) € N}. For a function / : 17 ^ (F , 
define / :17— >(C by/ = /oiI. For a path ct : [0, 1] ^ 17 and a point x G 17 
such that n{x) = (t( 0) let a : [0, 1] ^ 17 denote the unique lifted path such 
that ff (0) = X and U oa = a. 

We endow the covering manifold with the metric obtained by lifting the 
flat Euclidean metric of 17 to 17. This is the unique metric which makes U a 
local isometry, and therefore a Riemannian covering map. Let A denote the 
Laplace-Beltrami operator on L^{f2) induced by the lifted metric on 17, and 
let u}^ be the 1-form on 17 obtained by lifting the 1-form loa associated with 
the smooth vector potential A defined on 17. 

Let 17oo be the universal covering manifold of 17 and let 77oo be the associ- 
ated covering map. Note that due to (3.19) if two points Xqo, 2/oo G l^oo satisfy 
TIoo(xoo) = 7Too(?/oo) then for any path cr joining Xoo to jjoo, the integral 



1 

27T 



A ■ dx 



' IlooOcr 



(3.47) 



lies either in 1/2 -|- ^ or in ^ and is independent of the path a because 
curl A = 0 and because the universal covering manifold is simply connected. 
We therefore construct the twofold covering manifold (as a quotient of the 
universal covering manifold) as follows: 
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Definition 4. 

1. We define the twofold covering manifold fl by identifying points Xqo, J/oo 
in l7oo according to the equivalence relation Xao ~ Voo if and only if 

Ilooixoo) = naoivoo) (3.48) 

and for each path cr in joining x^o to j/oo we have 

^ [ A - dxeZ. (3.49) 

27T Jn^oa 

The covering map U : f2 ^ f2 is defined by II (x) = Ilooixoo), where 
X = [xoo] is the equivalence class (under ~) containing Xoo- 

2. On our twofold covering manifold we define the symmetry map G : 12 

12 by setting Gx to be the other point in f2 which lies above II (x) G 12. 
Note that II~^{II{x)) = {x,Gx}. 

3. We say that a function f : 12 ^ G is symmetric (resp. antisymmetric) if 
f{Gx) = f{x) (if f{Gx) = —f{x)) for all x G 12. 

Note that the identity map and G form a group G = {/, G}, with the 
composition G^ = I, which acts freely on f2. The quotient of 17 by G is the 
original manifold 17. Using equation (3.49), we have 



1 

27T 



A - dx = 



— A ■ dx G 



2tt 



IToo 



(3.50) 



for any closed path a in 17. Hence there exists a smooth, multivalued function 
0 on 12 such that expiO is singlevalued and 

V6» = A. (3.51) 



The crucial lemma in [HHOO] is 

Lemma 3. 

1. The operator L : L^{f2) Ip‘{f2) defined by 

Lu = (3.52) 

v2 

is a isometry onto the antisymmetric functions in lfi{Q). 

2. L maps the “real” functions (that is such that Ku = u) onto the real 
antisymmetric functions on 12. 

As a consequence, we get that L maps eigenfunctions of y onto antisym- 
metric eigenfunctions of the Schrodinger operator 

Po^y = -A + V 



(3.53) 
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acting on L^(f2) with Neumann boundary conditions. The “real” eigenvec- 
tors become real eigenvectors of P^y- 

In particular is the lowest eigenvalue of Pq y restricted to the antisym- 
metric space. Any real corresponding antisymmetric groundstate has to van- 
ish (this is the initial argument for the proof of Theorem 4) and can not 
consequently correspond to the lowest eigenvalue of Pq y. Actually, we know 
that the groundstate corresponds to a single eigenvalue and is symmetric. 
This does not mean that is necessarily the second eigenvalue of Pgy- 
For any £ G IN {£ > 0) and in the one hole case, it is indeed possible to con- 
struct potentials V such that the first £ eigenvalues correspond to symmetric 
eigenstates [Ni] . Another consequence for the Ginzburg-Landau functional is 
that 

G,{u,Ae) = (^\{-\Lu\^ + ^\Luf) + dx . (3.54) 

In particular, to look for minima for G\ with “real” u and A = Ag leads to 
minimize the functional 

Id d,x , 

reduced to the real, antisymmetric functions on L^{12). 

3.10 About the Multiplicity 

We have seen at many places that assumptions on the multiplicity of the 
groundstate play an important role. As we shall see in this section, this prob- 
lem of multiplicity is deeply connected with the structure of nodal sets of 
groundstates. It has been proven in [HHOO] the following theorem. 

Theorem 6. If (3.19) is satisfied then the multiplicity m of the first eigen- 
value of Pa.v (Dirichlet or Neumann realization) satisfies 

2 ,A:=1,2; 

m< k , if k is odd, fc > 3; (3.55) 

k — 1 , if k even, k > 4 . 

Here we make some remarks connected to the above theorem. 

Remark 1. 

1. The above bound on the multiplicity of the first eigenvalue is sharp in 
the case of one hole (see Example 5.3 in [HHOO]), two holes (see Section 
3.11), three holes (see Section 3.12), but it is not expected to be sharp for 
a large number of holes. It would be interesting to know an asymptotic 
result about the growth of the maximum multiplicity with the number of 
holes. 
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2. The proof is obtained by taking advantage of topological obstructions to 
nodal sets caused by the holes. These obstructions prevent the existence 
of high dimensional groundstate eigenspaces. Our type of method was 
first discovered in [Che] and has since then been taken up and used by 
others, e.g. [Na,HOHON,HOMNj. See also [Col] for explicit constructions 
of examples with high multiplicity. 

3. This result bears similarities to bounds on multiplicities of higher eigen- 
values of non-magnetic Schrodinger operators on surfaces with boundary. 
Some related literature on this topic is given in [Col,Na,HOHON,HOMN]. 

4. It has been shown in [BCC] that no upper bound on the multiplicity 
exists when one adds a general magnetic field, even on the sphere. 

5. In [HHON] it is conjectured for the single hole case but for arbitrary 
circulation that the groundstate eigenvalue is always simple unless 

is a half integer. 

About the proof: 

Let us explain the case of one hole for the Dirichlet case. The proof is by 
contradiction. If there are three linearly independent ground states, then one 
can always be reduced to the case when there are three linearly independent 
states Ml, M 2 and M 3 such that 

Kuj = Uj , for j = 1, 2, 3 . 

Then we show, that, for any x and y on dfi, one can find a non zero ground 
state u {u = J2j with Xj G M) such that Ku = u and = 

{-^u){y) = 0 where denotes the normal derivative. This means that at x 
and y nodal lines hit the boundary (see below) and if x ^ y and belong to 
the same connected component of df2, then this is in contradiction with the 
property of a ground state satisfying Ku = u. 

We have indeed, as a consequence of the Hopf boundary point lemma, the 
following property 

Lemma 4. If x & dI2, and u is a groundstate for Neumann such that u{x) = 
0, then X G N{u). If u is a groundstate for the Dirichlet case and x G dI2 
such that du/dn = 0 then x G Af{u). 

3.11 About the Maximality at Circulation | 

If we introduce a semi-classical parameter like the analysis of the Aharonov- 
Bohm effect in [Hel], one can naturally ask the following question : 

Is there some limiting curve for the nodal set as h 0, for ground states of 
V when curl A = 0 and (3.19) is satisfied. One suspects that the Agmon 
distance will play an important role in the picture but this problem remains 
open. 

We recall that in the case of one hole, we have mentioned in Section 3.7 that 
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the lowest eigenvalue of is maximal, as a function of the circulation 

around the hole, when ^ = \ modulo Z. We consider the Dirichlet situation 
but one can similarly treat the Neumann situation. 

We would like to show that we can not hope for a similar result in the many 
hole case. More precisely, we shall consider the 2 holes case and construct, 
using semiclassical analysis, an example where A) < |). 

The comparison of and \) is just an application of the 

semi-classical analysis of the tunneling effect presented in [Hel] (see also 
[HeSjl,HeSJ2]). But let us be more precise in the assumptions. We consider 
the operator —Aa + in ^ where has two holes 0\ and 02- We assume 
that the magnetic field B = curl A vanishes in 17 and keep the two circulations 
and ^2 as parameters, together with h. We assume also that the electric 
potential V has a non degenerate unique minimum at xg in f2 and assume 
for normalization that V{xg) = 0. 

In this case it is well established that, in the semiclasssical limit (i.e. as 
h ^ 0), the lowest eigenvalue is simple and given modulo 0 ( 1 ) by the lowest 
eigenvalue of some harmonic oscillator attached to xg : 

-Ay + i (Hess V {xg)y, y) . (3.56) 

We denote by A^^(/i; ^ 2 ) this lowest eigenvalue. 

Moreover the normalized groundstate Ui is known to be decaying at least 
as Og(exp — e > 0, where dy is the Agmon distance 

associated with the Agmon metric defined as V ■ dx^ on 17. 

This result was proven in [HeSJ2]. 



We now assume that V creates a big barrier not only near 9l7 but also 
between the two holes Oi and O 2 ■ The point is that there is a minimal path 
(for the length associated to the Agmon distance) starting from xg, turning 
once around Oi U O 2 and coming back to Xg whose length is strictly less than 
the length of any closed path starting from xg and going once around only 
Oi or O 2 or two-times the distance from xg to 917. If 7 is this minimal path 
(supposed to be unique and non degenerate), then one can find an one-hole 
open set 17' such that Qy C 17' C 17 such that, for some eg > 0, 

A W {h; -Pi , P 2 ) = A W {h, Pi + P 2 ) + 0(exp , 

where S is the length of this minimal path. The hole O' contains Oi and O 2 
and the circulation along 7 is Pi+p 2 - The analysis of X^{h, P) was performed 
in [Hel] (Theorem 4.1.1, with t = h). It is shown that, for some Ci > 0 and 
some oo > Oj 



a[]? {h, P) = A^? (^,0) + h'^{\ — cos P)a{h) exp — ^ -I- 0(exp — , 



h 




82 



B. Helffer et al. 



with a{h) ~ ao > 0- 

This shows that this is when = ^1+^2 is near | (modulo Z) that (/i, 
and consequently is maximal in the semiclassical limit. 

An indirect consequence is that in this case the nodal set is a line be- 
tween the two holes. The maximality of the eigenvalue for flux (5,5) can be 
proven in the case when f? \ Af is simply connected, where M is the nodal set 
of some “real” groundstate. When discussing all the possibilities of slitting 
of two holes the only possibility is indeed the case when 17 is slit by a line 
between two holes. 

Moreover, we have a good WKB approximation of the ground state in 
the neighborhood of 7 (see [Hel]) and we know from this approximation that 
the nodal line when is an integer can not meet 7 in the semiclassical limit. 
This is another way to show that there is necessarily in this case a nodal line 
between the two holes in the case when (<?i,<?2) = (5, 5)- 
It is easy to construct a case when a groundstate has as nodal set two lines 
joining the boundary of the hole to the exterior boundary. This is for example 
the case when the multiplicity is 2 because one can always in this case con- 
struct, by considering a real linear combination of two linearly independent 
groundstates u\ and U2 satisfying Kuj = Uj {j = 1,2), a groundstate with a 
nodal line arriving at the external boundary (and consequently with two!). 
In particular we have shown that the two possible situations of nodal sets 
predicted by the topology in the case of two holes are effectively observed. 

Remark 8. The semi-classical behavior of the nodal sets is a nice problem. 
In the case considered before where a potential V creates a single well, the 
already developed semi-classical analysis gives some information. If the min- 
imal non trivial path going from xq to xq (this can be interpreted in the 
covering manifold (See Section 3.9)) corresponds to an integer flux, then as 
already mentioned there are no nodal lines crossing this path. On the con- 
trary, in the half integer case, one can show that the nodal line crosses as 
/i — > 0 the curve 7 at the point which is at the Agmon distance S/2. One 
suspects that the nodal set will asymptotically contain a line defined (say in 
the case of one hole) (under suitable assumptions on V) as the projection of 
the set in the covering f2 given by 

dy{x,xo) =dy{x,Gxo) , 



where II (xq) = xq. 

Remark 9. One can also present, in the case of two holes, examples with 
= 0 giving rise to the two nodal sets situation. The case of three holes will 
be detailed in the next section. 
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3.12 The Case of 3 Holes 

Here we want to construct a domain 17 with 3 holes such that the multiplicity 
of the first eigenvalue is 3. Thereby we assume Dirichlet boundary conditions. 

Pick a disk with radius 1 centered at the origin and remove 3 small disks 
of radius p such that their centers are in polar coordinates (r, oj) given by 
(r, T^j‘2) (r, 77t/6) (r, IItt/G). Note that it has the symmetry of an equilat- 

eral triangle. 

We denote the resulting domain by Q{r,p). As usually we assume that 
the circulation around each hole is 1/2. Clearly r < 1 — p. Define Ai(l7(r, p)) 
by 



Ai(C(r,p)) := Ai(r,p) = infinf { J \\/(j)\‘^dx : (j) G , \\(j)\\ = 1} (3.57) 

according to [HHOO] where S runs over all slitting sets. We will always 
assume that p is sufficiently small. In fact it is not difficult to show that we 
could even let p tend to 0 and we would get still a well defined operator since 
the associated quadratic form stays semibounded. 

We have two extreme cases. 

(i) r ^ 1 - p, (p << 1). 

For r = 1 — p the disks touch the boundary and we can gauge the field 
away. Furthermore 

lim Ai(l — p, p) = Ai(l, 0) (3.58) 

p^O 

the lowest eigenvalue of the unit disk with Dirichlet boundary conditions. 
Here we used results on the dependence of Dirichlet eigenvalues with respect 
to domain variations [Stoll]. To be more precise we can go to the double 
covering I7(r, p). The spectrum of the lifted Laplacian depends continuously 
on r and p as well as the eigenprojections (in the appropriate sense). 

(ii) If r and p tend to zero then I7(r, p) — > 17(0,0) and 17(0,0) is just 
the punctured unit disk. The slitting set hence consists of a nodal arc 7 
connecting the boundary with the center of the disk. 

Clearly 

Ai(0,0) > Ai(l,0). (3.59) 

(The additional Dirichlet condition at 7 raises the eigenvalue, because the 
capacity of 7 is strictly greater than zero.) 

We first show that for p small and r = l — p — e, e small, the slitting set 
must consist of 3 nodal arcs which connect the holes to the boundary of the 
unit disk such that we have the full symmetry of the equilateral triangle. To 
see this suppose that we have not the full symmetry, then also the nodal set 
rotated by 27 t/ 3 or reflected by one of the symmetry axis will be a minimizing 
slitting set. Hence we would have at least multiplicity 2 for Ai(l — p — e,p). 
But then there is a function u in the corresponding eigenspace, such that 
m( 0) = 0. Hence a nodal arc must pass through the origin and hit eventually 
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two holes or a hole and the boundary. Again this cannot happen since for 
e ^ 0, we would not obtain the groundstate energy. 

Now consider the case (ii), namely r small and p even smaller. There we 
must have at least multiplicity 2. To see this suppose that we have multiplicity 
1. Then the slitting set S must have the total symmetry, in particular it must 
be invariant under a rotation by 47t/3. Again this cannot happen 

since for r —> 0 and, say, p = r/10 we would end up with a slitting set which 
consists of three nodal arcs connecting the origin to the boundary in such a 
way that the symmetry of the equilateral triangle is respected, which clearly 
cannot be the groundstate. 

We now fix p sufficiently small and consider Ai(r, p) as a function of r. For 
r small we have m(Ai(r, p)) = 2 and for r = 1 — p — e, m(Ai(r, p)) = 1 for e 
small. Our previous analysis shows that we have groundstates in two orthog- 
onal symmetry subspaces, one with the symmetry of the equilateral triangle 
which corresponds to multiplicity 1 and the nonsymmetric one which corre- 
sponds to multiplicity (at least) 2. These eigenvalues depend continuously on 
r and hence there must be for some ro a crossing proving our assertion. 

As mentioned before it would be interesting to construct examples with 
high multiplicity of the groundstate eigenvalue for more holes. In particular 
the question arises what the asymptotics of the multiplicity is as a function 
of the number of holes. 
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Abstract. We have analyzed the effect of connectivity on flnx confinement by 
studying the normal/superconducting phase boundaries Tc{H) in structures with 
different topologies. Three different types of nanostructured superconductors are 
considered: individual nanoplaquettes (loops, dots), one- and two-dimensional clus- 
ters of plaquettes, and finally huge arrays of nanoplaquettes (e.g. antidot lattices 
which cover a macroscopically large area). In all these structures connectivity plays 
an essential role in the topology dependent superconducting critical temperature 
Tc{H), which can be strongly increased by optimizing the flux confinement through 
the modification of the topology and the connectivity of the sample. This concept 
implies that, for nanostructured superconductors, Tc{H) is determined not only by 
the type of material used, but also by the ‘topological portrait’ of the supercon- 
ducting condensate, which is imposed via nanostructuring. 



4.1 Introduction 

4.1.1 Ginzburg Landau theory 

The superconducting state is usually described by introducing the complex 
order parameter W = |!f'| which plays the same role for the charged con- 
densate as the wave function for a charged particle in quantum mechanics. 
The square of the modulus, I'f'P, is proportional to the superfluid density rig. 
In the presence of an applied magnetic field H, the order parameter pattern 
^{x,y) or ‘topological portrait’ (here the plane (x,y) T H) determines the 
state the superconductor is in, depending both on the temperature T, and 
the magnetic field H. 

The order parameter W can be found by minimizing the Ginzburg-Landau 
(GL) functional for the free energy density [1] 

+ ^ i(-znv -2eA) (4.1) 

where the vector potential A is related to the local magnetic field h, through 
y-M h = 'V X A. Here 1F„ is the free energy density in the normal state, 
a is a temperature dependent coefficient, which is positive in the normal 
and negative in the superconducting state, and the coefficient /3 is a positive 
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material dependent constant. The GL free energy functional (Eq. (4.1)) is 
minimized with respect to W and A to obtain the two celebrated GL coupled 
differential equations [1-3]: 

- 2eA)‘^'F + = -a'F (4.2) 

2 m* 

for the order parameter and 

j = v X h= ^ - 2 eA)<I' + <F{iHV - 2eA)^*] , (4.3) 

which is the second GL equation, for the supercurrent density j. This ex- 
pression can be rewritten, with S the phase of the order parameter, in a more 
transparent form: 

j=—\^\^{hVS-2eA) = 2e\W\‘^Vs (4.4) 

m* 

where Vg is identified as the superfluid velocity. 

The GL equations form the standard theoretical framework to analyze 
the superconducting state. In the general case, the two GL equations are 
coupled nonlinear differential equations which have to be calculated in a 
self-consistent way. At the onset of superconductivity, i.e. close to the super- 
conducting/normal phase boundary, the order parameter W is so small that 
the nonlinear term in Eq. (4.2) can be omitted. Moreover, the super- 

currents j are very weak, so the microscopic field h is equal to the applied 
field h — H. We can therefore assume /xm H = V x A, for the vector po- 
tential A close to the phase boundary. The linearized first GL equation for 
the superconducting order parameter W [1] becomes: 

-2eAf'^ = -OS' (4.5) 

2m* 

which is formally identical to the Schrodinger equation for a free particle 
with charge 2e in a uniform magnetic field iJ, with E = —a = jaj (without 
potential term U{r)). The mass m* is usually taken as two times the free 
electron mass. The parameter —a in the linearized GL equation (4.5) thus 
plays the role of the energy E in the Schrodinger equation: 

^ = -^= 2m* e{T) ^ 2m* ^2(0) ~ 

Here ^{T) is the temperature dependent coherence length, T is the actual 
temperature and Tco is the critical temperature at zero magnetic field. 



4.1.2 Fluxoid Quantization 

The quasiclassical Bohr-Sommerfeld quantization rule for a Gooper pair of 
charge 2 e in a uniform magnetic field can be applied to the impulse p [2] : 



/ 



p ■ dl 



(2 eA + m*Vg) ■ dl = Lh 



(4.7) 
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It is easy to see that the above requirement is necessary in order to have 
a single- valued everywhere in space. With the use of Eq. (4.4), inserted 

in Eq. (4.7), this gives / V<5 ■ dl = L2 tt, i.e. the phase winds over integer 
L times 2tt, after integration along a closed contour. For this reason, L is 
often called the phase winding number, specific to the area enclosed by each 
contour. The same condition can be written in a slightly different form: 

<P' = <P+ — (b m*Vs ■ dl = L<Po (4.8) 

2e J 



where the fiuxoid <P' is quantized in units of the superconducting flux quan- 
tum <pQ = h/2e, for all closed paths within the superconductor. The fiuxoid 
is equal to the sum of the magnetic flux <d> = § A ■ dl through the contour, 
and an additional term due to the supercurrents j. For this reason, L is also 
called the fiuxoid quantum number, counting the number of flux quanta <Pq, 
penetrating the enclosed area. 

If Vs is constant along a circular contour of radius r, integration of Eq. (4.8) 
gives 



TO* Vs 




h _ hm Htt 

2 7rr V <pQ J 



(4.9) 



It follows that the velocity Vs is divergent at the origin r = 0 for any L yf 0. 
Since this would imply an infinite energy, the divergence is cut off at a certain 
critical radius, at which the superfluid velocity exceeds the critical depairing 
velocity. This cut-off creates a ‘normal core’ with suppressed superconduc- 
tivity I S' I = 0, making the superconductor multiply connected. This is a 
necessary condition in order to have finite supercurrents flowing in the sys- 
tem. The only exception for this ‘self-destruction’ of superconductivity is the 
L = 0 case, where the divergence at r — > 0 in Eq. (4.9) is lifted and the 
Meissner state builds up (for a more formal proof, see the text below), with 
no normal spots created spontaneously. 



4.1.3 Type-I versus Type-II Superconductivity 

Let us now consider a bulk system, without taking into account any sample 
interfaces. Throughout the whole chapter, we will not discuss effects arising 
from demagnetizing factors, since we are mostly discussing the supercon- 
ducting state at or very close to the nucleation held. Depending on the type 
of bulk material used, the ‘identity’ of the superconductor can be of two 
types, namely Type-I and Type-II. 

In Type-I materials, the superconducting state is the perfectly diamag- 
netic Meissner phase with a singly connected \T(x,y)\ pattern over the com- 
plete sample area, without any zeros of \T\ present. So, the singly connected 
phase always corresponds to the Meissner state. The definition ‘singly con- 
nected’ indeed implies that any closed contour inside the sample does not 
enclose a normal state area, i.e. a node (or area) where \T\ = 0. 




90 



Victor V. Moshchalkov et al. 




Fig. 4.1. Phase diagram of a bulk Type-II superconductor. At Hc2{T) the Abrikosov 
vortex lattice is formed. Below Hci{T) the sample is in the perfectly diamagnetic 
Meissner state. The surface critical field Hc2.{T) is not shown 



Remarkably different behavior for the connectivity is typical for Type- 
II superconductors (see the H(T) phase diagram in Fig. 4.1): the Meiss- 
ner phase, as a singly connected state, is still possible, but, as the field in- 
creases, a spontaneous transition from singly connected to the multiply con- 
nected Abrikosov vortex state takes place at the lower critical field Hci{T). 
The Abrikosov vortex lattice (AVL) creates the maximum possible number 
of normal spots (I'f'l = 0) in a superconductor, i.e. ‘maximum connectivity’, 
since the lattice is composed of singly quantized flux lines, each carrying a 
flux quantum = /i/2e. The latter are called ‘vortices’ or ‘ffuxons’, and 
are not to be confused with ‘ffuxoids’. It is possible to trap a ffuxoid L yf 0 
in a certain area, while there are no vortices in the material, as we will see 
later when the Little-Parks experiment is discussed. The area between the 
Hci{T) and the Hc 2 {T) curves can then be interpreted as a transition regime, 
from minimum (Meissner state), to maximum connectivity (AVL). At fields 
higher than the upper critical field Hc 2 (T), a bulk Type-II superconductor 
undergoes the transition to the normal state. 

For bulk samples, the distinction of superconductors into Type-I and 
Type-II materials can be made by using the expression [1,2] 

H,2{T) = nV2HfiT) (4.10) 

with Hc{T) the thermodynamic critical field, and k = A(T)/^(T) the tem- 
perature independent GL parameter (A(T) is the penetration depth). When 
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Hc 2 < He (or K < 1/^2) the superconductor is of the first Type, while 
Hc 2 > He (or K > l/-\/2) corresponds to a Type-II superconductor. We 
remind here that in the first case, the superconducting state is necessarily 
singly connected, i.e. the fully diamagnetic Meissner state. In a Type-I super- 
conductor, the upper critical field He 2 {T) plays the role of a ‘supercooling’ 
field, up to which the sample might remain normal as it is cooled down. At 
this point, a discontinuous and irreversible jump to the Meissner state takes 
place. 

4.1.4 Surface Nucleation of Superconductivity 

If the sample has finite dimensions, superconductivity can exist even for fields 
above the upper critical field He 2 {T). It was shown by Saint-James and de 
Gennes [4] that, for a semi-infinite superconductor with a plane superconduc- 
tor/vacuum (or superconductor/insulator) interface, the nucleation field can 
be as high as 1.69 i?c 2 - Since superconductivity initially develops near the 
surface, the nucleation field was called the surface critical field (or third 
critical field), and was labeled iJeS- To distinguish between Hez = 1.69 ilc 2 
for a plane interface, and the nucleation field of the specific sample geometries 
we are studying in this chapter, we will rather use the notation Hf^(T) for 
the latter. It should be noted that in the case of finite samples, Hf^{T) is not 
a single-valued function of temperature, since the Te{H) phase boundary in 
general shows an oscillatory component. Hf^{T) denotes simply the ‘rotated’ 
Te{H) dependence measured in our experiments, and not a function in the 
mathematical sense. 

In ‘finite’ samples (with interfaces), the \'I'\ behavior in the area between 
the nucleation field Hf^{T) and the upper critical field He 2 {T) is less un- 
derstood. For example, for an infinitely long cylinder, subjected to a mag- 
netic field H along its axis, a surface superconducting sheath with thickness 
f{T) is created at Te{H) (or Hf^{T)). This gives rise to the creation of a 
‘giant vortex state’ (GVS). At some point in the crossover regime between 
Hf^{T) and Hei, the GVS decays into individual ^o-vortices. This may oc- 
cur as a multi-stage process [5] . For example, there are different possibilities 
for the decay of a 6<?o GVS into a linear combination ^ cl'H'l, namely 

6 ^0 = 3 ^0 + 3 ^0= 2 ^0 + 4 ^o= 1 + 2 + 3 <Pq= 1 + 1 + 4 <Po= 

. . . =1 + 1 ^0 + 1 ^0 + 1 ^0 + 1 ^0 + 1 ^ 0 - Here, multiple-quanta vortices 

L <? 0 “Vortices with different L can be realized, coexisting with each other, 
and/or with single <?o“Vortices. The evaluation of the free energy (Eq. (4.1)) 
is a decisive factor in determining which configurations of different vortices 
have a lower energy. The systematic analysis of all these vortex phases has not 
been performed yet. The dotted line in Fig. 4.2 shows schematically where in 
the phase diagram the Abrikosov state with maximal connectivity is estab- 
lished, as the sample is cooled down. The location of this line is expected to 
be strongly dependent on the chosen sample geometry. 




92 



Victor V. Moshchalkov et al. 



Palacios has calculated the magnetic response of a Type-II supercon- 
ducting disk of infinite length, i.e. a cylinder [6], and found nonmonotonous 
behavior of the magnitude of the magnetization jumps below Hc 2 (T), which 
indicates the existence of a single- fluxoid ‘vortex glass’. Between Hc 2 {T) and 
the nucleation field H*^{T) the ‘giant vortex state’ is established, accompa- 
nied by monotonous jumps in the magnetization, each time a fluxoid is added 
to or removed from the sample. Schweigert et al. [7] have investigated the role 
of the disk thickness t on the magnetization of thin disks in the field regime 
below Hc 2 {T). They found that in very thin disks a distribution of several 
single fluxoids (which they call ‘multivortex’ state) is favorable, while in the 
limit of thick disks only the giant vortex state survives below Hc 2 {T). 

If we define the connectivity C in a more quantitative way as the number 
of nodes \'P\ = Q in the area enclosed by the outer sample boundary, then the 
transition takes place between the ultimate connectivity of the Abrikosov 
mixed state to the GVS, with connectivity C = 1. 




Fig. 4.2. Phase diagram of a finite sample, close to T^q, where the GL equations 
can be used. Somewhere on the way between the nucleation field H*^{T) and the 
first critical field Hci{T), the giant vortex state (GVS) decays into a collection of 
^o-vortices. This is shown schematically as a dotted line, which position depends 
on the chosen sample geometry. A multi-stage GVS decay process, giving several 
crossovers {L$o —> {L — 1) <Po —> [L — 2) <Po —> ■ ■ ■ —> ^o), might be also possible [5] 



So far, the relation between connectivity and superconductivity has been 
considered for homogeneous bulk superconductors, where connectivity can be 
varied by a spontaneous formation of ‘normal spots’ or vortex cores, which 
breaks the symmetry of |'f'| in the (x,y) plane. This spontaneous process. 
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however, can be controlled by using nanostructuring. It is possible, for ex- 
ample, to create lateral |'f'| patterns which are not singly connected as such, 
even in the absence of an applied magnetic field. This can be obtained by 
making openings into the sample, so that it automatically implies C > 0. In 
such situations, our original definition of connectivity needs to be reexam- 
ined. The singly connected Meissner state (C = 0) is in principle not possible 
in a multiply connected geometry. The general definition of ‘connectivity’ C 
can be given as follows: C is the total number of normal spots or areas with 
\'P\=0, in the whole sample. Around each of those spots \W\=0, a contour 
can he found along which |tf'| has a finite value. According to j oc I'f'P Us 
(Eq. (4.4)), this implies that there is a supercurrent j, flowing around such 
a spot (|<f'|=0) or area (e.g. antidot). 

Knowing in advance the type of spontaneously formed ‘topological por- 
trait’ of \'P{x,y)\, needed to stabilize specific vortex configurations, we can 
prefabricate, for example, microholes (‘antidots’) exactly at those locations 
where superconductivity exhibits a ‘suicidal’ behavior, resulting in the ap- 
pearance of normal cores. In this case, we can perfectly match the required 
boundary conditions for the distribution of zeros of |<f"| imposed by a specific 
topological portrait. The optimum distribution of zeros for a certain fixed 
applied field H is not a priori valid for other fields. Therefore, by varying 
H, the commensurability effects between the |'f'| distribution and the prefab- 
ricated underlying structure imposed by the microholes in the material can 
be tuned. It may also turn out that the application of an external field H 
results in the spontaneous formation of extra normal spots (or ‘interstitial’ 
vortices), in addition to the pattern of artificially created antidots [8,9]. 

If now, in a finite size sample, the nucleation field exceeds i?c 2 , say 
HfsiT) = vHc 2 {T) with rj > 1, then Eq. (4.10) becomes 

Hf^{T) = pH,2(T)=pn^H,(T) (4.11) 

Obviously, the crossover between the regimes < Hc{T) and Hf^{T) > 

Hc{T) must occur at a lower k value: k = Kc = {l/y/2ri). Therefore, it is not 
necessary to fabricate a sample from a Type-II superconductor (k > l/v^J 
in order to initially have ‘surface nucleation’, with the bulk of the sample still 
normal. The nucleation mechanism for superconductivity will be initiated at 
the sample boundary, even in a Type-I material, if rj can be made sufficiently 
large, as for very small samples. Hence, the multiply connected ‘vortex’ state 
can exist as well in ‘nanostructured’ superconductors, where the presence of 
superconductor/ vacuum (or superconductor/insulator) interfaces is crucial. If 
this requirement can not be fulfilled, i.e. when k < Kc, the singly connected 
Meissner state (C = 0) is the only thermodynamically stable state. Even 
then, for strong Type-I samples, quantum oscillations can be observed in the 
supercooling field, as it was measured for In microcylinders by Michael and 
McLachlan [10]. 

It should be noted that, when studying thin films with thickness r <C 
A(T), with the magnetic field applied perpendicular to the film plane, the 
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penetration depth effectively increases to Ae// = A^/r [1]. This implies an en- 
hancement of K as well, and thus has a supplementary effect on the crossover 
between Type-I and Type-II behavior. 



4.1.5 Solution of the Linear GL Equation 
in Cylindrical Coordinates 



Before moving to real sample geometries, we give the solution of the linearized 
GL equation (4.5) in cylindrical coordinates, with hm H = "V x A. This 
general derivation can also be found in Ref. [11]. Using a cylindrical system 
of coordinates (r,ip,z), and the London gauge V • A = 0 for the vector 
potential A = {hm H r/2) e^, the Hamiltonian from 4.5 reads 



fl 5 / dW\ 1 52 If 52 

2 m* (rdr \ dr ) d d ] 

iepM Hhd'l' ^ {epM Hr)^ ^ 
m* dp 2 m* 



(4.12) 



The 2-dependence will be neglected, and if can be split in a radial r and an 
angle p dependent part: !f(r, (^) = |!f(r)|exp (i5(v3)), leading to d = ±Lp 
for the imaginary part, when inserting this into Eq. (4.12). The number L 
should be an integer, since the order parameter !f should be a single-valued 
function <F{r,p + 2 tt) = <F{r,p), or f VS ■ dl = L2 tt, after a turn along the 
circle circumference. The r-dependent part of Eq. (4.12) becomes 



r or \ or J 




a\^ L 





|f| = 0 



(4.13) 



where 7 = epM H/h and the cyclotron frequency w is given by 



LO = 



2epM H 
m* 



(4.14) 



L+ 1 / 2 \ 

With the substitutions y = yr2 = B? and |!f | = r~^ (7?'^) ^ exp ( — ^ ) g, 
Eq. (4.13) transforms into 






( 4 . 15 ) 



where the number n is defined via 



\oi\tL 



huj 

T 



huj 

T 



(2 u -|- L -|- 1) 



(4.16) 



or 



E = jaj 



huj 

~2 






(4.17) 
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Eq. (4.15) is the confluent hypergeometric differential equation. The most 
general solution for g can be presented as a linear combination of the two 
types of Kummer functions M (— n, L + l,y) and U (— n, L + 1, y), where the 
Kummer function of first kind is given by the series 



M{a,c,y) = l+-y + 
c 



a(g+ 1) 
c(c+ 1) 2! 



a{a + l)(a + 2) y^ 
c(c + l)(c + 2) 3! 



(4.18) 



and is defined for all complex parameters a, c, and y, provided that c yf 
0, —1, —2, .... In other words, the number L = 0,1,..., i.e. L is a positive 
integer. 

The second type of Kummer function U can be expressed in terms of 
M [12]: 



U{a,c,y) 



7 T f M{a,c,y) 

sin(7rc) |/-(l + a_c)/-(c) 

1 -e M{l + a-c,2-c,y) \ 

y T(a)r(2-c) / 



with r the Gamma function. 

The order parameter Anally becomes: 



(4.19) 



exp (4-20) 

X { Cl M{-n,L + l,yr^) + C2 C/(-n, L + l, 7 r^)} 

where a = —n, c = L + 1, y = The parameters ci and C 2 are, in general, 
complex numbers, which have to be found from the boundary conditions. 
Introducing the dimensionless radius R = the superconducting order 

parameter can be written in the form 



X { Cl M(-n, L + 1 , R^) + C2 U{-n, L + I, R^)) 



(4.21) 



where the r-independent prefactor ^ has been omitted. 

Keeping in mind the main focus of the chapter, the interplay between con- 
nectivity and superconducting critical parameters (in our case mostly Tc{H)), 
we shall start below from the nucleation process in bulk superconductors. Af- 
ter that, we move on to ‘single plaquette’ structures. In particular, we study 
dots and loops, which intrinsically have a different connectivity C. By vary- 
ing the size of the opening in the loop, we shall investigate the crossover 
between the dot and the loop, as deduced from the shape of Tc{H). Then, 
we move on to other mesoscopic samples built up from several ‘nanoplaque- 
ttes’ in a one- or two-dimensional fashion and containing several (0, 1, 2, 3 
or 4) prefabricated microholes to confine the flux. We shall investigate the 
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competition between simple zeros located at the sites of the microholes and 
the ‘degenerate’ zero corresponding to the giant vortex state, imposed by the 
outer sample boundary. Finally, we discuss the Tc{H) behavior of films con- 
taining huge arrays of antidots confining the zeros of |<F|. In dense arrays, we 
focus mainly on the possibility of a surprisingly large enhancement of H*^(T). 
This becomes possible through modification of the sample’s connectivity by 
laterally patterning the sample with antidots. 

4.2 Connectivity Effects in Bulk Superconductors 

For bulk samples, W should be finite everywhere in space. If we impose in 
Eq. (4.20) that 'F(r ^ oo,(p) is finite, this automatically implies that n 
should be 0 or o positive integer number, for which the notation n = N will 
be used further on. The discrete set of eigenvalues if = |a| of 4.5, is 

En = \aN\ = hw (^N + (4.22) 

where the energy contribution m*Vg„,(2 due to the motion of Cooper pairs 
along the field direction is omitted, since the highest possible nucleation field 
H*^{T) is the present field of interest. It corresponds to the lowest energy, and 
therefore to Vs^z = 0. The minus sign in Eq. (4.17) has been chosen in order 
to find the ground state. These Landau levels (Eq. (4.22)) correspond to the 
quantized motion for a particle of charge 2 e, in the plane perpendicular to 
the applied magnetic field H . The particle moves in circular orbits, with the 
cyclotron frequency [13] (see Eq. (4.14)). In other words, the lowest Landau 
level E = \a\ = hbjj2, with N = 0, has to be selected from the eigenenergies 
of Eq. (4.22), in order to find the highest possible bulk nucleation field, which 
is the upper critical field El c 2 - 

Em H^2(T) = 2g^2(o) “ Tllo) " 2tt^{T) 

Note that, in a bulk superconductor, Hc 2 has a linear dependence on T, or 
alternatively, Tc{H) is linear. 

When there are no sample boundaries, and the lowest energy simply cor- 
responds to the bulk Landau level for N=0 (Eq. (4.22)), then the two con- 
fluent hypergeometrical functions become M{N = Q,L + l,i?^) = 1 and 
U{N = Q,L+ l,i?^) = 1 for all L [12]. In that case, the solution for can 
be written as (Eq. (4.21)): 

EL{R,p) = e~^^^ (4.24) 

where the constant prefactor ci -I- C 2 = 1 can be chosen, since we are dealing 
with a linear differential equation. The set of functions (Eq. (4.24)) for L 
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Fig. 4.3. Radial dependence of the functions \^l\ for a bulk superconductor 
(Eq. (4.24)). All functions are normalized to the same maximum value at Rl = -\fL 



values ranging from 0 to 7 are shown in Fig. 4.3, where they are normalized 
to their maximum value (for the 3D pattern of see also Fig. 4.4). The 
functions jlFil have their maxima at E? = R\ = L, i.e., the area enclosed 
by the circle with a radius corresponding to the maximum in is always 
penetrated by an integer number L of flux quanta: = <P/<Pq = L. 

While Abrikosov solved 4.5, using a cartesian system of coordinates 
(x,y,z), the use of cylindrical coordinates has certain advantages. The bulk 
eigenenergies (Eq. (4.22)) only depend on the main quantum number N, and 
not on the winding number L. Therefore, for the ground state (N = 0), W 
can be represented as an expansion over all 'Rl [14] 

^ / d2 \ 

^ = ^ cl^l = ^ CL exp f - — j (4.25) 

If the L values used in the expansion are sufficiently far from each other, 
then R consists of a series of concentric nonoverlapping rings, as is shown 
in Fig. 4.4. The phases (pL of the complex coefficients cl = |cl| exp(— z(/?l) 
are chosen in a random fashion, and the moduli |cl| are taken such that 
|•Fi(r7^ax)|=l. When the separation between the different L values in the 
summation is large, as for L = 16 m^, with m=0, 1, 2, and 3, then the 
relative phases pL are unimportant (Fig. 4.4). For a closer packed set of 
solutions L = 4 m?, on the contrary, the overlap of the 'Rl functions causes 
interference, resulting in the creation of single ^o~vortices, i.e. increasing the 
sample’s connectivity to C = L^ax = 4m^ = 36. This is demonstrated in 
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Fig. 4.4. I'J'I patterns for a bulk superconductor where 'I' = co 'f'o+cie •f"i6+C64 ^"64 + 
Ci 44 !^'i 44 , and is given by Eq. (4.24). The phases of the complex coefficients Cl 
are chosen randomly. Interference between the 'Pl solutions is negligible 



Fig. 4.5, which shows the pattern calculated in a similar way as Fig. 4.4 with 
random phases (pL- 

Let us now formulate the expansion in Eq. (4.25) somewhat differently. 
First, we define the complex quantity Z = Re~^^. Then W can be rewritten 






exp 



VL=0 



-^)=/(^)exp(-^ 



(4.26) 



Since the coefficients {c^} can be chosen arbitrarily, an important obser- 
vation can be made immediately: any function f{Z) analytical at Z = 0, 
may be used to construct a solution of the linearized GL equation, in the 
bulk case. This statement is easy to prove, when expanding f{Z) in a Taylor 
series around the origin Z = 0 



f{Z) 



/(0) + ^/'(0)Z+i/”(0)z2 + ... 






oo 






(4.27) 



In order to find the W distribution below, but close to the Hc 2 line, 
Abrikosov used a perturbative method by setting the vector potential A = 
Aq + Al, where Aq is the unperturbed pm H = V X Aq, and the pertur- 
bation Al ^ Aq [3,15]. He found that the sample free energy density 
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Fig. 4.5. |!?'| patterns for a bulk superconductor where ^ = co + C 4 iJh + cie tf'ie + 

C 36 and is given by Eq. (4.24). The phases of the complex coefficients Cl are 
chosen randomly. Interference between the 'I'l solutions gives rise to a |tf'| pattern 
with single ^o-vortices 



averaged over the sample, becomes 



s) — 



1 

2 Mm 




1 + Pa{2k^-1)J 



(4.28) 



where the induction B = mm (h) is the macroscopic average of local fields h. 
The notation ( ) stands for the average over the sample space. The Abrikosov 
parameter (3a in Eq- (4.28), characterizing the flatness of is defined as 

^ 1 (4.29) 

It is clear that the free energy can be reduced by decreasing Pa, which phys- 
ically corresponds to a |<f'| distribution as flat as possible. While Abrikosov, 
in his original paper [15], obtained a value Pa = 1-18, corresponding to a 
square vortex lattice (Fig. 4.6 (a)), it was shown later on that this situation 
corresponds to a saddle point of the free energy. Kleiner et al. [16] calculated 
the lowest value Pa = 1.16, for which an equilateral triangular vortex lattice 
is created (Fig. 4.6 (b)). The dark spots in Fig. 4.6 correspond to the vortices 

Here, we will follow the Abrikosov method in order to And a liFl function, 
which gives Pa as small as possible. It is obvious that the nonoverlapping 
functions in Fig. 4.4 give rise to a very high value for Pa- The problem 
is now reduced to obtaining an ideal set of {c^} complex numbers which 
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Fig. 4.6. Abrikosov vortex lattices, (a) square (/?a=1-18), (b) triangular 
(/3a = 1-16). The dark spots indicate the vortex positions 



minimizes (3a- From Eq. (4.26), it can been seen that the function f{Z) has 
to be built in such a way that its modulus eventually becomes 

|/(Z)|-exp(^^) (4.30) 

In any finite size sample, a finite number of terms L in Eq. (4.26) has to 
be taken. The maximum value for L = L^ax determines the ‘vorticity’, i.e. 
the total number of fluxoids in the sample. Indeed, the summation may be 
presented as a product 



C0 + ciZ+C2Z2 + . . = {Z-Zi){Z-Z2) . . . (4.31) 

where {Zl\ are the poles, corresponding to the points where |iF| = 0. From 
this point of view, the /3 a minimization problem can be reformulated in 
terms of the optimization of the positions of the poles Zl in the (x,y) plane. 
Eqs. (4.26) and (4.31) provide a simple mathematical formulation of the rela- 
tion between connectivity and superconductivity. When the |iF| = 0 vortices 
are all located at different positions {Zi Zj, Vi, j), the connectivity is equal 
to C = Lmax- The vorticity L^ax is determined by the amplitude of the ap- 
plied magnetic field H. In very low fields Lmax = 0, and the Meissner state 
is realized. Then, the sample is singly connected (C = 0). As ff increases, 
more and more <?o“Vortices penetrate the sample, each of them adding 1 to 
the connectivity C. If, instead of forming a new <?o-vortex at a different spot 
each time, multiple-quanta vortices are formed, then C < Lmax- Ultimately, 
C = 1 corresponds to the giant vortex state, with only one ‘big’ vortex. 

By taking different terms in the summation (Eq. (4.25)), it is possible to 
impose \L>\ patterns possessing a specific symmetry. In Fig. 4.7, for example. 
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Fig. 4.7. Contour |!^'| plots for (a) L — 4m^, (b) L = 3m^, with m a positive 
integer. The phases and the moduli of the complex coefficients cl are taken such 
that the |!^'| distribution is as flat as possible, i.e. with minimal Pa- Note that a 
fc-fold symmetry (L = km?) is reflected in the |<^'| patterns 



I'f'l contours are shown for L = 4 rn? (a), and L = 3 rr? (b), with m an integer. 
The resulting |if'| patterns (together with the |'f'| nodes) obey the C 4 and C 3 
symmetries, respectively. For the calculation of the W distribution in Fig. 4.7, 
the phases tpL were varied, in order to obtain the Abrikosov parameter Pa as 
low as possible. For these representations Pa lies in the range /? 4 i=l. 17-1.21, 
i.e. slightly above the value for the triangular vortex array in bulk. The |<F| 
configurations calculated from a summation over L = k rr? reflect a /c-fold 
symmetry around the origin [14]. Therefore, these states might be useful for 
the description of the vortex matter in a superconducting square (k = A 
in Fig. 4.7 (a)) and triangle (fc = 3 in Fig. 4.7 (b)), provided that these 
specimens do not have any other confining potentials (‘pinning centres’), 
besides the sample boundaries themselves. 



4.3 Nanostructured Superconductors: 

Single Plaquettes 

4.3.1 Boundary Conditions 

At this point, we will return to the importance of sample boundaries. In 
finite superconducting samples the order parameter 'P obeys the boundary 
condition for a superconductor/insulator interface [ 1 ]: 

(-zW-2eA)iF|_L = 0 (4.32) 

This ‘Neumann’ boundary condition is quite different from the normal ‘Dirich- 
let’ boundary condition in the quantum mechanical problem ‘particle in a 




102 



Victor V. Moshchalkov et al. 



box’, where the density is zero at the boundary. De Gennes has gene- 
ralized the boundary condition (Eq. (4.32)) to: 



{-ihV 



ihy 

2eA)^\ , = 

b 



(4.33) 



for a metal-superconductor interface with no perpendicular current. The 
quantity b (real number) is called the extrapolation length, since it mea- 
sures the distance outside the boundary where W goes to zero, if the slope at 
the interface is maintained. A superconductor-vacuum interface, for exam- 
ple, has b ^ oo, i.e. the slope goes the zero, on the condition that a 

vector potential A, with no perpendicular component can be chosen. While 
a positive extrapolation length b generally reduces both Tco and H*^{T), 
compared to the usual case b ^ oo [17], the opposite is true for negative 
b [18]. For this reason, these systems (b < 0) are promising from the point of 
view of ‘enhancing the critical parameters’ of superconductors [19,20]. When 
the order parameter \<F\ is enhanced at the interface (as for negative b), a 
Type-1 superconductor can display an interface delocalization or ‘wetting’ 
transition [21,22]. 

The boundary condition (Eq. (4.32)) will restrict the possible values for n 
in Eqs. (4.17) and (4.20). For cylindrically symmetric samples, the boundary 
conditions are considerably simplified, since for the chosen gauge for the 
vector potential there is no component of A perpendicular to the interface, 
in such a case. Hence, the boundary condition (Eq. (4.32)) can be simply 
written as: 



9]tf'(r)j 



dr 



= 0 , 



(4.34) 



with a superconductor/vacuum interface at a radius Tq. Or, in dimensionless 
units R = with Ro = 



dmm 

dR 



= 0 

R=Ro 



(4.35) 



As a result of the relation between E and a (Eq. (4.6)), we have to follow a 
simple rule to deduce the Tc{H) phase boundary from E{H): after solving the 
Schrodinger equation with proper boundary conditions (Eq. (4.32)), we take 
the lowest energy (‘lowest Landau level’) which gives the highest 

T in Eq. (4.6), coinciding with the phase boundary Tc{H) for the nucleation 
of the superconducting state. Hence, we will again choose the minus sign in 
Eq. (4.17). 



4.3.2 ‘Mesoscopic’ Superconductors 

When the sample size becomes ‘small’, the surface-to-volume ratio simulta- 
neously increases and the boundary conditions (Eq. (4.32)) gain importance. 
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Which length scale are we interested in? The answer to this question can be 
given by referring again to the analogy between Schrodinger equation for nor- 
mal electrons and the linearized GL equation (4.5) for the superconducting 
order parameter. Dingle [23] treated the Schrodinger equation in connec- 
tion with the analysis of quantum oscillations in small metallic cylinders. 
Though he took Dirichlet boundary conditions, his conclusions are expected 
to stay valid for ‘superconducting’ Neumann boundary conditions. Accord- 
ing to Dingle, the border between small and large samples can be found from 
the estimate hm H x Tq ^ 0.5 mT cm, based on the coincidence between the 
Larmor radius tl and the sample radius Tq. If the product of field H times 
disk radius Tq is smaller than 0.5 mT cm (or ro < tl), then boundary condi- 
tions essentially modify the solution of 4.5. It is evident that fields /xm H < 
0.5 mT cm/ro are not extremely low. Indeed, for a sample with dimensions, 
say 1 mm, the field below which boundary conditions should be taken into ac- 
count, is 5 mT. In practice, for a superconductor, the ‘confinement’ effects due 
to the sample boundary will become important in the ‘mesoscopic regime’. 
This means that the sample size or the characteristic plaquette size, used for 
lateral nanostructuring, should be comparable to the magnetic penetration 
depth A(T) and the superconducting coherence length ^(T). 



4.3.3 Nucleation of Superconductivity in a Loop 

The nucleation of superconductivity in mesoscopic samples has received a 
renewed interest after the development of nanofabrication techniques, like 
electron beam lithography. In the framework of the Ginzburg-Landau (GL) 
theory, the coherence length ^{T) sets the length scale for spatial variations 
of the modulus of the superconducting order parameter \W\. The pioneering 
work on mesoscopic superconductors was carried out already in 1962 by Little 
and Parks [24,25], who measured the shift of the critical temperature Tc{H) 
of a (multiply connected) thin-walled Sn microcylinder (a thin-wire ‘loop’) in 
an axial magnetic field H. The Tc{H) phase boundary of a loop (made of ID 
wires) shows a periodic behavior (see Fig. 4.8, with the magnetic period cor- 
responding to the penetration of a superconducting flux quantum = hj2e. 
The Little-Parks oscillations in Tc{H) are a straightforward consequence of 
the fluxoid quantization constraint (Eq. (4.8)) predicted by F. London [26]. 
This condition can be easily understood by integrating the second GL equa- 
tion (Eq. (4.3)) along a closed contour 



m* 

4 



j ■ dl 

~w 



^ L 



L=... , -2, -1,0,1, 2, ••• 



(4.36) 



where Stokes theorem § A ■ dl = was used, with ‘P the magnetic flux 
threading the area inside the contour. In other words, when a non-integer 
magnetic flux is applied, a supercurrent j has to be generated in order 

to fulfill Eq. (4.36). Since, for a cylindrical geometry, the different L states are 
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eigenfunctions of the angular (or orbital) momentum operator as well [27], L 
is often called the angular momentum quantum number. 

When the loop is build up of infinitely thin strips, j and jtf'j are spatially 
constant, and from Eqs. (4.9) and (4.36) the following relation is obtained: 



Tco-T 



e{G) 



tcO 



L- 



<P 

<Po 



(4.37) 



The phase boundary Tc{<P) is formed when L is the integer number nearest 
to the applied flux <P /<1>q = hm H Trr^ / <?o • This is shown as the lower curve in 
Fig. 4.8. For an infinitely thin loop, Tc(^) is periodic in and has a parabolic 
behavior within each period (Fq. (4.37)). Comparing the Tc{H) linear curve 
for a bulk superconductor with the set of parabolic curves for the ring we can 
clearly see that connectivity plays an important role in defining the shape of 
the Tc{H) boundaries. 




Fig. 4.8. Calculated phase boundaries (i.e., the H*^{T) curves) for a circular loop 
made of inhnitely thin wires (Eq. (4.37)), a disk (or cylinder) (Eq. (4.42)), and an 
antidot (Eq. (4.45)) in normalized units of temperature and magnetic flux. Super- 
conductivity will always nucleate initially near the disk/insulator boundary (the 
disk has the highest H*^). The dashed line gives the Hc 3 {T) = 1.69 Hc 2 {T) curve 
for a semi-infinite slab [4] 

Although, for T yf 0, we are dealing with fluxoids, there are no real 
‘vortices’ (i.e. spontaneously formed |!f'|=0 nodes), present in the loop. The 
fluxoids rather are ‘coreless’ vortices, where the usual Abrikosov vortex core 
is replaced by the sample opening. 
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4.3.4 Nucleation of Superconductivity in a Disk 

In 1965, Saint-James calculated the Tc{H) (or the nucleation magnetic field) 
for a singly connected cylinder [28] (a mesoscopic ‘disk’). The solution of 
the Hamiltonian (Eq. (4.12)) in cylindrical coordinates has the following 
form [11]: 

!f(r,(/?) = exp M{-N, L + (4.38) 

This can be deduced from the more general solution Eq. (4.20), since the 
second Kummer function U is divergent at the origin: [/(— fV, L+l,r^ ^ 
0) ^ oo, thus the second coefficient C 2 should vanish (c 2 = 0). 

With Eqs. (4.6) and (4.17) this can be rewritten as: 



r 



2 

O 



e{Tc) 






$ 

<Po 









(4.39) 



where <l> = is arbitrarily defined, but Tq is most naturally taken as 

the sample radius. Eq. (4.39) is valid in general, also when the two confluent 
hypergeometric functions in Eq. (4.20) have to be taken into account. The 
resulting phase boundary is shown as the solid cusplike line in Fig. 4.8, just 
below the straight dashed line. The latter represents the surface critical field 
solution for a semi-infinite slab: Hf-z = 1.69 i7c2 [4]. When the fiux (or the 
radius of the disk) ^ oo, the critical field of the disk approaches this value 
asymptotically. 

It is very important to note that in the general form (Eqs. (4.17) and (4.38)) 
there are no limitations on the parameter n: it is not necessarily an integer 
number. The only argument, which is usually given in favor of taking integer 
n=N, is a possibility to get a cut off in the summation (Eq. (4.18)). Indeed, 
if we insert an integer N into the summation, then by adding 1 to in each 
new term we shall eventually come to the situation where —N+N = 0 and all 
subsequent terms in the summation will be equal to zero. Thus by the cutoff 
we just use a finite number of terms in the summation (Eq. (4.18)) and of 
course M is finite in this case. But we should keep in mind that any converg- 
ing row also gives a finite solution for M . Therefore, not only positive integer 
N in Eq. (4.17), but also non-integer and even negative n values are possible. 
In finite size samples the n value, which we further denote as n{L,Ro), has 
to be found from the boundary condition at R = Ro (Eq. (4.35)), where Ro 
is the dimensionless disk radius. 

Since we are looking for the lowest possible energy state, we should take 
the minus sign in the argument of the exponent exp(— iLi^) in the solution 
given by Eq. (4.38). In this case —L and +L in Eq. (4.17) cancel and for any 
L the energy levels become: 



En = \0ln\ = hw 



1 

2 



(4.40) 
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This result coincides again with the well-known Landau quantization but 
now n is any real number, including negative real number, which is to be 
calculated from Eq. (4.35). Using the expression [12] 



dM{a,c,y) 

dy 



- M{a + l,c+ l,y) 
c 



(4.41) 



for the derivative of the Kummer function, we can find the n{L, Rq) value, 
which obeys the boundary condition (Eq. (4.35)), from the equation: 



{L-Rl)M{-n,L+l,Rl) 



2nRl 

L 1 



M{-n+l,L + 2,Rl) = 0 



(4.42) 



The remarkable thing about the n{L, Rg) values in Eq. (4.40), found from 
the solutions of Eq. (4.42), is that they are negative, which immediately 
gives the energy E in Eq. (4.41) lower than hioj2. As a result of the con- 
finement with the ‘superconducting’ boundary conditions, the energy levels in 
finite samples lie below the classical value huj/2 (found for n = N = 0) for 
infinite samples [28,29]. The whole energy level scheme (Fig. 4.8), found by 
Saint- James [28], can be reconstructed by calculating E = |o;| vs. for 

different L values. In Fig. 4.9, the same cusplike phase boundary is shown 
as in Fig. 4.8, with the x— and y— axis interchanged. Note that the values 
on x— axis are decreasing, so that it corresponds to a temperature axis. The 
dotted line in Fig. 4.9 gives the bulk upper critical field Hc 2 , which is clearly 
lower than for all temperatures. The Meissner state solution L = 0 

(dashed line) extrapolates to Hc 2 {T) for high flux values. The 3D plots on 
the right show the \El\ profiles for the states L = 0, 1, 2. While the L = 0 
Meissner state (C = 0) demonstrates a maximum at the sample center, the 
solutions L yf 0 all have a node \'E\ = 0 in the origin (C = 1). The surface 
superconducting states for L yf 0 concentrate more and more near the sample 
boundary, as L grows along the phase boundary line. It is worth mentioning 
that (3a, for certain choices for L and El, can be smaller than the well-known 
value /3 a= 1-16, which is the minimal value found in bulk, for a triangular ar- 
rangement of Abrikosov vortices. For example, for a mesoscopic disk, values 
in the range 1-1.16 were found for L = 0, 1, 2, below « 7.5 (see Fig. 2 
in [30]). The compression of the flux trapped inside the GVS (for L > 1) leads 
to the paramagnetic Meissner effect, in contrast to the normal diamagnetic 
Meissner effect for L = 0 [30] . 

The Tc{H) phase boundary (or of the disk shows (solid line in 

Fig. 4.9), just like for the usual Little-Parks effect in a multiply connected 
sample (i.e. a loop), an oscillatory behavior. Here as well, fluxoid quantization 
(Eq. (4.36)) is responsible for the oscillations of Tc versus H. In the case of 
the disk, the oscillation period of Tc{H) is not constant, but slightly decreases 
as H increases. Since \El\ is getting more and more localized near the sample 
boundary, the ‘core’ of the central vortex enlarges as <P (or L) grows (see 3D 
\E\ plots in Fig. 4.9). A giant vortex state is formed: a ‘normal’ core carries L 
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rX\0) (1-T(o)/rj 



L=0 



L=1 



Fig. 4.9. Cusplike phase diagram of a disk (cylinder) {solid line ). The dotted 
line presents the upper critical field Hc 2 {T) of a bulk superconductor of the same 
material (same ^(0)). The dashed line is the Meissner state solution of 4.5 for 
L = The 3D plots on the right show the |^’l| distribution for L = 0 (Meissner), 
and L = 1, 2 (CVS) 



flux quanta, and the ‘effective’ loop radius increases, resulting in a decrease 
of the magnetic oscillation period. The enhancement factor rj = H*^/Hc 2 
for a disk is always larger than 1.69, the enhancement for a semi-infinite 
slab. The linear component of the cusplike H*^{T) line is 1.69 i?c 2 , which 
is in good agreement with the calculations of H*^ in the L — > oo limit [1]. 
An experimental verification of these predictions was carried out by several 
groups [10,29,31]. 

4.3.5 Nucleation of Superconductivity Around an Antidot 

For a single antidot embedded in an infinite plain film, a similar analysis 
as for the disk was carried out by Bezryadin and Pannetier [32]. The order 
parameter can now be written as 





!F(r,(^) = ^[L+i)/2 exp 



C/(-A,L-h l,yr2) (4.43) 
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since now, the first Kummer function M diverges at r ^ oo: M(—N,L + 
l,r^ oo) ^ oo. In the general solution Eq. (4.20), the first coefficient 

Cl = 0. 

Eq. (4.39) remains valid, and Tq is now taken as the radius of the antidot. 
The energy levels are again obtained from Eq. (4.40), with negative real 
numbers n. With the derivative of the function U [12]: 

= -o[/(a+l,c+l,y) (4.44) 

dy 

the boundary condition (Eq. (4.32)) translates into: 

(L - Rl) U{-n, L+l,Rl)+2nRl U{-n + 1,L + 2,RI) = 0, (4.45) 

when Eq. (4.43) is inserted in Eq. (4.32). The numerical values for n have to 
be inserted into Eq. (4.39), in order to obtain the Tc{<P). The phase boundary 
Tc{H) is shown in Fig. 4.8 (solid curve above the dashed line). Again, a non- 
periodic Tc{<P) behavior is observed, but this time the period of the oscillatory 
component increases as the magnetic field grows. This can be understood as 
a stronger localization of the surface states, as is increasing, through which 
the effective loop area becomes smaller. Consequently the magnetic period 
grows with increasing <1>. In the limit <1^ oo (or L — > oo), the H*^(T) line 
will, similar to the case of the disk, tend to 1.69 i/c 2 - For a single antidot, 
the predicted enhancement rj(T) = H*^(T) / Hc 2 will always remain smaller 
than 1.69, the semi-infinite slab solution. In the other limit, namely <P 0 
(vanishingly small antidot), the initial slope of Tc{H) is identical to the case 
of the upper critical field Hc 2 {T) in a bulk superconductor. 

4.3.6 Nucleation of Superconductivity in a Wedge 

The nucleation of superconductivity is sensitive not only to the imposed 
connectivity, but also to the precise sample shape. For example, the presence 
of sharp corners can enhance H*^(T) [33]. The main idea here is that sharp 
corners reduce the superfluid velocities Vs at these specific locations, thus 
leading to an increased Tc{H) (or H*^{T)). 

In this section, the nucleation field will be discussed for infinite wedge 
geometry, with a corner angle R. Since the onset of superconductivity occurs 
near the sample interface, a higher nucleation field is expected for samples 
with a larger surface-to-volume ratio. The magnetic field is directed parallel 
to the two intersecting superconductor/ vacuum interfaces. In polar coordi- 
nates, the superconductor occupies that region of space for which |(/?| < F /2, 
and H || e^. This problem has been addressed by several authors indepen- 
dently [33-38], all leading to similar conclusions. In the general case of T < tt, 
the problem was solved either numerically [38] on a finite space grid, or by 
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using a variational approach with trial functions [34-36]. To very good ac- 
curacy, the nucleation field for a wedge can be fitted to [38]: 



Hc2{T) 



V3 

r 



0.14804 



0.746^2 \ 

r2 -h 1.8794/ 



(4.46) 



This function is shown as a solid line in Fig. 4.10. The ratio H^/Hc 2 is 
a monotonically decreasing function of F, which tends to the value 1.69, 
as r increases to tt (presented as a dashed line). For very small opening 
angles F <C 1, an analytical treatment becomes possible. In such case, F 
varies only weakly with F. A rigorous proof of the validity of this assumption 
was given by Klimin et al. [39]. They have used an ‘adiabatic approach’, 
and calculated the contribution of the non-adiabaticy operator on the lowest 
energy eigenvalue of 4.5. For wedges with angles F < O.Itt, this approximation 
turns out to be very good. 




F/ti 



Fig. 4.10. Nucleation field enhancement factor rj — Hl^{T) / Hc2{T) {solid line) for 
a wedge as a function of the opening angle F. As F ^ oo, the well-known ratio 
rj = Hc 2 {T)/ Hc 2 {T) — 1.69 for a semi-infinite slab is recovered {dashed line) 



In the low angle limit, the solutions of the linear GL equation are known, 
and can be expressed in terms of Legendre polynomials [39] . The ground state 
was shown to have a ‘corner’ vortex, i.e. a confined circulating superconducting 
current appears in the wedge in the vicinity of the corner. This vortex can 
exist only in a wedge with a sufficiently small angle F < 0.27t. 



4.4 Dimensional Crossover in a Loop of Finite Width 

The goal of this section is to study the phase boundary Tc{Fl) of loops made 
of finite width wires (or disks with an opening in the middle, increasing in 
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size). In a Type-II material, superconductivity is expected to be enhanced, 
with respect to the bulk > i?c 2 (?")), both at the external and the 

internal sample surfaces, which have a different concavity (see Fig. 4.8). As 
for a film in a parallel field, a dimensional crossover can be anticipated, 
since the loops may be simply considered as a film, which is bent in such 
a way that its ends are joined together. We calculate the phase boundary 
Tc{H) as the ground state solution of the linearized first GL equation with 
two superconductor/ vacuum interfaces. This calculation has been suggested 
already by several authors [32,40,41], but was carried out only recently by 
Bruyndoncx et al. [42]. Calculations for a similar geometry, in the framework 
of the full nonlinear GL equations, were reported by Baelus et al. [43]. We will 
show that the Tc{^) of the loops, for low applied magnetic fiux (corresponding 
to the parabolic regime), can be described within a simple London picture, 
where the modulus of the order parameter \^\ is spatially constant. As the 
fiux increases, the background depression of Tc{<P) is changed from parabolic 
to quasi-linear, which indicates the formation of a GVS, where only a surface 
sheath close to the sample’s outer interface is in the superconducting state. 
Moreover, the oscillation period of T/(^) of the loops becomes identical to 
the one for the full disk, as soon as the transition to quasi-linear behavior 
has taken place. 

Inserting the general solution of 4.5 (Eq. (4.20)) into Eq. (4.34) gives: 



Cl 



(L - Rl,) M {-n, L + 1, Rl,) - M (-n + 1, L + 2, RI,) 



+C 2 [{L - Rli) U (-n, L + 1, Rli) + 2 n RI^ U{-n+l,L + 2, i?^^,)] 

= 0 (4.47) 



which has to be solved numerically for each integer value of L, resulting in a 
set of values n(L, R^). The outer i?o, and the inner loop radius Ri are scaled 
as in Section 4.1.5. Since the boundary conditions have to be fulfilled at the 
inner radius rt and at the outer radius Tq, a system of equations is formed by 
Eq. (4.47), from which n, and C 2 have to be calculated, for fixed L and H. 
The value Ci = 1 can be chosen. 

Fig. 4.11 shows the Landau level scheme (dashed lines) calculated from 
Eqs. (4.20), (4.39), and (4.47), for a loop with r^/ro = RijRo = 0.5. The 
applied magnetic fiux ^ = [Im Hnrl = R^ is defined with respect to the 
outer sample area. The Tc{H) boundary is composed of solutions with a 
different phase winding number L and is drawn as a solid cusplike line in 
Fig. 4.11. At ^ « 0, the state with L = 0 is formed at T/(^) and one by 
one, consecutive fiux quanta L enter the loop as the magnetic field increases. 
For low magnetic fiux, the background depression of Tc is parabolic, whereas 
at higher fiux, Tc{<P) becomes quasi-linear, just like for the case of a filled 
disk. The crossover point from parabolic to quasi-linear appears at about 
<P ^ 14<?0; indicated by the arrow in Fig. 4.11. 
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For a plain film in a parallel field a parabolic dependence of Tc{H) is 
obtained [2,31]: 



1 ^ 

e{T) ^2(0) T,o ) 



(4.48) 



with T the film thickness. Alternatively, the nucleation field H*^{T), for a 
thin strip in a perpendicular field, is determined from the same equation 
(Eq. (4.48)), with r replaced by the strip width w. 

Comparing the lowest energy eigenvalue E = jaj for a thin strip in a 
parallel field, with the bulk case (Eq. (4.22) with N = 0) gives, at a fixed 
temperature T: 



Kz (T) = (T) = 71 (T) (4.49) 

w 

This clearly implies that H*^ > Hc 2 , which will be a general rule of thumb: 
the smaller size of the sample (or more exact: the sample area perpendicular 
to the field H), the higher the nucleation field H*^ is. 

If now, the plane film is bent such that its ends are joined together, a 
closed loop is formed. Within the London limit of a spatially constant jiFl, 
Tc(<?) can be determined, up to order v?, by [44] 



Tco-r 

Tco 





(4.50) 



where we introduced the loop aspect ratio u = {vo — rj)j(ro + Vi). The first 
term on the right hand side in Eq. (4.50) represents the oscillatory contri- 
bution, like for rings with vanishing strip width ru = 0 (i.e. the Little-Parks 
effect, discussed in Section 4.3.3, where the flux needs to be redefined as 
<P = <Pm = /iM H Trr^, with the mean radius Vm = (jo + i~i)l2. The second 
term is a parabolic background reduction of Tc{E), due to the finite width of 
the strips. It is identical to the reduction of Tc of an infinitely long strip of 
width w, expressed by Eq. (4.48). Hence, Eq. (4.50) can describe only the low 
field part of the phase diagram, approximately up to the arrow in Fig. 4.11. 
Above this range, the London limit assumption of a spatially constant \'E\ 
does not longer hold, and a more sophisticated calculation is needed. 

The solid and dotted straight lines in Fig. 4.11 are the bulk upper critical 
field Hc 2 {T) and the surface critical field Hcz{T) for a semi-infinite slab, 
respectively. In these units the slopes of the curves (see Eq. (4.39)) are e = 
2 for Hc 2 (substitute n = 0 in Eq. (4.39)) and e = 2/1.69 for Hcz- The 
ratio 7j = e{Hc 2 ) / £{Hc 3 ) = 1.69 corresponds then to the enhancement factor 
Hcz{T) / H c 2 {T) at a constant temperature. For the loops we are considering 
here (and for the disk and the antidot as well), 77 = e{Hc 2 ) varies as 
a function of the magnetic field. 




112 



Victor V. Moshchalkov et al. 




O/Oo 



Fig. 4.11. Calculated energy level scheme {dashed lines) for a superconducting loop 
with the ratio of inner to outer radius ri/vo = 0.5. The solid and dotted straight 
lines correspond to Hc 2 {T) and HcsiT), respectively. The solid cusplike curve 
presents the lowest Landau level, corresponding to the Tc(^) phase boundary. The 
arrow indicates the point where a dimensional transition from parabolic to quasi- 
linear behavior takes place 



The energy levels below the i?c 2 line (solid straight line in Fig. 4.11) 
could be found by fixing a certain L, and finding the real numbers n < 0 
numerically after inserting the general solution (Eq. (4.20)) into the boundary 
condition (Eq. (4.32)). Note that the lowest Landau level always has a lower 
energy |o;(^)| than for a semi-infinite superconducting slab, which implies 
H*^{T) > H,s{T) = 1.69iL,2(T). 

For a thin film of thickness r in a parallel field H, a dimensional crossover 
is found at T = 1.84^(T). For low fields (high ^) Tc{H) is parabolic, and 
for higher fields vortices start penetrating the film and consequently Tc{H) 
becomes linear [45,46]. In Fig. 4.11 the small arrow indicates the point on 
the phase diagram Tc(^) where w = 1.84 ^(T). For the loops as well, the 
dimensional transition shows up approximately at this point, although the 
vortices do not penetrate the sample area in the quasi-linear regime. Instead, 
the middle loop opening contains a coreless ‘giant vortex’ with an integer 
number of flux quanta L'Pq. Let us now come back to our original definition 
of connectivity from Section 4.1.4. For the disk, the L = 0 state corresponds 
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to the singly connected C = 0 Meissner state. For higher flux <P, the GVS 
states with L 0 all have C = 1. By making an opening into the disk, the 
obtained loop is always in the C = 1 multiply connected state, for all fields. 
Changing the diameter of the opening (different aspect ratio) simply does 
not influence the connectivity C. 




Fig. 4.12. Inverse enhancement factor rj ^ / t{Hc 2 ) (see Eq. (4.39)) for 

loops with different aspect ratios, compared to the case of a disk and an antidot. 
The horizontal dashed line at ri~^ — 0.59 = 1/1.69 corresponds to HcsiT) / Hc 2 {T) = 
1.69 for a plane superconductor/ vacuum boundary [4] 



In order to compare the flux periodicity of Tc(<P), we have plotted, in 
Fig. 4.12, the lowest energy levels of Fig. 4.11 as = e{H*^)/e{Hc 2 ), for 
loops with a different rijro- In this representation, the dotted horizontal 
line at r]~^ = 0.59 corresponds to the surface critical held line HcsiT). The 
nucleation held of a disk H*^{T) > 1.69 Hc 2 {T), and for a circular antidot 
in an infinite film [32,40] H*JiT) < 1.69iFc2(F). In fact, the curves shown 
in Fig. 4.12 give the slope of the phase boundaries shown in Fig. 4.8, 

divided by two. As grows (the radius goes to infinity) the H*^{T) of both 
the disk and the antidot approaches the Hcz{T) = 1.69 Hc 2 {T) dotted line. 
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For all the loops we study here, the presence of the outer sample interface 
automatically implies that H*^{T) > H^ziT) is enhanced (ry > 1.69), with 
respect to the case of a flat superconductor-vacuum interface. For loops with 
a small r^/ro, the Tc{<P) boundary very rapidly collapses with the Tc{<P) of 
the disk (77 becomes the same). The presence of the opening in the sample is 
not relevant for the giant vortex formation in the high flux regime. On the 
contrary, in the low flux regime, the surface sheaths along the two interfaces 
overlap, giving rise to a different periodicity of Tc(<P) and to a parabolic 
background. This regime can be described within the London limit [44], since 
superconductivity nucleates almost uniformly within the sample. The aspect 
ratio of the loop ‘tunes’ the flux range, for which the parabolic and the quasi- 
linear regime in Tc(^) can be seen. The larger the opening, the broader the 
flux range where the parabolic Tc(<?) behavior is found. This demonstrates 
that the Tc{H) boundaries are sensitive not only to the imposed connectivity, 
but also to the exact sample geometries. 

Summarizing this section, we have analyzed the linearized GL equation 
(4.5) for loops of different wire width, with Neumann boundary conditions at 
both the outer and the inner loop radius. The critical fields are always 

above the Hcz{T) = 1.69iFc2(T). The ratio H*^{T) / Hc 2 {T) is enhanced most 
strongly when the sample’s surface-to-volume ratio is the largest. The Tc{<P) 
behavior can be split in two regimes: for low flux, the background of Tc is 
parabolic and the Little-Parks Tc{<P) oscillations are perfectly periodic. In the 
high flux regime, the period of the Tc{<P) oscillations is decreasing with and 
the background reduction is quasi-linear. The crossover between the two 
regimes, at a certain applied flux is similar to the dimensional transition 
in thin Aims subjected to a parallel field. As soon the quasi-linear regime is 
reached, a ‘coreless’ giant vortex state is created, where only a sheath close 
to the sample’s outer interface is superconducting. 

4.5 Superconducting Micronetworks: Increasing 

Connectivity by Adding Loops in One Dimension 

In this section, we consider one-dimensional multiloop Al structures, with dif- 
ferent connectivities [47]. Fig. 4.13 shows a Atomic Force Microscopy (AFM) 
image of the double and triple loop structures. The loops in the two structures 
have the same dimensions, thus leading to the same overall magnetic held pe- 
riod Ai7=1.24mT. The strips forming the structures are w=0.13 /rm wide 
and the film thickness is r=34nm. 

Fig. 4.14 shows the measured phase boundaries of the double and the 
triple loop. The curve for the triple loop has been shifted along the tempera- 
ture axis for clarity. Further on, we will analyze the ‘fine structure’ in Tc(jP), 
which is clearly different for the two types of samples. The background re- 
duction of shows a parabolic behavior, which is due to the finite width 

of the strips. When inserting the strip width w into Eq. (4.48), a fit to the 
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Fig. 4.13. AFM micrographs of the multiloop structures: (a) the double loop, and 
(b) the triple loop 



parabolic envelope provides us an accurate method to determine ^(0). In 
order to allow for a direct comparison between the experiment and the exist- 
ing ID models for micronetworks, the background (Eq. (4.48)) is subtracted 
from the experimental Tc{H) data, and we obtain curves as shown in the 
right panels of Figs. 4.15 and 4.16. 

In the temperature interval where the Tc{H) boundary was measured, the 
coherence length ^(T) is considerably larger than the width w of the strips. 
This makes it possible to use the one-dimensional models for the calculation 
of Tc{H). The basic idea is to consider |>f'|= constant across the strips forming 
the network and to allow a variation of |'f'| only along the strips. In the sim- 
plest approach |tf"| is assumed to be spatially constant (London limit) [48,49], 
in contrast to the de Gennes- Alexander (dGA) approach [50-52], where [S'] 
is allowed to vary along the strips. In the latter approach one imposes: 

E {'§i + S'!** = “ (“-SI) 

at the points (or nodes) where the current paths join. The summation is taken 
over all strips connected to the junction point. Here, x is the coordinate defin- 
ing the position on the strips, and Ay is the component of the vector potential 
along X. Eq. (4.51) is often called the generalized first Kirchhoff law, ensuring 
current conservation [50]. The second Kirchhoff law for voltages in normal 
circuits is now replaced by the fluxoid quantization requirement (Eq. (4.8)), 
which should be fulfilled for each closed contour in the superconducting net- 
work (around each loop). It is evident that connectivity plays an important 
role for both Kirchhoff ’s laws. 

In Figs. 4.15 and 4.16 the Tc{H) boundaries of the double loop and the 
triple loop are shown [47]. The dashed lines are the phase boundaries calcu- 
lated in the London limit, while the solid lines give the results from the dGA 
approach. Attaching contacts modifies the confinement topology, so that the 
amplitude of the local Little-Parks oscillations is reduced [51,53,54]. This 
effect has been observed experimentally in a single loop [55], where at low 
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Fig. 4.14. Measured Tc{H) phase boundaries of the double and the triple loop. The 
curve for the triple loop has been shifted along the temperature axis for clarity. The 
inset shows the calculated variation of |<f"| along the circumference of the double 
loop, at the phase boundary (^/^o=0.36). The dashed line is the solution with |!^'| 
nearly spatially constant (flux regime I), while the solid line is the state with a 
node in the center of the strip connecting points A and D (flux regime II) 



fields H a reduced oscillation amplitude was observed, compared to the case 
of an isolated single loop. Due to the ‘coupling’ between the loop and the 
attached measuring leads, ‘nonlocal’ Little-Parks oscillations could be seen 
when voltage probes were put on a strip segment adjacent to the loop. The 
strength of the coupling is governed by the temperature dependent coherence 
length ^(T). In the present case, we have added two side arms of length half 
of the side of a single cell. The dash-dotted line in Figs. 4.15 and 4.16 gives 
the result of the dGA calculation where the presence of the leads has been 
included. The values for ^(0) obtained from the fits agree within a few percent 
with the ^(0) values found independently from the parabolic background of 
Tci<P) (see Eq. (4.48)). 

To facilitate the discussion we divide the flux period in two intervals: flux 
regime I for d>/<pQ < or > (l~^c) and flux regime II for pc < < 

(1 — pc)- In the flux regime I the phase boundaries, predicted by the different 
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Fig. 4.15. Experimental Tc{$) data for the double loop with the parabolic back- 
ground (Eq. (4.48)) subtracted. The dots are the experimental data points, while 
the lines correspond to the different theoretical results as explained in the text, 
(a) Single period of Tc{^), (b) A few periods of the experimental Tc(^) curve 




Fig. 4.16. Experimental Tc(^) data for the triple loop with the parabolic back- 
ground (Eq. (4.48)) subtracted. The dots are the experimental data points, while 
the lines correspond to the different theoretical results as explained in the text, 
(a) Single period of Tc{^), (b) A few periods of the experimental Tc(^) curve 



models, are nearly identical. Near <1>I<Pq=1/2 (flux regime II), however, clear 
differences are found between the dGA approach and the London limit. Both 
the crossover point 4>c between regimes I and II and the amplitude of the Tc 
oscillations are most accurately predicted by the dGA result. Using the dGA 
approach, the spatial modulation of |>f"| and the supercurrents for different 
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values at the Tc(t?) boundary have been calculated (see inset of Fig. 4.14). 
In the flux regime I, \9\ varies only slightly and therefore the results of the 
London limit and the dGA models nearly coincide. The elementary loops have 
an equal fluxoid quantum number (and consequently an equal supercurrent 
orientation) for both the double and the triple loop geometry. For the double 
loop this leads to a cancellation of the supercurrent in the middle strip, while 
for the triple loop the fluxoid quantization condition (Eq. (4.8)) results in a 
different value for the supercurrent in the inner and the outer loops. As a 
result, the inner strips of the triple loop structure carry a finite current. 

In the flux regime II, qualitatively different states are obtained from the 
London limit and the dGA approach: the states calculated within the dGA 
approach have strongly modulated |iF| along the strips. This is most severe 
for the double loop: ^ shows a node (|<F| = 0) in the center of the common 
strip, the phase (/? having a discontinuity of tt at this point. This node is a 
one-dimensional analog of the core of an Abrikosov vortex, where the order 
parameter also vanishes and the phase shows a discontinuity. In the inset of 
Fig. 4.14 the spatial variation of |>F| along the strips is shown for ^/<?o=0-36 
close to the crossover point (j)c- The dashed curve gives a quasi-constant \'l/\ 
in flux regime I. The strongly modulated solution, which goes through zero in 
the center, is indicated by the solid line. Although there exists a finite phase 
difference across the junction points of the middle strip, no supercurrent 
can flow through the strip due to the presence of the node (Eq. (4.4)). This 
node is predicted to persist when moving below the phase boundary into the 
superconducting state [56,57]. Already in 1964 Parks [58] anticipated that, 
in a double loop, ‘a part of the middle link will revert to the normal phase’, 
and that ‘this in effect will convert the double loop to a single loop’, giving 
an intuitive explanation for the local maximum in Tc(<?) at <?/^o=l/2. This 
behavior is illustrated schematically in Fig. 4.17. Instead of allowing for the 
entrance of a fluxoid in one of the two cells, the system chooses to break 
superconductivity in the center, which is indicated by the dark cross. This 
makes the sample effectively equivalent to a loop with double area, with the 
broken strip ‘dangling’ at the outside of the loop. The obvious energy cost 
for the breaking of superconductivity causes a uniform shift of T'c(^), for the 
fluxoid state in flux regime II (see Fig. 4.15 (a)), to lower temperatures, as 
compared to the Tc(^) of a single loop of double area. This is a remarkable 
example of a ‘spontaneous change of connectivity’. In flux regime I, there is a 
finite ]<Fj around both cells, thus C = 2. Since superconductivity is destroyed 
at the sample center in flux regime II, the connectivity effectively becomes 
C = 1. 

Such a modulation of [iFj is obviously excluded in the London limit, where 
the loop currents have an opposite orientation and add up in the central strip, 
thus giving rise to a rather high kinetic energy. Hence, this model predicts 
C = 2, also in flux regime II. An extra argument in favor of the presence of 
the node is given by the much better agreement for the crossover point 4>c 
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Fig. 4.17. Schematic illustration of the breaking of superconductivity in the center, 
in flux regime II. The node I’f'l = 0 in the sample center, indicated by the dark 
cross, prevents the flow of a supercurrent through the middle strip. Therefore, the 
sample becomes effectively equivalent to a single loop of double area, as shown at 
the bottom. The broken middle strip are like ‘dangling’ arms, only reducing the 
oscillation amplitude of Tc{H). The imposed connectivity C = 2 spontaneously 
lowers to C = 1 due to the destruction of in the sample center 



when the presence of the leads is taken into account in the calculations (see 
dash-dotted line in Fig. 4.15). 

A similar example, where a change in connectivity can take place, has 
been recently analyzed theoretically for a single loop in Refs. [59-63]: under 
certain conditions superconductivity spontaneously breaks at some spot along 
the perimeter of the loop, so that the superconducting area changes from 
multiple (closed loop, C = 1) to single connectivity (‘open’ loop, C = 0). 
The highest supercurrent (and therefore the strongest reduction of Tc{<P)) 
is realized for half integer flux when ~ = 1/2- In this situation it 

may turn out, however, that somewhere in the loop the order parameter iF is 
spontaneously suppressed and a sort of ‘normal core’ is created at a certain 
location along the loop circumference. The energy of this normal state core, 
below the Tc{d>) line, is, of course, higher than the energy corresponding 
to a superconducting state everywhere in the loop, but, at the expense of 
that, the circular supercurrent is interrupted, thus effectively opening the 
ring for entrance and removal of flux. While Horane et al. [59] predicted 
the existence of the singly connected state for loops made of ‘ID’ strips, 
Berger and Rubinstein [62] showed that the temperature region where the 
singly connected state C = 0 exists, can be enhanced by proper tuning the 
nonuniform ‘strip width’ profiles along the loop. 

For the triple loop (Fig. 4.16 (a)) the modulation of [<F| is still considerable 
in flux regime II, but it does not show any nodes. Therefore the supercurrent 




120 



Victor V. Moshchalkov et al. 



orientations can be found from the fluxoid quantum numbers {Li\, obtained 
from integrating the phase gradients along each individual loop. When pass- 
ing through the crossover point between flux regime I and regime II, only the 
supercurrent in the middle loop is reversed, while increasing the flux above 
^/<?o=l/2 implies a reversal of the supercurrent in all loops. The connectivity 
is C = 3, independent of the applied magnetic field. 

Surprisingly, the behavior of a microladder with a linear arrangement of m 
loops appears to be qualitatively different for even and for odd m in the sense 
that m determines the presence or absence of nodes in the common strips. For 
an infinitely long microladder, was found to be spatially constant below a 
certain <P < <Pc [64], which is analogous to the states in flux regime I. For fluxes 
> <Pc modulated states, with an incommensurate fluxoid pattern, were 
found. At <d> I<P q=1/2, nodes appear at the center of every second common 
(transverse) strip. 

A variety of other structures (micronets) of different topology (coupled 
rings, bola’s, a yin-yang, infinite microladders, bridge circuits, like a Wheat- 
stone bridge, wires with dangling branches, etc.) formed by ID wires, have 
been analyzed in a series of publications [50,51,54,56,57,64-70] [71-73] using 
the approach, initiated in 1981 by de Gennes [51] and further developed by 
Alexander [52] and Fink et al. [50]. For all these structures very pronounced 
effects of the micronet topology on Tc(fl>) and critical current have been pre- 
dicted. 



4.6 Perforated Microsquares 

In this section, we deal with microstructures built up from several individual 
nanoplaquettes, assembled in the form of (2 x 2) 2D structures. The elemen- 
tary plaquettes, used for this nanoassembly, are filled and open squares. 

We will present the measured phase boundaries TffH) of three different 
topologies, which are shown in Fig. 4.18. The three Al structures studied are a 
filled microsquare, and two squares with 2 and 4 square antidots respectively. 
Similar structures were studied in Refs. [74,75], where the 4-antidot structure 
was proposed as a basic cell for a memory based on flux logic. In those papers, 
several stable vortex configurations were detected at low magnetic fields. 

The main idea here is to discuss the influence of connectivity C, varied 
through bringing in antidots inside a microsquare, on the crossover from the 
‘network’ behavior at low fields to a GVS [30,76] at high fields, and whether 
eventually the two configurations (vortices pinned by the antidots and the 
giant vortex state) can coexist. We will mainly focus on the high magnetic 
field regime. 

The square dot has a side a = 2.04 /im and is taken as a reference sample 
(a); the square of side a = 2.04 /rm is perforated with four 0.46 x 0.46 /im^ 
square antidots (b); and the square with side a = 2.14 ^m has two 0.52 x 
0.52 antidots, placed along a diagonal (c). The magnetic field was applied 
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Fig. 4.18. AFM images of the three structures: (a) full, (b) 4-antidot, and (c) 2- 
antidot microsquares 




0123456789 10 11 12 

Fig. 4.19. Experimental Tc(^) phase boundaries for a dot (solid), 4-antidot 
(dashed), and a 2-antidot microsquare (dotted line). For > 5 the peaks in 

Tc(d>) appear at the same flux in all the structures. The flux ^ is defined with 

respect to the outer sample area, thus including the perforated area of the antidots 

perpendicular to the structures. More experimental details can be found in 
Ref. [77]. 

In Fig. 4.19 we present the experimental phase boundary Tc(‘P) of the 
three structures. For the reference full square, we observe pseudoperiodic os- 
cillations in Tc($) superimposed with an almost linear background, where the 
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period of the oscillations slightly decreases with increasing field, in agreement 
with previous studies [28,29,31,78]. These observations are characteristic for 
the presence of the giant vortex state, as was discussed in Section 4.3.4. For 
the perforated microstructures, two different magnetic field regimes can be 
distinguished. At high magnetic flux, the oscillations in TcfiP) are pseudope- 
riodic as well. This is similar to the ‘single object’ regime, as it was found by 
Bezryadin and Pannetier [40], but here, at a surface superconducting 

sheath develops near the sample’s outer boundary only. The comparison of 
the Tc{d>) data obtained on the perforated Al microstructures with that of 
the reference microsquare without antidots confirms the presence of a giant 
vortex state in the three structures in the high magnetic flux regime. For the 
low flux part of the phase diagram, distinct features appear (i.e., below ~ 
5^o)' for the 2-antidot sample we observe the same number of peaks com- 
pared to the full square, but with a considerable shift of the positions of the 
first peaks. For the 4-antidot structure extra peaks can be clearly seen below 

~ 5<?o- 

The Tc{d>) curve measured for the full square is quite similar to the result 
obtained from a calculation [28,30] for a mesoscopic disk in the presence of 
a magnetic held (see Section 4.3.4). The series of peaks in the Tc{d>) curve 
correspond to transitions between states with different angular momenta L —> 
L -I- 1 of iF as successive flux quanta, <P = L<Pq, enter the superconductor. 

It is important to note that here we defined the flux as ^ = hm HSeff, 
with Sef f the effective area of the whole microsquare. It is close to the exact 
outer sample area S, and was introduced in order to fit the peak positions 
to the calculated Tc{d>) for a circular dot (disk). Doing so, we obtain an 
effective area of 3.9 /rm^, close to the actual size of the structure, 4.2 /im^. 
The introduction of this ‘effective area’ is obviously not needed if the Tc{d>) is 
compared with a calculation performed for a square [79]. From the parabolic 
shape of the L = 0 state, we And the coherence length, ^(0) = 92 nm. It 
should be noted that this value might be an underestimation because of the 
aforementioned coupling to the measuring leads. 

In contrast to the experimental result presented in Ref. [29], which was 
obtained for a substantially larger, but circular dot (disk), the field period 
for the full square can be matched to the theoretical predictions in the whole 
measured field interval. When a sufficiently high magnetic field is applied to 
the sample, a superconducting edge state is formed, where superconductivity 
only nucleates within a surface layer of thickness wh- The remaining area 
acts like a normal core of radius Ref f ~ R — wh , and carries L flux quanta 
in its interior. Due to the expansion of the normal core with increasing H, 
the sample can then be seen as a loop of variable radius. For this reason, 
the Tc{d>) of the dot shows nonperiodic Little-Parks-like oscillations. In com- 
parison to the loop, which has an initial parabolic background on Te(ff>) at 
low fields, the background for the disk is quasi-linear already for ^ 2, 

because of the additional energy cost (i.e. extra reduction of Tc) for suppress- 
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ing superconductivity in the sample interior. The creation of a giant vortex 
is accompanied with a crossover, similar as for loops of finite strip width 
(Section 4.4), which appears at a certain flux above which Tc(^) becomes 
quasi-linear. 

All the structures have peaks in Tc{<P) at the same <P values in the high 
flux regime. How can we understand this striking coincidence of the peak 
positions at high fields? For this, we have to look how the order parameter W 
nucleates along a curved superconductor/insulator boundary. It is seen that 
the calculated Tc(<?) curves for a disk and for a circular antidot (see also 
Ref. [40]) in an infinite film, (both of radius Tq) (see Fig. 4.8), lie on the other 
side of the straight dashed line Hcs = 1.69 i?c 2 , for a plain normal/insulator 
interface [4]. Since the disk has a larger H*^{T) than the antidot, W is ex- 
pected to grow initially at the outer sample boundary, as the temperature 
drops below Tc{'P). At slightly lower temperatures, surface superconductivity 
should as well nucleate around the antidots. In the mean time, however, iF has 
reached already a finite value over the whole width of the strips. The resis- 
tively measured Tc{'P) curves, probably because of this substantially different 
H*^{T) for a disk and an antidot, only show peaks related to the switching of 
the angular momentum L, associated with a closed contour along the outer 
sample boundary. At the Tci^) boundary, in the high magnetic field regime, 
there is no such closed superconducting path around each single antidot, and 
therefore the fluxoid quantization condition does not need to be fulfilled for 
a closed contour encircling each single antidot. In terms of connectivity, it 
seems that, at low fields the 4-antidot square is in a state with C = 4. As 
soon as the quasi-linear regime is built up, the peak positions of all three 
samples are situated at the same values, which suggests the formation of 
a C = 1 giant vortex, which ‘ignores’ the presence of the antidots inside the 
microstructures. 

The background depression of is different for the three structures stud- 
ied (Fig. 4.19). The larger the perforated area (in other words the smaller the 
area exposed to the perpendicular magnetic field), the less Tc(<?) is pushed 
to lower temperatures. Another clear example of a similar behavior is given 
in Ref. [31], where the Tc(^) of the (square) dot is shown to be lower than 
the Tc(^) of the loop, when exposed to a perpendicular magnetic field. 

Summarizing this section, we have presented the experimental supercon- 
ducting/normal phase boundaries Tc{<P) of A1 mesoscopic structures with 
different connectivity: a full square and two perforated mesoscopic squares. 
Comparing the results with the behavior of a full square microstructure, we 
were able to distinguish two regimes as a function of the flux: for low magnetic 
flux the 4-antidot structure behaves like a network consisting of quasi-one- 
dimensional strips, giving rise to extra peaks in Tc(^) in comparison to the 
full square. In the 2-antidot structure the peak positions are only shifted 
compared to the full square. As soon as each antidot confines one flux quan- 
tum, a giant vortex develops, resulting in pseudoperiodic oscillations in the 
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Tc{<P) and a quasi-linear background on Tc(<?) at high magnetic fields. In this 
regime, the peak positions coincide for all three structures studied when the 
phase boundaries are plotted in flux quanta units (where flux is referred to 
the total sample area). For high magnetic flux, the presence of the antidots 
apparently does not change the phase winding number L for a closed contour 
around the outer perimeter of the whole square, and strongly indicates the 
formation of an effective C = 1 surface state, localized at the sample’s outer 
boundary. 

4.7 Superconducting Films with an Antidot Lattice 

As shown in Section 4.3, the enhancement of the critical field beyond the 
bulk critical field Hc 2 depends strongly on the curvature of the supercon- 
ducting/normal (S/N) interface. This was illustrated by the two complemen- 
tary examples studied, namely the disk (convex interface) and the antidot 
(concave interface). For both systems, the ratio r] = H*flT) / Hc 2 {T) shows 
an oscillatory behavior as a function of field and tends to the value ?7=1.69, 
the enhancement factor for a semi-infinite slab. The major difference between 
the disk and the antidot is, however, the side from which the nucleation field 
H*^{T) approaches the semi-infinite slab solution H*flT) = 1.69Hc2{T). For 
the case of the single antidot, where the S/N interface is concave, the en- 
hancement r] is expected to be smaller than 1.69 for all fields. 

Knowing the flux confinement by an individual nanoplaquette - in this 
case a unit cell containing an antidot - the fundamental problem arises: to 
what extent can this approach be applied when we compose huge arrays (sev- 
eral mm^) of such nanoplaquettes, like for example an antidot lattice (AL). 
This problem is of crucial importance for thin film applications, since re- 
peating a certain nanoplaquette laterally over a macroscopic area creates a 
bulk nanostructured superconductor, which can be used for numerous appli- 
cations. 

For bulk samples, the surface nucleation of superconductivity plays only 
a minor role because the thickness of the surface superconductivity sheath, 
given by the temperature dependent coherence length ^(T), is negligibly 
small in comparison with the sample size. This is shown schematically in 
Fig. 4.20 (a), where the dark area represents the surface superconducting 
state near the sample boundary. The ‘bulk’ of the sample makes the transi- 
tion to the superconducting state when the temperature is decreased below 
Hc 2 {T) (for a Type-II superconductor). In superconducting films with an an- 
tidot array, however, supplementary superconductor/ vacuum interfaces are 
introduced. Their presence increases not only the surface-to- volume ratio, but 
also the connectivity C of the sample. According to a conventional scenario, 
a ‘ring’ of surface superconductivity forms at H*flT) around each antidot 
and, if the antidots are sufficiently closely spaced, almost the entire sam- 
ple becomes superconducting at a field well above Hc 2 (see Fig. 4.20 (b)). 
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Fig. 4.20. Schematic illustration of the nucleation of superconductivity in huge 
arrays of antidots placed in a perpendicular magnetic field. In a conventional sce- 
nario, the surface superconductivity ‘rings’ of width ^{T) are overlapping for the 
antidot lattice (b), thus providing the nucleation of superconductivity across the 
whole sample at a field above the bulk upper critical field Hc 2 {T). In a reference 
non-patterned film (a) the surface superconductivity sheath at the edges of the 
sample cannot make the bulk of the material superconducting 



Therefore, in this case, the nucleation field Hl^{T) is expected to play the 
role of the bulk critical field. This makes it possible to enhance the critical 
field above the bulk value Hc 2 {T) up to H*^{T) in laterally nanostructured 
films in a perpendicular magnetic field. At first sight it seems, however, im- 
possible to expect an enhancement factor 77 = H*^/Hc 2 higher than 1.69 (see 
Fig. 4.8). As we show below, this expectation turns out to be incorrect and 
much higher enhancement factors - up to 3.6 - can be achieved in films with 
dense AL’s. 




Fig. 4.21. AFM picture of the Pb films with a square antidot lattice with antidot 
size a=0.4 pm. The lattice period d is 1 pm in sample B (a) and 2 pm in sample D 

(b) 



We shall analyze the Tc{H) behavior in Pb films with a square AL made 
by electron-beam lithography on a photoresist layer and standard lift-off pro- 
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cessing [8]. The AFM pictures of two of these samples are shown in Fig. 4.21. 
The antidots have the form of squares with rounded corners. All films (A-E) 
consist of a 50 nm thick Pb layer covered by a 20 nm protective Ge layer. Be- 
sides the reference non-perforated film E, all other samples (A-D) were later- 
ally nanopatterned with a square AL. Samples A, B and C have the same AL 
period d=l /rm, but an antidot size a=0.2 /im (sample A), a=0.4 fj,m (sample 
B) and a=0.7 /xm (sample C). 

The influence of the antidot spacing on the surface superconductivity is 
analyzed by comparing H*^{T) of films B and D (see Fig. 4.21) having the 
same antidot size (a=0.4/im) but different periods d=l/im (dense AL) and 
d=2fim (sparse AL). 

The residual resistivity at 8 K of the reference Pb film gives the mean 
free path ^=26 nm. The upper critical field Hc 2 {T) of this film shows the 
expected linear variation with temperature (Eq. (4.23)), which fits to a value 
^(0)=38nm. This is quite close to the estimated dirty limit coherence length 
^(0) = 0.865(^0 «40nm, calculated from the known BCS coherence 

length of Pb (^o=83nm) [1]. The superconducting transition temperatures 
Tco for all samples A-E range between 7.164K-7.186K. Therefore, nanos- 
tructuring has changed Tco of samples A-D only very slightly, compared to 
Tco=7.2K for bulk Pb. The penetration depth A(0) «46nm is calculated 
for our films from A(0) = 0.64 Ai(0)\/^o/f', with Ai(0)=37nm [1]. The GL 
parameter k = A/^ = 1.2, which implies that these Pb films are Type-II 
superconductors . 

The critical fields H*^{T) are shown in Fig. 4.22 (solid lines). The 
values were determined by measuring the resistive transition as a function 
of temperature at a fixed magnetic field. The used criterion was set at 10 % 
of the normal state resistance at 8K. The H^^iT) curves show the following 
structure: in low fields, a square-root H*^{T) oc (1 — T background, 
corresponding to a parabolic suppression of TfiH) (Eq. (4.48)), is seen that is 
superimposed with collective oscillations with a periodicity given by one flux 
quantum per AL unit cell, d>Q/d^ (=2.07 mT for d=l /xm and 0.517mT for 
d=2 ^m). At higher fields, there is a crossover from the square-root to a linear 
H*^(T) background. Superimposed with this linear background, single- oh ject- 
like oscillations [40], reminiscent of the individual antidot oscillatory TfiH), 
are observed (most clearly seen in Fig. 4.22 (b) and in Fig. 4.27 (a)). Their 
period is in agreement with approximately one flux quantum per antidot 
area, The straight dashed and dotted lines in Fig. 4.22 correspond 

to Hc 2 {T) and HcsiT), respectively. The dash-dotted line shows the square- 
root background of H*^(T), which appears due to the finite strip width w 
(Eq. (4.48)), and is only relevant in the low field regime. 



4.7.1 Commensurability Effects at Low Magnetic Fields 

Fig. 4.23 (a) shows the low magnetic field parts of the (or TfiH)) 

phase boundaries for samples A-D with an AL. We observe a square-root 
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T(K) 



T(K) 



Fig. 4.22. Solid lines : measured critical fields H*^{T) in a perpendicular magnetic 
field for Pb films with a square antidot lattice with period d and antidot size a. Dot- 
ted lines : expected third critical field HcsiT) for a plane superconductor- vacuum 
boundary with the magnetic field along the boundary (rj = H*^{T) / Hc 2 {T) = l. 69) . 
Dashed lines : Upper critical field of the reference film E without antidots 
(Eq. (4.23)). Dash-dotted curves : square root-like behavior (Eq. (4.48)), expected 
for a wire network with line thickness w — d — a. (a)-(c) Results for samples A- 
C with dense antidot arrays, where the enhancement of H*^ (solid lines) is much 
higher (rj —H*^/Hc 2 > 1.69) than for sparse antidot arrays, (d) Results for sample 
D with a sparse antidot array, where the enhancement of rj=H*^{T) / Hc 2 is smaller 
than 1.69 



background of H*^{T) (shown with a dashed line for sample C) that is super- 
posed with a cusplike structure, periodic in field. The background suppression 
of Tc is caused by the finite width of the superconducting strips between the 
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antidots and follows Eq. (4.48) for a thin strip in a perpendicular magnetic 
field. The low field cusps in the H*^{T) curve (Fig. 4.23 (a)) are reminis- 
cent of the Tc{H) phase boundary for superconducting networks, as studied 
previously [80-83]. 





0.0 0.5 1 1.5 2.0 

<D/<Do 



Fig. 4.23. (a) The low field part of the phase boundaries for samples A- 

D illustrating the appearance of ‘collective’ oscillations and the presence of the 
sqnare-root H*^{T) background (Eq. (4.48)), shown by the dashed line for sample 
C. (b) After subtraction of the square-root background, the Tc{H) phase boundary 
(shown for sample C) resembles the lowest level of the Hofstadter butterfly 



For these superconducting networks, the lowest Landau level of the pro- 
blem is the lowest level of the Hofstadter butterfly [84] which was nicely 
demonstrated by the experiments of Pannetier et al. [80]. The lowest level 
of the Hofstadter butterfly, and therefore also the Tc{H) phase boundary of 
a square superconducting network, has a remarkable structure (Fig. 4.24). 
Cusps in Tc{H) show up at specific values of the magnetic field, as a result 
of commensurability between the vortex lattice and the underlying periodic 
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Fig. 4.24. Hofstadter butterfly for a square lattice (after Ref [84]): the lowest en- 
ergy level corresponds to the Tc{H) phase boundary for a square superconducting 
network 



network. At integer applied flux <P/(l>o = L (where ^ is defined per area of a 
unit cell of the network) the most pronounced cusps appear. At rational flux 
= p/q smaller cusplike minima are observed, corresponding to stable 
vortex configurations, like for example the checker-board pattern at pjq=lj2. 
When we subtract the montonic background, related to the finite width of 
the strips between the antidots, from the low held part of our measured Tc{<P) 
curve (Fig. 4.23 (a)), we see the shape of the lowest level of the Hofstadter 
butterfly appearing (see Fig. 4.23 (b)). 

The existence of cusplike minima at integer fluxes can also be interpreted 
as follows. When placing a superconducting network in a magnetic held that 
generates a non-integer number of flux quanta per plaquette, two different 
states L<Pq and {L + l)^o will inevitably be realized. Then, in the simplest 
London limit, for L < < L + 1, the kinetic energy E, defining the shift 

of Tc in a magnetic held, becomes 



E cx 



cx 




(^L+1- 

(^L+1- 




(^L + 1- 






(4.52) 



Here the factors — L and L+ 1 — are the corresponding numbers 
of (L -I- 1)^0 and states, respectively. While for a single loop parabolic 
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minima are present in Tc{H) at integer flux = L (see dashed line 

in Fig. 4.25), Eq. (4.52) describes the set of intersecting parabolae forming 
cusps at integer flux for a network. These cusps compose the backbone of the 
Hofstadter butterfly which adds to the dependence, given by Eq. (4.52), new 
smaller cusps at rational fields. 




Fig. 4.25. Schematic representation of the Tc{$) phase boundary for a single loop, 
the Little-Parks oscillatory Tc(^) curve {dashed line), and for a network composed 
of a large amount of such loops {solid line) 



Following the ‘red thread’ throughout this chapter, it is interesting to 
take a look at the evolution of the Tc(^) phase boundary when we increase 
the size of a 2D network starting from a single nanoplaquette (a loop) and 
ending with a huge array composed of such plaquettes (an infinite network) 
(see Fig. 4.26). Also here, it is seen that the parabolic minima at integer flux 
= L change into cusplike minima [85]. At the same time, the maximum 
at = 1/2 transforms into a smaller cusplike minimum when the size of 

the array is increased. 

The parabolic background superimposed with the Tc{H) oscillations (see 
Fig. 4.23 (a)) gives us the possibility to check that, in nanostructured samples 
with an AL, the coherence length remains the same as in the reference non- 
perforated sample. Indeed, from the square-root envelope of the H*^{T) curve 
close to Tc (see the dash-dotted lines in Fig. 4.22) we determine ^(0) from 
Eq. (4.48), which is applicable when w < ^{T) {w = d — a is the width 
of the strips between the antidots). From this analysis we obtain the same 
coherence length ^(0)=(38±5) nm for all samples A-D. Moreover, the latter 
coincides with .^(0)=38nm determined earlier from the linear slope of the 
Hc 2 {T) dependence of the reference film. This proves that the important 
parameter ^(0) was not influenced by nanopatterning. Therefore, the very 
large values of the enhancement factor (up to 77=3.6) that we will show further 
on, cannot be attributed just to the reduction of ^(0) due to the possible 
presence of defects created due to nanostructuring. 
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Fig. 4.26. Evolution of the Tc{H) phase boundary (London limit) when increasing 
the number of plaquettes in a 2D network from one single loop (1 x 1) to an infinite 
array (oo x oo) 

4.7.2 The ry-enhancement in High Magnetic Fields 

At higher fields, a crossover to a different regime takes place. In this regime, 
the H*^{T) phase boundary resembles the calculated phase boundary for a 
single antidot. It shows weak oscillations, quasi-periodic in field, superim- 
posed on a linear background. However, the slope of this linear background 
appears to be much steeper than expected. In all films A-C with dense antidot 
arrays, the linear background contribution to H*^(T) curve lies substantially 
higher than the Hc 2 {T) line (Eq. (4.23)) of the reference film E (see the 
dashed lines in Fig. 4.22). For sparse antidot arrays (sample D) the H*^{T) 
curve is very close to Hc 2 {T) of the reference sample E. This can be seen 
more clearly in Fig. 4.27, where the enhancement rj = H*^{T) / Hc 2 {T) is 
plotted for samples B (d=l ptm and a=0.4 /xm, dense array) and D (d=2 /xm 
and 0=0.4 /im, sparse array). The dashed line indicates the value 77 = 1.69 
which, according to the theory, should be the maximum possible nucleation 
field enhancement for a single antidot in a superconducting plain film. 

Surprisingly, the enhancement factor rj found for dense antidot arrays 
(samples A-C) reaches values from 2.8 to 3.6, i.e. up to more than 200 % 
of the expected maximum enhancement. In sparse antidot arrays, the usual 
enhancement rj < 1.69 was retrieved. 
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Fig. 4.27. Enhancement factor r]=H*^{T) / Hc 2 (T) as a function of temperature 
obtained from the data in Fig. 4.22 (b) and Fig. 4.22 (d) after division by Hc 2 {T) 
of the reference non-perforated Pb film (dashed line in Fig. 4.22). The dashed line 
shows the value 7^=1. 69. (a) for the dense AL (sample B) the enhancement rj is 
much larger than the expected maximum value 1.69. (b) For a sparse AL (sample 
D) rj stays well below the rj — 1.69 line 



In the high field regime, the estimated width of the superconducting ring 
around two neighboring antidots, i.e. ^{T), is definitely smaller than the width 
w of the strips between the antidots. This implies that a simple overlap of 
these rings cannot be the cause of the transition to the superconducting state, 
seen as a single resistance drop. Moreover, the H*^{T) line was measured 
using a sufficiently low criterion (10 % of the normal-state resistance i?„). 
Therefore, the observed enhancement of rj = H*^{T) / Hc 2 {T) in the high field 
regime can only be explained by invoking a nucleation of superconductivity 
in the bulk area between the antidots at much higher fields than expected. 
For a tentative explanation of the large enhancement of rj in that part of 
the superconducting films with dense antidot arrays, the following scenario 
might be valid. For a bulk superconductor the lowest Landau level 
is the well-known lowest level huj/2 (i.e. r]=l) in a single parabolic potential 
well (see Fig. 4.28 (a)). Adding one plane superconductor/ vacuum interface 
creates a mirror image potential (Fig. 4.28 (b)) thus resulting in a lower 
level 0.59 hoj/2 (i.e. ?7“^=1/1.69=0.59) in a double potential (Fig. 4.28 (b)). 
It is reasonable to expect then a further reduction of rj~^ if the potential 
is formed by many overlapping parabolic potentials (see Fig. 4.28 (c)). The 
latter might explain the large reduction of r]~^ and consequently a large in- 
crease of rj in superconducting films with an AL, since the antidots introduce 
many superconductor/ vacuum interfaces needed to form the potential shown 



4 Connectivity and Flux Confinement Phenomena 133 

schematically in Fig. 4.28 (c) . To confirm these tentative explanations, how- 
ever, calculation of the lowest Landau level is needed for dense AL, 

including the presence of broad superconducting strips between the antidots. 

Since the H*^{T) line is measured using a criterion of 10 % of the normal 
state resistance i?„, it is clear that there is a global development of the 
superconducting state in the area between the antidots at substantially higher 
fields than expected. In this case, for calculating the flux, the integration area 
in ^ = f b{r)dS (b{r) is the local magnetic field) is reduced to the effective 
area of the antidots. This might explain the crossover from the low field 
regime (where the whole nanoplaquette is transparent for the applied field) 
to the high field regime, where the flux lines are located only at the antidots. 
Such a change of the flux penetration pattern corresponds to the change in 
the Tc{<P) period from to 




Fig. 4.28. A possible explanation of the rj = H*^{T) / Hc. 2 {T) enhancement. The 
solid horizontal lines represent the lowest Landau level Elll = rj~^hu)/2 for the 
given geometry, (a) bulk superconductor with no interfaces (? 7 = 1 ); (b) semi-infinite 
superconducting slab (r;=1.69); (c) superconducting film with a dense AL. The 
antidots introduce many superconductor/ vacuum interfaces {rj > 1.69) 



Since the strips forming a network are too narrow to allow the formation 
of vortices in the lines {interstitial vortices), the connectivity C of a super- 
conducting network is not changed in the presence of magnetic field. When 
the strips get broader, and the opening in the periodically repeated nanopla- 
quette becomes smaller, much more superconducting material is left between 
the openings, thus realizing a regular pinning array rather than a network. In 
a regular array of antidots as pinning centers, for each characteristic size of 
antidots a there is a saturation number Us ~ a/^{T) [86]. This number gives 
the maximum number of flux quanta which can be trapped by an antidot with 
size a. If the applied field generates a flux per plaquette (i.e. per antidot in 
antidot lattices) which is smaller than Us d>o, then all the vortices are pinned 
by the antidots themselves, leading to the formation of <l>o, 2<l>o, ■ ■ ■ ,nsd>o 
pinned vortex lattices [87]. In this case the connectivity remains the same, 
and it is given by the number of antidots in the film. If the generated flux per 
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plaquette exceeds ^o, then the antidots are saturated and the connectivity 
is spontaneously increased due to the formation of interstitial vortices [8,9]. 

To summarize the experimental observations, a dramatic difference is 
found for the enhancement factor rj=H*^(T) / Hc 2 (T) in films with a sparse 
and a dense AL. In the latter 77 exceeds by far (more than 200 %) the value 
1.69, which is the expected maximum value for a single antidot. We think that 
this enhancement of 77 may be related to the reduction of the lowest Landau 
level in a potential formed by many overlapping parabolae (see Fig. 4.28 (c)). 

Conclusions 

Topological aspects of the nucleation of the superconducting order parameter 
W play an essential role in defining the flux confinement in Type-II super- 
conductors. We have analyzed the interplay between the \^P\ connectivity and 
the nucleation critical held H*^(T) in different superconducting structures. 
We started from a homogeneous bulk superconductor, where the connectivity 
is determined by positions of the zeros of |>F| and their degeneracy. The Meiss- 
ner state can then be considered as the singly connected state, while the 
Abrikosov mixed state exemplifies the case of ultimate connectivity, with a 
maximum possible number of zeros of j^Fj coinciding with the normal cores 
of <?o- vortices. 

Further on we argued that, anticipating the formation of the normal 
cores, we can prefabricate microholes at the known locations, hereby chang- 
ing the connectivity accordingly. Nanostructuring can be made by assembling 
nanoplaquettes in different ways: from single (loops, dots, etc.) plaquettes, 
over ID or 2D clusters, to huge arrays of nanoplaquettes, like nanoengineered 
antidot lattices which cover macroscopically large areas. 

We have demonstrated the substantial change of the Tc{H) boundary in 
all these structures, in comparison with reference homogeneous bulk samples. 
In loops and in ID and 2D clusters of loops, the vortices in general obey the 
conditions imposed by the precise sample topology, resulting in a strongly 
topology dependent critical held. It means that the phrase ‘the critical fields 
of a superconductor are determined by the material’, often mentioned in 
textbooks on superconductivity, is not correct, since for the same material 
the Tc{H) line is substantially dependent on the topology of the flux and 
condensate confinement. 

We have shown a spontaneous change of connectivity C in the ID cluster 
of loops, namely in the double loop system. In a certain held interval, this 
type of sample spontaneously evolves from connectivity C = 2 to connectivity 
C = 1, by creating a normal spot in the middle strip. 

In 2D clusters of loops and dots, we have analyzed the interplay at the 
phase boundary between the degenerate GVS and the <?o“Vortices, where 
vortices are confined in the prefabricated pattern of microholes (antidots). 
Finally, we analyzed the effect of connectivity on Hf^(T) by considering huge 
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arrays of antidots. In dense antidot lattices, a substantial increase of H*^{T) 
above the expected critical field for a single antidot can be obtained, while 
for sparse antidot arrays the ratio H*^{T) / Hc 2 {T) always stays below the 
expected value 1.69. All examples, treated in this chapter, clearly demonstrate 
the importance of connectivity and sample topology in defining the critical 
parameter Tc{H). 
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Abstract. We discuss the conditions and the positions where the order parameter 
vanishes in a multiply connected sample. The first sections are extensions of the 
de Gennes-Alexander formalism, but most of the chapter deals with samples of 
finite width. There are several surprising predictions, e.g.: a vortex can be much 
thinner than the coherence length, and its position may radically change with the 
fiuxoid number; there are critical points inside the superconducting area in the 
phase diagram. Experimental verification is proposed. 



5.1 Introduction: The Price of Connectivity 

The behavior of superconductors can be described by means of the GinzburgD 
Landau (GL) formalism. This formalism was reviewed in Sects. 1.2 and 2.1.1, 
but in order to introduce our notation we rewrite the starting equations. Ac- 
cording to this formalism, the equilibrium magnetic potential and the super- 
conducting order parameter are such that they minimize the GL potential 

Q D D Q 

G= + + ®i)D4i +(D2<0) # D i®2DHe<Do4i> 

(5.1) 

Here D = 41 is the order parameter, with the normalization introduced 
after (2.4), is the applied Deld, Dg the quantum of Dux and D the GL 
parameter; 9 is an abbreviation for D®^, where D is the coherence length, 
and i = 2DA<Dg, with A the magnetic potential. The Drst integral in (5.1) 
is over the sample volume and the second integral is over the entire space. 
Note that in many sources A. appears with the opposite sign; these sources 
disregard the awkward fact that the electron charge is negative. The nor- 
malizations in (5.1) take for granted that the temperature is below T^, the 
normal/superconducting transition temperature when no magnetic Deld is 
applied. 

The Drst GL equation is obtained by minimizing G with respect to D . 
Variation gives 

(iD ®A)2D =0(1®44)D (5.2) 

inside the sample, with the boundary requirement that the normal component 
of (iD ® A)D vanishes. The second GL equation (obtained by minimizing G 
w.r.t. A) is not required when the sample is very thin compared to DD, and 
will be postponed until Sect. 5.4.1. 

J. Berger and J. Rubinstein (Eds.): LNP m62, pp. 13SD173, 2000. 
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Inspection of the GinzburgDLandau potential G shows that it contains 
only two terms that depend on the phase D . and both are non-negative: 
*iD which can be further decomposed into (D # + #] D -b A)D 

and Hf, with = D D A ® He. It is therefore clear that, if there is some D 
such that the D -dependent terms vanish, this D will be the most appropriate 
candidate for minimization. 

One situation in which this happens is when the applied Deld vanishes 
within the sample: then we can pick D such that D D = ®J4.. (In this case, the 
current. Hi and the total Deld also vanish.) This case is considered in detail in 
Chap. 3. Another opportunity like this appears when the sample is a narrow 
wire (or a narrow shell parallel to the magnetic Deld), as in Fig. 5.1. Since 
the normal component of (iD ® A.)D is required to vanish at the boundary, in 
the case of a thin wire we may take this component as negligible everywhere, 
so that we only have to require that the tangential component vanishes too. 
This is achieved if g 

D (s°) ® D (s) = ® A. ;Tlr ' (5.3) 

S 

where s is the arc length and the integration is performed along the wire. 
Again, we get rid of the two phase dependent terms and are left with a 
minimization over 41 4only. 

However, let us imagine that we Dll the gap between a and with su- 
perconducting material. Instead of enhancing superconductivity, we add a 
constraint: D (a) and D(a^), and in particular their phases (up to a multi- 
ple of 2D), must be the same. The minimizer of the unconstrained problem 
may therefore be ruled out, and superconductivity will have to compromise 
to a minimizer in the set ^ (o^) = D {a){}. This means that connectivity is 
a thermodynamic burden. Our question is whether there are cases in which 



a a' 




Fig. 5.1. A narrow superconducting wire, with several possible connectivities. The 
three branches have the same length L and their cross sections are wo, wi and W 2 
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superconductivity D and therefore connectivity D are broken at some place in 
order to get rid of this burden. 

Sections 5.2D5.4 consider situations in increasing order of generality in the 
following sense: in Sect. 5.2, wires are thin and have uniform (or piecewise 
uniform) cross sections; in Sect. 5.3, cross sections will be nonuniform and, 
in Sect. 5.4, wires will turn into wide surfaces. However, the formalisms of 
each section are quite independent, so that their consecutive reading is not 
essential. 

5.2 The de Gennes— Alexander (dGA) Approach 

The easiest situation for evaluation of the price of connectivity is provided by 
the dGA case, since the diDerential equations have already been integrated. 
The dGA formalism is applicable to networks of thin branches with constant 
cross section, at a bifurcation from the normal state. For further simplicity, 
we shall consider cases in which all the branches have the same length, L. 
Since the free energy decreases with 6 , minimization of the free energy is 
translated here into minimization of the value of 6 for which there is a non 
trivial solution. 

Our analysis will be based on Ghap. 2, but a word of warning is required. 
The solution of (2.16) is 

D (s) = exp(®iD (s)) [fci exp(i^ Fs + fc 2 exp(®i^ Fs)] (5.4) 

where D is the integral in (5.3) (without the ® sign) and k\ and k 2 are 
constants, which are chosen to comply with the values of D at the extremes 
of the branch, s = 0 and s In generajJ, these are 2 independent conditions 
and we obtain (2.19); but, if IkL = D or VL — 0, then we obtain a condition 
for D (T)<D (0): 

D (A) exp(iD (L))<D (0) = 1 WL — Q (5.5a) 

D (A) exp(iD (L))<iD (0) = ®1 ^ FA = D > (5.5b) 

If (5.|^a) or (5.5b) is fulDlled, there is a family of degenerate solutions. Note 
that FA is non negative by deDnition and will never be greatjjr than D , since 
we can always Dnd a smaller 6 with the same value of cos( FA). If (2.19) 
is valid, the condition for having a point where D (s) = 0 along the branch 
0 < s < A is 

D (A) exp(iD(A))<iD (0) < 0 > (5.6) 

It is interesting to compare this with (5.5b). 

5.2.1 One Loop 

Figure 5.1 with = a has three nodes: 6^, a and b. The Alexander nodal 
equations (2.21), after elimination of D (6^), become 

[(wo + wi + W 2 )A ® wo<A] D (a) ® (rcie‘°^ + rc 2 e®‘°^)D (b) — 0 ‘ (5.7a) 
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+ W2e‘°^)D (a) + (wi + W2)XW (6) = 0 ' (5.7b) 

where X is shorthand for cos(^ ^L), Wi is the cross section of branch i and 
Di is D(i) evaluated along this branch in the positive mathematical sense; 9q 
is the lowest eigenvalue of this system of equations and gives the valne of 9 
at which the bifnrcation from the normal state occurs. Here, 

cos('^ WqL) = ([wo+4cie‘^°^''“°^^+tC2^(wi+tC2)]<(wo + wi+ti'2))^^^ > (5.8) 

Let us now investigate under what conditions D vanishes at some point in 
the branches 1 or 2. From (5.7b), D (6)e‘^i<D (a) < 0 would require zci < W 2 
together with which occurs when the Dux D 1 +D 2 is an integer 

plus half number of quanta D g . The same analysis can be repeated for branch 
2. D (6) wonld vanish if wi = IV 2 and = ®1. For icg > 0, D (a) can 

never vanish for the lowest eigenvalue. In snmmary, there is a zero in the order 
parameter only when the Dnx enclosed by the circle is an integer pins half, 
and then the zero appears at the thinner branch. In the symmetric case, the 
zero appears at the point opposite to the branch ab^. At the branch ab^ itself, 
it is easily seen that D (6^)e‘^“<D (a) > 0 and the phase obeys (5.3) along the 
entire branch, as is physically obvious from the fact that this branch carries 
no current. 

We know already that, for appropriate Dnx, D vanishes somewhere in 
the thinner onter branch. Let us now check the following: conld there be a 
situation where it is thermodynamically favorable for supercondnctivity to 
spontaneonsly break the connectivity in order to allow (5.3) to be fulDlled 
everywhere, even though the dGA formalism does not require D to vanish? In 
other words, would it pay to replace the constraint that the sample encloses a 
given Dux by the constraint that D has to vanish at some point? The answer 
seems to be negative: if then both constraints are compatible 

and the solutions coincide; changing to a diDerent value will cause 

9q in (5.8) to decrease (dGA case), whereas the case with broken connectivity 
is insensitive to the Dux and remains at its high valne. 

Actually, D does not have to vanish in order to cope with the price of 
connectivity. It is enough that D be small in some region to enable a fast 
change of D in that region at a low energy price. In [6] it is found that this 
price is proportional to the minimum of 41 J|t(provided that this minimum is 
small) . 

The case of a loop without the extra branch is obtained if we set wq = 0. 
The expression for the eigenvalue now takes the simpler form 

cos('^ W^L) + W2MW1 + W2) i> 

The conclusions remain qualitatively t^e same, except that now, for wi = 
IU 2 and Di + D 2 = D (mod 2D), cos( 9~qL) = 0 and D (a) and D (5) are 
undetermined. 
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5.2.2 Two Loops 

Let us now increase the connectivity in Fig. 5.1 by connecting also b and b^. 
There are now two nodes, and AlexanderU equation becomes 

{wo + wi + W 2 )XW (a) ® (woe‘^° + rcie‘°^ + (6) = 0 '(5.9a) 

®(woe®‘°“ + wie®‘°^ + W 2 e‘°^)D (a) + (wq + wi + W 2 )XW (6) = 0 ;(5.9b) 

00 is given by 

cos('^ WqL) = + wie‘°^ + W2e®‘°^4i(wo + wi+ 1 U 2 ) > 

The value of 0 q here is generically greater than in (5.8), as expected from 
the larger connectivity. From (5.9b) we see that, except for a positive factor, 

D (by°°<U (a) D (wo + + W2e‘(°«+°^i) > 

For simplicity, let us consider the case Di = D 2 = DDo 7 SO that 
D (6)e‘°°<D (a) D (wo + + W 2 e ^^°'° ) 

and, similarly, 

D (6)e‘° 1 <D (a) D (woe®2° + wi + W 2 e®^° ) ' 

D (6)e®‘°"<D (a) D (woe^^'^ + wie^°‘° + W 2 ) > 

If Wi W 2 , we see that (5.6) can be fulDlled only if D is an integer plus 
half. In this case, D will have a zero in the inner branch if wo < Wi + W 2 and 
will have zeros at both outer branches if wq > w\ + W 2 - In the symmetric 
case wi = W 2 , there is a zero in the middle branch for the entire region 
cos(2DD) < ®wo<(wi + W 2 ). 

We see that there is a qualitative diDerence between the symmetric case 
here (or, say, the case of the double yin-yang in Sect. 2.2.2), where there 
is a zero at a Dxed position for a Dnite region of D, and the nonsymmetric 
case, or the case of the single loop, where zeros are present for isolated values 
of D . In the Drst cases, the zero may be regarded as a consequence of a 
geometric symmetry; in the latter cases, it may be regarded as a consequence 
of the symmetry of Alexanderli equation under the transformation D (a) D 
D (a)' D (b) D (6), where the overline denotes complex conjugation. 

5.3 Perturbational Approach 

In this section we still deal with a wire (or shell) which is suD ciently narrow, 
so that D will depend only on the arc length and the induced Deld will be 
neglected. We Drst develop a formalism that will enable us to extend the 
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dGA method to samples with nonuniform width and beyond the onset of 
superconductivity. 

For a narrow wire, the boundary condition that the normal component of 
Re[D (iD ® A.)D] vanishes may be replaced by the physical condition that the 
current 

/ = ®w#4i(D° + J) (5.10) 

will be constant along the wire. In Gaussian units, the current is cJIqOI 
<[2(2DD)^]. Here a-nd the cross section w are functions of the arc length 
s and ^ denotes derivative with respect to it; A is the tangential component 
of A.. We can use (5.10) to eliminate D from the free energy. This gives 

Q 0 D n D .2 ° 

G= w ®0#4i+-#*+(#*)2 +-^ ds= (5.11) 

2 wJli # 

from which we obtain the Euler-Lagrange equation 

(u’4l (# 4g) 41 4i) ® /^<(w4l 4) = 0 > (5.12) 

In this equation the absolute value of D has been isolated from its phase, 
which enters the equation only through the constant I . This form was used 
in [6]. However, for the purpose of extension to the case of Dnite width, we 
reintroduce D. Introducing (5.10) into (5.12) gives 

(w44)° + w0(44g)44)®w44D° + i)2 = o> (5.13) 

In order to determine the two real functions 4 4and D , we require an ad- 
ditional equation. This is obtained by taking the derivative of (5.10), which 
gives 

w4 4D “ + A°) + (D ° + A) (2w4 4+ 4 = 0 > (5.14) 

It is interesting to note that in obtaining (5.13) and (5.14) we have not made 
any assumption as to the value of Im[D (iD ® A)D] at the boundary. This 
value controls the normal derivative of 44 but since D has no room to vary 
anyway, this condition has no inDuence in the one dimensional limit. 

It can be veriDed by direct evaluation that the system of equations (5.13) 
and (5.14) is equivalent to the complex equation 

(iD,® A)^D +(iw°<u;)(iD,® A)D =0(D ®44D) ' (5.15) 

which is obtained in [15] as the limiting case of a two dimensional problem. 

In the following we shall be interested in a loop which encloses Dux DDq. 
In this section we choose a gauge for which A is constant, deDne the perimeter 
as 2Di? and D = s<\R; we also redeDne ^ as derivative with respect to D, and 
6 as (i?<iD)^. With these adimensionalized deDnitions, (5.15) becomes 

Ho^ + (iw'^<w)(iDo ® D)D = 0(D ® 44D ) ' 

with Ho = (iDn ® D)^. 



(5.16) 




144 Jorge Berger 



5.3.1 Uniform Cross Section 

If we set D 0 in (5.16), we Dnd various solutions. One family is 

D 

D= 1® (mOD)2<0e®™° < (5.17) 

with m integer. A solution like this exists for 9 D (m ® D)^. Another family 
of solutions is 

® (2nD^<i0) cn^(DD' n) ' (5.18) 

with D = K{n)<\U (or a mnltiple of it), q = (2<3)[1 + (2n ® 1)D^<I0] and 

^ ° dn° 

^[6'2(g®2)2®4D4] ^ _^®DD> (5.19) 

Here K is the elliptic integral and cn a Jacobian elliptic function. The value 
of n has to be such that either D vanishes at some place or D(2D) = D (0) 
(mod 2D). This family coalesces with a member of (5.17) for n = 0 and the 
case of broken connectivity is obtained for (1 + n)D^ = 9. By continuously 
varying n and D , and changing the value of D (2D ) ® D (0) when connectivity 
is broken, it is possible to bridge continuously between solutions in (5.17) 
with diDerent winding numbers m. The coalescence of families (5.17) and 
(5.18) occurs at the lines 6(D ® m)^ ® 20 = 1. The region n < 0 does not 
give new solutions. For additional families of solutions and cases in which 
D = iA'(l ® n)<D, see [4]. Clearly, it is always possible to add constants to D 
and to D . 

Solutions in family (5.17) are local minima of G for 6(D ® rnf' ® 20 < 
1 and saddle points beyond this range [13]; a numerical search indicates 
that solutions in family (5.18), and in particular the solution that breaks 
connectivity, are never local minima. 

5.3.2 Weakly Nonuniform Cross Section 

We saw that for the case of uniform cross section connectivity is never bro- 
ken. However, we shall see that small deviations from uniformity generically 
stabilize broken connectivity. 

Using (5.17), (5.11) and (5.10), we Dnd that the free energy increases with 
JH ® rnifi so that for D = m + 1<2 there will be a degenerate ground state, 
since the states with winding numbers m and m + 1 share the lowest free 
energy. We want to analyze what happens near this situation and therefore 
write D = m + 1<2 + DD i , where D will be our parameter of smallness. For the 
shape of the cross section we write 

D D 

n 

zc(D) = zco D 1 + - Dje^‘°D ' 

jto 



(5.20) 




5 Zero Set of the Order Parameter 



145 



where wq is the average width and We will limit this study to the 

region close to the onset of superconductivity; more precisely, we require 41 4 
to be at most of order For D = m + 1<2 and uniform cross section, this 
onset occurs at 0 = 1<4 and we therefore write 6 = 1<4 + Dd i . 

We rewrite (5.16) in the form 

{rLo + v)W=ew (5.21) 

where Hq is now (iDg ® m ® l<i2)^ and 

y = (^2i[D (iDn D) + > 

2 2 w 

Equation (5.21) is not linear, since V involves 41 4 which will have to be 
determined self consistently. Since in the limit D D 0 (5.21) is linear and 
its general groundstate is any linear combination of e®™‘^ and 
write 

D = ^g®(m+l)iD) g.3^2g ^ , (5 22) 

where, without loss of physical generality, we may take D real and non nega- 
tive. Keeping only terms to 0(D), V becomes 

^ 1 D 1 D2 ° 

y = D (2Di + - iDjeJ‘°)(®iDo +m+ -) + — 4 + ge®‘°4 > (5.23) 

Substituting (5.22) and (5.23) into (5.21), collecting the coeD cients of e®™‘^ 
and and using D 1 0 we obtain 

□ i -b — (1 4- 244) = ' 

® Di ®6li -b ^(2 + 44) = y— > (5.24) 

4 A g 

From here we learn that only the Drst harmonic of the shape of w(D) is impor- 
tant and that Qig is real. The temperature for the onset of superconductivity 
is obtained by setting D D 0 and taking the lowest solution in (5.24). This 
gives 0 = 1<4® Dj +4i4<16. 

From (5.24), it is easy to express Di and D as functions of 44 

* D D 

Di _ 1®44 401 1 

4i4 J2 4 i4i + 44) 44 

1 801 1 

4i4“ 3 4 i4i + 44) ^44 ^ ^ ^ 

Figure 5.2 shows 44as a function of the Dux for diDerent values of the pa- 
rameter 0i<4i4 

We see from this Dgure that there are two diDerent regimes: for 0 1 < 4i42 
(high temperature regime), 44s a single valued function of the Dux, whereas 
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Fig. 5.2. g determines the shape of the order parameter in Eq. (5.22); (pi measures 
the deviation of the flux from (m + l/2)^o- Each curve is marked by its value 
of gi/\f3i\. The curve /ii/|/3i| = 1/2 has infinite slope at (pi = 0, indicating the 
presence of a critical point 



for 6*1 > there is a reentrance near D D m + 1<|2. The fact that the 

transition between both regimes occurs at = 41 1 ^2 can be veriDed by 
evaluating dD i<idt|^4and d^Di<d«|^4 and noting that both vanish at the same 
point 1. Therefore, there is a critical point at (D = m + 1<2‘ 6 = 

1<4 + [U|yi4(2) and we dub it P2. (The index D2D suggests that this is a 
second transition as the temperature is lowered; the Drst one is from normal 
to superconducting.) 

Let us Drst discuss the case 6*1 < 4i4(2. The factor (1044) ensures that 
4^1^ 1 for Di = 0. This means that e®™‘^ _l_ ^g®(m+i)iD (5.22) vanishes for 
D = D +arg^. We know already that Wig is real. For 4'^ 1 a-nd Di = 0, (5.24) 
gives Wig = ®46*i + 3D^, which is positive at the onset of superconductivity 
and, by continuity, has to remain positive along the line D 1 = 0 in the entire 
high temperature regime. It follows that the leading term of D vanishes at 
D = D ® argDi. If the shape of w(D) is dominated by the Drst harmonic, this 
means that the leading term of D vanishes at the thinnest part of the loop. 

We are still left with the question of whether the entire order parameter 
vanishes at some point or whether the small contribution [f^^^D 1 remains. In 
[6] it is shown that the entire D vanishes at Di =0. This can also be seen 
from continuity arguments: for ^^appreciably smaller than 1, the winding 
number of D is m, whereas for ^^appreciably greater than I, its winding 
number is m+ I. Since D changes continuously with 44 whereas its winding 
number does not, there must be some 44for which the winding number is 
undeDned. 

Note the qualitative diDerence between the cases of uniform and nonuni- 
form cross section: in the Drst case, D is either proportional to e®™‘^ or to 
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g®(m+i)iD^ and it is impossible to pass continuously from some m to the next; 
in the case of nonuniform cross section, D is a sum over all harmonics, with 
a higher weight at some m. As the Dux increases and crosses m + 1<|2, this 
weight is gradually transferred to m + 1 by increasing Jj^^from ^J|kD 1 to 

««] 1 . 

Let us now consider the case 0\ > In this case there is a region 

(which for 01 D is 441i4^ i<i(341i^® where (5.25) has 

three solutions. At each extreme of this region, two solutions of the Euler- 
Lagrange equations coalesce, implying that the second variation of the free 
energy vanishes. This suggests that at these points the solution found becomes 
unstable. It is natural to conclude that the portion of Fig. 5.2 with negative 
slope, which is the continuation of the Dbridging solutionD of Sect. 5.3.1, is 
the unstable one. It follows that for 0i > #i#i2 the order parameter will 
DjumpD from winding number m to m + 1 as the Dux is suitably increased, 
without going through a stable solution that breaks connectivity. 

One of the most easily measurable quantities is the current I. Using (5.25) 
we obtain that, to leading order in D, it is proportional to (^4^® 1)(1 +«|rj| + 

A usual experimental technique measures the a.c. 
susceptibility D, which is proportional to d/<idD. It follows that D is propor- 
tional to d4^4l(dD 1 and, therefore, diverges linearly at the stability limits and 
quadratically at the critical point P 2 . For experimental implications see [5]. 

Equations (5.24) are obtained by considering the mth and (m -I- l)th 
harmonics in (5.21). The other harmonics give the leading terms of D 1 in 
(5.22), except for the harmonics m and m + 1; in order to obtain these, 
perturbation to order O(D^) is required. 

The reason that only Di appears in (5.24) is that only e‘^ can link between 
g®(m-i-i)iD Qj.g^ Order perturbation; in second order, the linkage 
could be made by any term of the form Dj+iD,^je‘^. However, if the shape 
of w(D) has an n-fold axis, so that all the harmonics of w(D) are multiples 
of n, e®”“^ and cannot be linked in any order of perturbation. We 

may expect this to be related to a failure of assumption (3.10) when w(D) 
has n-fold symmetry and the Dux is half-integer. 

5.4 Rings with Finite Width 

In the previous sections we assumed that the DradialD dimension of the sample 
was very small compared to the coherence length D. In that case D depended 
only on the arc length and the problem became one-dimensional. In this 
section we release this assumption. One of the questions we want to answer 
is whether the zero which we found in previous sections when the Dux is an 
integer plus half still breaks connectivity. Explicitly, does D now vanish on 
an entire surface that connects the inner and outer boundary, or only at a 
line parallel to the magnetic Deld, as in the case of vortices? We also want 
to Dnd out whether the critical point P 2 of Sect. 5.3.2 and the singularities 
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associated with it still exist, or whether these are smeared by the Dnite width 
of the shell. 

In the zeroth order approximation we consider a cylindrical shell with 
inner radins Ri, outer radius Ro = Ri -\- w and heigth h. In the typical 
situation we shall consider a uniform applied Deld where z is the axis 
of the shell. 

For a thick shell the deDnition of the DenclosedD Dux requires some con- 
vention, sinee the Dux through the sample itself is not negligible. We shall 
adopt some conventions in the following subsections and in general deDne 
D (r) = Di7er^<iDo, the D nx throngh a circle of radius r, in quantum units. 

If the order parameter is small, the GL equation (5.2) becomes a linear 
separable equation, and was solved in Sect. 4.1.5. (See also [2].) The Neuman 
boundary conditions allow for lowest energy solutions that are independent 
of z, so that we are left with a two-dimensional problem which is independent 
of the height h of the sample. Writing the order parameter in the form 

D^™) =7l™(r)e®™° (5.26) 

and choosing the gauge such that A = A(r)l, where D is the angular cylin- 
drieal coordinate, the linearized GL eqnation becomes 

— + ^Ura = enra‘ (5.27) 

r r 

where we have switched back to the dimensional notation 6 = D®^. This has 
the solntion 

n^(r) = r^^^°(-)<^[kMMiU^H,i*rhQir)) + kuU{U^il,i*rhQ(r))] ' (5.28) 

where M and U are KnmmerD^ conDnent hypergeometric functions, D = |(l-l- 
♦?-4g) m ® ^do<b), 6 q (which depends on m and Hg) is the lowest eigenvalne 
for 9 and 6 = D Hg<iU g . The boundary conditions require that the derivative 
of TZmir) vanish; these conditions can be written as aMkivi + aukjj = 0 with 

um = 2(4n,JVf 1 ® D)M(D ® l'D(r)) 

-t-(2D +D(r) ® 2®*?4M(D<*7,*f l'D(r)) (5.29) 

ajj = ig)2C/(D ® l'4r7,JVf 1' D (r)) + (2D + D(r) ® 2 ® 4^.4G(D 1' D (r)) 

at r = Ri and r = Ro- The eonstants kM^kjj and the eigenvalue 9q are 
determined by three equations: aukM + auku = 0 at r = Ri or r = Rg, 
the determinant aM{Ri)au(Ro) ® aM(Ro)au{Ri) has to vanish, and some 
normalization (with suitable units) can be chosen. The winding number m 
has to be chosen so that the lowest value of 0 o is obtained. It should be born 
in mind that these valnes are obtained from a system of nonlinear eqnations 
that has several solutions; we have made an eDort to always pick the relevant 
solution, but the possibility of convergence to some other solntion cannot be 
discarded. 
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A well known feature of the solution (5.28) is that there exist magnetic 
Delds for which the linearized GL equation is degenerate. In the limit of 
a thin shell this occurs when the enclosed Dux equals (m + l<2)Do; for 
each of these Duxes, the eigenvalues 6q obtained for m and for m + 1 are 
the same and the lowest possible. If the shell is not thin, there still ex- 
ist Duxes where the values of 9 q for Dg™^ = 72.m(r) exp(®miD) and for 
g (m+i) _ exp(®[m-|-I]iD) coalesce, and we denote them by D As 

the magnetic Deld is swept across these Duxes, the equilibrium order param- 
eter, and measurable quantities such as the current around the shell, change 
discontinuously. 

5.4.1 Order of the NormalD Superconducting Transition 

The opening of Sect. 5.4 describes the minimizer of the linearized GL poten- 
tial, with the implicit assumption that the magnetic Deld is the same as the 
applied Deld. Linearization of this potential is a good approximation only if 
the order parameter is small. A natural question is whether there exists a 
situation where ««s small. This situation will occur at a bifurcation from 
the normal state, i.e. at a second order phase transition. In the following, we 
shall check the stability of the solution described above, namely, whether it 
is a local minimum of the entire GL potential. 

The GL potential is a functional of two Delds, D and A, but we can Drst 
minimize w.r.t. A and obtain 

D D D D 1* = J ' (5.30a) 

J = ^ReP (iD ® 1)D] < (5.30b) 

where we have separated A. into an external part Ag, due to the applied 
Deld, and an induced part A^, due to the supercurrents, which vanishes far 
from the sample; (5.30a) is AmpbreD; law and J is the supercurrent density. 
(In Gaussian units, the current density is cD qJ<i[ 2(2D )^].) From here we learn 
that, for small i is quadratic in D , decreases with D^ and, if the current 
has to circulate through some cross section, we expect A^ to be an increasing 
function of it. 

The form (5.1) of the GL potential guarantees that the order parameter 
of the minimizer is bounded. Moreover, it has been shown [14] that 41 4is 
always bounded by 1. Having in mind a small 44we denote by J 2 the value 
of J which is obtained by replacing A with Ag in (5.30b), and then expand 
Ai = Ai2 + A-|_, where D D D D A^2 = J 2 and A+ fulDlls 

D D D D A+ = ®(0<D2)44(A+ + A,2)> (5.31) 

For the cylindric shells considered above, it is easy to evaluate A^2 in 
the limits hU and hU DD. In the Drst case we have a two dimensional 
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problem and, using cylindrical symmetry and writing A-^2 = ^*2(r)i, we 
are left with an ordinary diDerential equation for Mi 2 , which can be solved 
numerically. The boundary conditions are D D A.^2 = 0 at i?o, which gives 
A^ 2 (^o) = 0 ^i 2 (-Ro)<-Ro, and continuity of A.i2 at r = 0 together with 
continuity of D D Ki 2 at Ri, which require A^ 2 iRi) — In the three 

dimensional problem, i*2(r) can be evaluated by integrating the Greenli 
function J2(r^)<(4D ® For h D DD, r and are required only on the 
same plane; in this case we can perform the integration over analytically 
and are left with a numeric integration over r^. The integrand has a singularity 
at = r, which has to be treated separately. 

Let us now regard and J as known functions of D . Noting that 41 D 
= D D (D D Ai))+Ai:;^D D D D A^), using (5.30a) and (5.30b) and 
the fact that decays suD ciently fast far from the sample, the GL potential 
can be written in the form 



with 



G = G2 + G4 + G . 



G2 

G4 



D D 



®6i4l4i + 



p □ 

; iD ® Ae 




e 

D2 ^ n 

A-|_ GI 2 ' 



D 

□"A, 2 
e - 0 



(5.32) 



(5.33) 



where the integrals are over the sample. Following (5.30a) and (5.30b), 9 and 
D have been factored out in the expression for G4. G„ depends on the shape 
of D and is proportional to the nth power of the Dsize of D D. 

In the linearized GL formalism, G is replaced by G2. Glearly, for small 
9 and Ag t 0, G2 D 0 and the minimizer is the normal state D = 0. As 0 
increases, there are two possibilities; if G4 > 0, then, for 9 such that G2 < 0, 
G2 will dominate for small sizes of D , forcing a bifurcation from D = 0, but for 
large sizes, G4 will dominate, keeping D at a limited size; this size increases 
continuously with 9 from D = 0, so that the transition is of second order. On 
the other hand, if G4 < 0 for some shape of D , it may pay to pass over to 
this D even before G2 becomes negative. However, the positive G2 will act 
as a potential barrier and prevent D from leaving the normal state, unless 
it is suD ciently large. Therefore, there will be a discontinuous (Drst order) 
transition, and the size of D will be limited by G4. . 

It follows that the order of the transitioi^depends on the sign of G4. For a 
wide range of parameters, we always found Ai2 ;^2 > 0. (Ai tends to be in 
the same direction as the current that generates it.) Therefore, the transition 
from normal to superconducting state will be of Drst order if D is suD ciently 
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Fig. 5.3. Lower bounds for Kc as functions of the width of the shell. Below these 
lines, the normal/superconducting transition is of hrst order. Each line is marked 
with two numbers: the first is the winding number and the second, the “adjusted 
flux” 0 ad- (a)— (c): long shells; (d): flat rings 



small and of second order if D is suD ciently large. We shall denote by the 
limiting value between both regimes. The expression for G4 suggests that Dc 
will be larger under conditions that yield larger currents: larger cross section, 
more connectivity, magnetic Duxes which are not integer. 

Figures 5.3(a)D(c) show lower bounds for Dc as functions of the ratio 
{Ro ® Ri)<Ro between the width of the shell and its outer radius, for the 
case h D R^. These were evaluated by using the shape of D that minimizes 
G 2 , i.e. (5.28), to check the sign of G 4 . G 4 must be positive for a second 
order transition, since otherwise the order parameter predicted by assuming 
a second order transition would not be stable. Dc has been calculated for 
diDerent values of the winding number and the Dux. In order to have a Dfair 
comparisonD of the DenclosedD Duxes among shells that diDer in width, we 
deDne the Dadjusted DuxD Dad as follows: in the absence of magnetic Deld, 
Dad = 0; at D^™^ {m D 0), Dad = m + 1<2; between these values. Dad is a 
linear function of the Dux. In the limit of a thin shell {Ri D Ro). Dad is just 
the Dux in units of D q. 

For thin shells, the current density is proportional to Dad®m, the induced 
potential to (Dad®w)w, and D^, to (Dad®m)^w. For an almost full cylinder, a 
situation with to < Dad has higher Dc than a similar situation with to > Dad; 
this may reDect the fact that a larger winding number shrinks the width 
of the region where currents circulate and also favors competition between 
paramagnetic and diamagnetic currents. Dc does not increase monotonically 
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Fig. 5.4. Superconducting energy of a cylinder as a function of the size of the order 
parameter, for hxed flux and various values of the temperature and the winding 
number. Here 4>{Ro) = 2.1 and = 0.1; the lines are marked by the value of fiRo- 
Thick lines: m = 0; thin lines: m — 1. 



with the width, but has a peak; for a given Dad) this peak is located roughly 
at the width for which D ^o) is maximum. The height of this peak remains 
nearly constant at about 1<2, the known limit between superconductivities 
of types I and II; we have no intuitive explanation for this result. For large 
Duxes, Dc becomes independent of the width shortly beyond the peak. The 
reason for this is that superconductivity is appreciable only close to the outer 
boundary, so that the inner part of the shell becomes irrelevant. 

Figure 5.3(d) shows Dc for the case hU DD. The results :^e qualitatively 
the same as for the long shells, but D^ has to be scaled by h R. 

We already know when the normal-superconducting transition must be 
discontinuous. It would be interesting to have at least an estimate for the 
value of D for which it could be discontinuous. It is tempting to argue that 
such an estimate could be obtained by evaluating G 4 for the shape of D that 
minimizes G4 itself, rather than G2. However, this criterion gives very poor 
estimates, especially for high Duxes and large ratio (Ro ® Ri)<Ro- 

Figure 5.4 shows the GL potential G as a function of the size of the 
order parameter, for several values of the temperature, for a long full sample 
{h D Ri = (^. In the Dgure, the DsizeD has been deDned as the average of 
41 ^) 4 4cdr< rdr, and the shape of D has been taken so as to minimize 

G for the chosen size. Unlike the case of Figs. 5.3, the shape of D minimizes 
the entire potential, and not only G2. In the calculations we have made two 
assumptions: Drst, we assume that D has the symmetry of the problem, i.e. 
is a radial function times e®™‘^ and, second, we have kept in G only the 
contributions up to 0(44), i.e. we dropped A.+ at the r.h.s. of (5.31). For 
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the values of the Dux considered [D(i?o) = 2>1], the best candidates for a 
minimum of G are m = 0 and m = 1. 

For high temperature {OR^ = li>7), both curves have their minima at 
D D 0, so that the sample has to be in the normal state. As the temperature 
is lowered to 9 = li> 8 , G could be lowered if the sample had an order 

parameter with winding number 0 and size of about 0.15. In order to pass 
from the normal to this new state. D would have to DjumpD, so that the 
normal state is still a local minimum. When the temperature is lowered to 
6Rl = lc9, the normal state becomes unstable, not with respect to to = 0 , but 
rather with respect to to = 1. In summary, the shape of the order parameter 
obtained when the sample is cooled from 6 R^ = 1>7 to 9 R^ = lc9 depends 
on how it is cooled: if it is cooled carefully, so that the jump is avoided, we 
must obtain to = I; if it is left for a long time at 9 R"^ = li >8 and forced to 
jump, we must obtain to = 0 . 

Figure 5.4 is good as an illustration, but the assumptions that led to it 
are not necessarily justiDed. The sizes of D are small in the range considered, 
but 0 <D^ is large, so that G 2 (n+i} is smaller than G 2 n just by a moderate 
factor. Actually, if G 4 < 0 and Gq were negligible, then G would not have a 
Dnite minimum. As for the second assumption, since the GL equations are 
nonlinear, the minimizer may not have the entire symmetry of the problem. 
It is known [3] that, for appropriate parameters in cylindric samples, D would 
vanish along a single line that does not coalesce with the cylinder axis. 

If h is of the same order of magnitude as Ro, one might expect to have an 
intermediate situation between the two extremes considered here. However, 
a complication appears: at the corners (r = Ro‘ z = o h<2) a very large 
demagnetizing Deld develops that forces these corners to remain normal [ 8 ]. 

In the following subsections we shall consider transitions of second or- 
der, so that we may deal with situations where expansions on powers of D 
can provide a good description. In view of Fig. 5.3(^), these are frequently 
encountered situations, since in many experiments h V is small. 

5.4.2 Nonuniform Cross Section D Nondegenerate Perturbation 

Our purpose now is to extend the treatment of Sect. 5.3.2 to rings of Dnite 
width. The main objective of this subsection will be to evaluate the temper- 
ature for the onset of superconductivity. This temperature is a monotonic 
function of the eigenvalue 9 of the linearized GL equation. We write 

9 = 0o + ®1 +D^^2 + w>i>' 

D = D 0 + DD 1 -T >w>' (5.34) 

where Dq is given by (5.26) and (5.28) [we omit here the index (to)] and 9q is 
determined as described after (5.29). We now want to determine 9\ and 02 - 
Introducing (5.34) into the linearized GL equation gives to Drst order in D 

(7fo®^o)Di (5.35) 
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where the operator Tio is now 

D I 

TLo = iD ® br§ 



(5.36) 



and b was deDned after (5.28). 

Let us now deDne a metric by integrating in the unperturbed region: 

h<i2 2D 

(Di'D 2 )= dz dD rdrD]^D 2 > (5.37) 

®/i<2 0 



In the subspace of functions that have Neuman boundary conditions TYq is 
Hermitic, but in general, it has the property 

° D _ _ D 

(D i' 7 Y 0 D 2 ) ® (TfoQ 1 * 02 )= D 2 DDi®DiDD 2 !iPo ‘ ( 5 . 38 ) 



where gg denotes integration over the surface of the unperturbed sample 
and Do is the unit vector normal to this surface. For example, if the only 
perturbation in the shape of the sample is in its outer boundary and, in 
addition, this perturbation is independent of 2 ;, (5.38) becomes 



2D ^ 



(D 1' 7Y0D2) ® (TfoD i‘ D2) — hRo D 2 ® D -j=j — dD > ( 5 . 39 ) 

n U 7 ’ U r* 



D 



In the following, we shall consider only this situation: the inner boundary of 
the shell will be located at r = and the outer one at r = Ri + w(D), where 
rc(D) is given by (5.20). 

Projecting Eq. (5.35) onto Dq and using (5.39) we obtain 



0i = 



hR„ 



2D 



(Do=D 



ol 0 






D D i<iD r is obtained by requiring that the normal component of (iD ® A) (D 0 + 
DD 1 ) vanish to order D at the boundary r = Ri + w(D). Expanding around 
r = Ro gives 



DDi 

Dr 



w 

'‘2 



Dj-e 









“1= ■ “ 

dr^ 



Rm{r) 



(5.40) 



evaluated at r = R^. We see that DDi<Dr does not contain the (®m)-th 
harmonic and therefore 9i = 0. It follows that the diDerential equation (5.35) 
for D 1 is the same as the equation w^had for Dq, but the boundary condition 
has been modiDed. We write Di = The solution of (5.35) 

for every harmonic is of the form (5.28), but at r = Ro the Neuman condition 
has to be replaced by (5.40). We Dnd 



yiir) 



1 wdrorl^lCUfYfRfyi (Ro) 

2 aM(l', Ro)au(l\ Ri) ® aM(l\ Ri)au(l; Ro) 



r 

Ro 









D 



[aud; Ri)M(W < P 6r2) ® aM(l; R^)U{U « 4U|M- P br^)Y (5.41) 
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where aM<u{l] f) are the functions deDned in (5.29), with I substituted into m, 
and = Ro[6o® {bRo ® l<Ro){bRo ® m<\Ro)]. The second derivative which 
appears in (5.40) was eliminated using the diDerential equation for TZm- 
6*2 is obtained by the same arguments that lead to Oi. We obtain 



'2 = 






2B„ 



iB^m 



D Dn 

wTZ„i(Ro) ^ m . ^ ^ 

Oq'^ (bRo'^ —){3bRo+ —) 

4 Ro Ro 



(5.42) 



with □ 

= rTZl^dr > 

Ri 

Note that TZm depends on the applied Deld and so does Bm- 



(5.43) 



5.4.3 Degenerate Perturbation 

At the degeneracy Dux D the determinant aM{Ri)au{Ro)®aM{Ro)au{Ri) 
vanishes simultaneously for the winding numbers m and m + 1. Thus, d^m+i 
in (5.41) diverges. To handle this problem we have to use degenerate pertur- 
bation theory. 

An additional diDerence between this and the previous subsection is that 
now we will be interested in knowing the order parameter for some region 
beyond the onset of superconductivity; therefore, the nonlinear term in (5.2) 
is not entirely neglected. We shall nevertheless neglect the induced magnetic 
potential. We expect this to be justiDed when 6*/iwD®^ D 1, so that the 
current is small. Still, we shall consider the region where JH ® 6*^^#s at most 
of order D, where 6 is the value of 6* o for D = D . 

Let us set the convention that DtheD Dux D is that through the outer 
boundary and let us write D = Dfi™^ + DDiDq. Then the magnetic potential 
will be A = {bm + DDi<ii?Q)rl, with bm = D ^™^<i(i?oD o). We denote by Hp 
the operator Rq in (5.36) with b substituted by bm- For the order parameter 
we write n 

D = nD(D + gU + DD 1 -k ow>) (5.44) 

where D and g still have to be determined by the perturbation procedure. 
Introducing these expressions into (5.2) we obtain, to lowest order in D, 

{Hp® 0^^)D 1 = /m(r)e®”“° -I- -I- D D (other harmonics) 

(5.45) 
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with 

fm = [2{U i<\Rl){m bmr'^) 

+ {e ® + 2527 ^^^^)] 7 ^„ « 

gm = [2{Ui<\Rl){m + 1 ® 

+ {0 ® + 5"^™+i)]^™+i > 

(5.46) 

We project this expression onto Dg™^ and use (5.39), and then repeat this 
procedure for Dg™~'’^\ This leads to a system of equations for g and D: 

4lmD 1 + B^(0 ®0p^)<lD =(Qm + 9^ Sra)^ ® Cm^ l5 ' 

® = {g^Qt+i + 3^)0 ® 0^0 i<g ' (5.47) 

where Bm was deDned in (5.43) and 

Am = 2i?®^ {mr ® bmr^)B^dr ' (5.48a) 

Ri 

w 

Cm = -T7Cm+l‘mBm{Ro)'Bm+l{Ro) ‘ (5.48b) 

Qm = e^p'^ rUtdr^ (5.48c) 

S„. = 29""> rnljilm f (5.48d) 

Ri 

The primes in the second equation in (5.47) mean that bm and 0^^ are 
kept unchanged when the index m is substituted by m+ 1. Likewise, Cm+i<m 
[deDned after (5.41)] is evaluated at 6 = bm- Note that the coeD dents Am, 
Am, Bm, Bm, Qm, Qm and Sm do not depend on the deviation of the shape 
of the sample from perfect axial symmetry. Eq. (5.48b) was obtained for a 
deviation at the outer boundary which depends only on D; in the general case, 
Cm^i has to be replaced by 

1 D D D 

i ®i)D'™+')^iD ®1)D(™^ (5.49) 

h DD 

where DD denotes how far out one has to move from the unpertubed sample 
(in the direction normal to it) until the corresponding point in the boundary 
of the perturbed sample is reached. 

The values of these coeD dents depend on the normalizations of Dg™^ 
and Dg™'*’^^; accordingly, this aDects the values of D and g so that the or- 
der parameter itself and the transition temperature are independent of the 
normalizations. As a Dual observation, we note that ^Di has to be real. The 
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phase of D 1 depends on the origin of the axial angle D and we choose it such 
that Di < 0. If w(D) is symmetric about D = 0 and D = D and monotonic for 
0 D D D D, this choice means that the shell is thinnest at D = 0. It follows 
that g will be real. 

In the remainder of this subsection, we push the perturbation procedure 
further for the onset of superconductivity, where D = 0. The line for the onset 
of superconductivity in the temperature - magnetic Dux plane will be denoted 
by Dj. We write 9 = + D6*i + 0^02 + w>i> (Unlike 9q, 0^^ does not vary 

with the Dux.) The Drst order correction is obtained by solving (5.47). 
There are two solutions and we choose the lowest: 



D 



1 



D 



ylj, 






D 



D 



m+1 
dD 

-°m+l 



(2U„Di)2 



-0- 



An 

Bn 









D 



m+1 
dD 

-°m+l 



D2D 



(5.50) 

From here and (5.47) it follows that Cm^ig<iBm = ^9i ® (Am<Bm)Ui is 
always positive and, since Bm > 0 and Di < 0, 



Cmg < 0 (5.51) 

along the transition line D i and close to D . By continuity, and since we ex- 
pect g to depend mainly on the Dux and only marginally on the temperature, 
this inequality is expected to hold in the entire region of order D investigated 
here. 

For every I diDerent from either m or m+l, yi obeys the same diDerential 
equation as for the unperturbed case. However, now the leading term in (5.44) 
contains two contributions. Both contributions will be present in DDi<Dr, 
which appears in the boundary conditions for yi, and therefore Eq. (5.41) 
is modiDed and contains a second term. The case of I equal to either m or 
m+1 requires special treatment. We describe here the case I = m: I = m+1 
is entirely analogous. 

ym satisDes the inhomogeneous equation 

1 ^ D Da^ 

yl + -yl^+ ym = ®fm^ (5.52) 

r r 



where {6 ® 0^^)<iD is replaced by 6*i and D by 0. This is subject to the 
conditions that y^ vanishes at r = Ri and leads to the appropriate value 
of DDicDr at r = Ro- Since 6i has been picked as an eigenvalue, if one of 
these conditions is fulDlled, the second follows automatically. One solution of 
(5.52) with the appropriate boundary conditions, which we denote by ym{r), 
can be obtained by solving (5.52) numerically, with ym{Q) = 2/m(0) = 0- This 
is not the only solution: any function 3^m(?’) = ym{r) + KmTlm{r) will be a 
solution, too. 

We proceed now to second order perturbation (at the onset of super- 
conductivity). We obtain {Tip ® 0^^)D2 = (6*2 ® D2r2<i?^)Dg + ^iDi, with 
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Fig. 5.5. Phase diagram in the temperature - magnetic flux plane {jj. oc Tc — T). 
The sample is normal below the line Fi and superconducting above it. At the left 
branch of , the state with winding number m + 1 becomes unstable and must 
decay into m; at its right branch, m decays into m + 1. The points are the 
maxima of Fi and Pj™^ are the minima of Fu- For the evaluation of this phase 
diagram we have used w/Ro ~ 0.426 (as in Refs. [17,18]), e\j3i\ = 0.15 and /3i = 0 
for i > 1. Fi was evaluated to O(e^) and Fu, to 0(e). For this ratio w/Ro, Ci is 
small, so that Fi and Fjj^^ almost touch 

Do == Projecting onto and using (5.39) and 

keeping terms up to 0(lf) leads to two equations for O 2 , Km and Km+i- The 
third equation is provided by some normalization criterion, which is usually 
taken as (D 1 ' Do) = 0- From here, 02 and the missing information for D 1 are 
obtained. 

The onset for superconductivity occurs at the lowest line in Fig. 5.5 (Di). 
This line was obtained by seven diDerent algorithms: near D = D^i™^ (m = 
0‘ 1' 2) we used degenerate perturbation; far from D = D[i™^ we used (5.42). 

5.4.4 Critical Points 

In Section 5.3.2 we found that thin loops have two critical points in the 
temperature - magnetic Dux diagram, which we denote by Pi and P 2 . Here 
we extend this result to shells which are not necessarily thin. 

is deDned as the point on the critical line Di such that the sample 
always remains supeconducting as the Deld is swept close to D = D^i™^ for 
temperatures below that of P^™\ whereas it passes through the normal state 
if the temperature is higher than that of P^™\ (See Fig. 5.5.) P^™^ is deDned 
as the point on a critical line D such that, for temperatures below that of 
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P 2 ™^ , there is a Drst order transition when the Deld is swept close to D = D , 
whereas the order parameter changes smoothly if the temperature is higher 
than that of The analysis of this subsection will be kept to Drst order 

in D. 

P^™^ is obtained by maximizing (5.50). This gives 



1 ^ ® ^m+lBm 



(5.53) 



If w<Ro is suD ciently small, A„i < 0 and > 0. However, as w<\Rq 

increases, eventually becomes negative and the temperature for the 

onset of superconductivity becomes a monotonic function of the Dux close 
to D = D The middle column of Table 5.1 shows the values of w<iRo 
for which vanishes. Generically, Dj has cusplike maxima for low Duxes 

and rises nionotonically for high Duxes; for a full (or nearly full) disk, Di is 
nionotonic in the entire range, and for a very thin shell, Di has maxima up 
to very high Duxes. 



Table 5.1. Values of the width/radius ratio, w/Ro, for which or Cm vanishes. 

If w/Ro is smaller than the value for which A'm+i ~ 0, then the transition value of 
/i has a local maximum near <P — ii w/Ro is smaller than the value for which 

Cm ~ 0, then vortices pass through the thin part of the sample. 



m 


A'm+l — 0 


Cm^O 


0 


0.8673 


1.0000 


1 


0.6137 


0.4436 


2 


0.5138 


0.2940 


3 


0.4537 


0.2197 


4 


0.4119 


0.1753 


5 


0.3806 


0.1458 


6 


0.3558 


0.1248 


7 


0.3356 


0.1091 


8 


0.3187 


0.0969 


9 


0.3042 


0.0872 


10 


0.2916 


0.0792 
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Fig. 5.6. \g\ as a function of the flux, for several values of the coherence length. 
{Qm and provide a normalization constant.) For each curve, (/r — /r^^)/e 

equals the value of /ri given in (5.54), times the number shown next to the curve. 
The behavior is the same as in the case of an infinitesimally thin shell. For the 
evaluation of these curves we have used w/Ro = 0.426 and m = 2. (For these 
values, g > 0.) 



For given values of {9 ® 0^^) and Di, D and g can be obtained from 
equations (5.47). Figure 5.6 shows a function of the Dux for diDerent 

values of the parameter (6 ® 0^^). Qualitatively, we recover the behavior of 
Fig. 5.2. We see that, for (9 ® 0^^) suD ciently large, there is an unstable 
branch; when it is reached as the Dux is swept, g jumps to the other stable 
branch. The stability limit is characterized by dDi<id 5 = 0, and its locus in 
the temperature - Dux diagram is the curve Djj™^ in Fig. 5.5. The lowest point 
in this curve, is obtained by requiring in addition d^Di<djf^ = 0. At 

this point we Dnd ^ 



9i = 






D 

h{Bm 






-4- 



m+1 



® ^m+l Qm) 



)( QmQ°m+l 



® Sm) 



(5.54) 



0^ 



D D 

' ^m+1 g m )<(A 

m 



0^ 



D 



,(m) 



® ^m+1 Qm)- Fig 



and Po h as functions of the width 



and Dj — '^m+l 

ure 5.7 shows the temperatures of Pj^ 
of the shell, for small values of m. 

Most experiments are performed at constant temperature, while the mag- 
netic Deld is varied, i.e., along a horizontal line in Fig. 5.5. The experimental 
response will be a continuous function of the Dux if the temperature is be- 
tween those of pi™i and but will exhibit hysteresis if the temperature 

is below that of P 



(m) 
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□ □□□ □□□ □□□ □□□ □ 



wjRo 



Fig. 5.7. Comparison among the values of /r = at the critical points, as func- 
tions of the width w of the sample. The dashed lines describe \ the values of 
/i for Pi and P 2 are below and above each of them. The winding numbers m are 
shown at the right. The distances between the values of /r at Pi"^^ and are 
proportional to e|/3i|, which is taken here as 0.15. They are also proportional to Cm, 
and therefore the three lines touch each other when Cm = 0; this happens at the 
value of w/Ro given in Table 5.1, and again at w = Ro- When ^m+i — 0) fhe line 
for P^*"^ collapses into that of For w <C Ro, Pi , 2 and /ip become independent 
of m 



Figure 5.5 suggests that discontinuous transitions will ussually be en- 
conntered for low Dnxes, whereas close to Dj continnons behavior prevails. 
However, anomalous behavior is also possible: the temperature of usu- 
ally decreases with m, because increases with m; on the other hand, 61 
in (5.54) is not a monotonic function of m, and usually has a minimum near 
the value of m where Cm changes sign. It follows that, for suD ciently large 
values of the temperature for some may be higher than that of 

p(m(gil) 

^2 

One of the experimental tools in the study of mesoscopic samples is a.c. 
magnetic susceptibility (see e.g. [9,18]). In this technique the response is 
proportional to the derivative of the average magnetization with respect to 
the applied Dux. The average magnetization is a complicated expression, but 
among other things, it depends on g. Therefore, the susceptibility diverges 
as is approached, and diverges quadratically at P^™^. This divergence, 
together with some calculated curves, was obtained in [5] for thin rings. How- 
ever, it is surprising that the divergence is not smeared in a thick shell, where 
the DenclosedD Dux appears to be poorly deDned. 
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Fig. 5.8. Radial dependence of the leading terms in (5.44), including their relative 
weights, at a flux slightly lower than the degeneracy flux (Here, \g[R.rn+i(r) 

is the lower curve.) In this evaluation we used m — 2, {Ro — Ri)/Ro ~ 0.426 and 
ef3i = —0.15. The “y-axis” starts from the lower edge of the frame 



5.4.5 Vortices 

Figure 5.8 shows TZm{r) and for a situation in which 

D D 0c997D^™^ If Ri<Ro is not very small and the Dux is not very 
large, these shapes are typical. typically changes from increasing to 

decreasing as D is changed from D[i™\) As we see from Fig. 5.6, 

for temperatures higher than that of ^JlWncreases with the Dux. This 

means that, as the Dux is increased close to D a situation will be reached 
such that TZm(Ro) = 4l^ryi+i{Ro)', for this Dux, the leading term in (5.44) 
vanishes at a point on the outer boundary, at the angle for which 
and have opposite phases. As the Dux is increased further, the 

point where and D vanishes will occur in the interval 

Ri < r < Ro- Finally this point reaches the inner boundary and, for still 
larger Duxes, 4l^will be positive everywhere [until a Dux is reached such 
that (i?o) = 4'^ m+ 2 {Ro)\- The point (or actually the line parallel to 

the magnetic Deld) where D = 0 is called a vortex. 

Figure 5.9 shows the contour plots of 41 ^nd the corresponding current 
densities for D = D and for D = D^^^In both cases, the darkest region 
contains a vortex. It is remarkable that for D = D the vortex is at the 
thinnest part of the ring and, for D = D[i^\ at its thickest part. The reason 
is that Co > 0, so that it follows from (5.51) that g < 0 and the lowest order 
terms in (5.44) cancel for D = 0; on the other hand, C2 < 0, so that g > 0 and 
D +5D = e®^‘^ {'R 2 {r) +gTZ^{r)e'-^) can vanish for D = D . This is a general 
feature; for low Duxes, Cm > 0 and the vortex is located at the thin side, 
whereas the opposite situation occurs for large m. The values of m for which 
Cm becomes negative decrease with the relative width of the ring. The last 
column in Table 5.1 shows the values of w<iRo at which Cm changes sign. Cm 
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Fig. 5.9. The shape of this sample corresponds to {Ro — Ri)/Ro = 0.426, tfii = 
—0.15; the other harmonics are taken as 0. In the upper half of the sample we show 
a contour plot of in the lower half, the current density field. Left: <1> = ^1°^; 
right: $ — 



does not decrease monotonically with w<iRo\ for a full cylinder [w<Ro = 1), 
Cm = 0 for every m. Cq is always positive (except for w<Ro = 1). The eDect 
of the higher order terms in (5.44) is a shift in the position of the vortex by 
a distance of order D. 

We have not found an intuitive argument that explains why the vortex 
appears at the opposite side of the ring when m crosses the limiting value 
in Table 5.1, although we have found contradictory handwaving arguments 
in the literature, unrelated to m. One of them claims that superconductivity 
should be broken at the thin side, which plays the role of a DdefectD. The 
other argument says that, the thinner a layer, the more it favors surface super- 
conductivity and, therefore, the thin side is the one where superconductivity 
survives. 

According to Dconimon wisdomD, vortices have a core of size of the order 
of D = and cannot exist in a region which is narrower than this size. 

This argument can be used to qualitatively explain the upper critical Deld 
in type II superconductivity: the density of vortices is H<Uq; this density 
cannot be much larger than 0, and therefore there is an upper critical Deld 
of the order of 0 Dq. For a thin Dim parallel to the Deld, its width must be 
at least [16] in order to be able to accomodate vortices. For a disk, 

it is similarly found that its radius has to be at least in order to 

contain a vortex. Moreover, old experiments have shown that vortices cannot 
pass through superconducting bridges which are too narrow. 

Contrary to the previous paragraph, our formalism predicts that con- 
nectivity can force a vortex to be present in the ring, regardless of its width. 
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Even if the order parameter does not have axial symmetr 3 g its winding 
number can still be deDned as the integral of its phase, i.e. (i<2D ) (D D ^droD ). 
However, if there is a vortex in the sample, the value of this integral will 
depend on the path, being larger by one when the vortex is enclosed than 
when it is not. At Drst sight, it might seem impossible to pass continuously 
from an order parameter with winding number m to another with winding 
number m + 1, but, from the previous argument, this is what happens as a 
vortex moves from the outer to the inner boundary: the set of paths with 
winding number m+ I grows at the expense of the set with winding number 
TO, until it Dlls the entire sample. 

Figure 5.10 is a schematic drawing of the streamlines in the sample, close 
to a degeneracy Dux D . The Dgure at the right corresponds to a Dux slightly 
higher than that at the left. There are three distinct classes of streamlines. 
The circuit at the left in each Dgure represents the screening (Meissner) cur- 
rents; the Deld they induce tends to expel the applied Deld. The circuit at the 
right represents the currents around the vortex; they circulate in the para- 
magnetic sense. The circuit that encloses the hole of the sample represents 
the current that circulates around the ring. If the vortex is located near the 
outer (respectively inner) boundary, then the current that circulates around 
the ring has diamagnetic (respectively paramagnetic) sense. If the Dux is not 
suD ciently close to D , then the vortex and the currents around it are not 
present. If the Dux is quite apart from degeneracy, then both extremes of 
the screening circuit merge, giving rise to currents that circulate around the 
ring, in the diamagnetic (respectively paramagnetic) sense close to the outer 
(respectively inner) boundary. These paramagnetic and diamagnetic regions 
are separated by a line where the current vanishes; this line moves inwards 
as the Dux increases, until it reaches the inner boundary and a new screening 
circuit is formed. 

Let us Dnally consider the case of temperatures lower than that of 
From Fig. 5.6 we see that, as the Dux is increased, an unstable branch will 
be reached and 4^4*will increase discontinuously. This means that the vortex 
will jump inwards. If the discontinuity in g is too large (as is the case for 
temperatures much lower than that of P^™^) the winding number will jump 
from TO to TO -b 1, without the presence of any vortex in the sample. 



5.4.6 Inhomogeneous Fields 



If the applied Deld is not uniform, but does have cylindric symmetry, we can 
still use the formalism exposed at the opening of Sect. 5.4, and (5.27) is still 
valid. In the present case 



A{r) 



i7e(rV°dr°> 



7 ' 



0 



(5.55) 
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Fig. 5.10. Near a degeneracy flux, and provided that the temperature is not much 
lower than that of P 2 , there are three types of streamlines. At the left side in each 
figure, we show the screening (clockwise) current. At the right side we show the 
vortex currents: they surround a point where the order parameter vanishes and the 
integral of the gradient of the phase is nonzero along these streamlines. For the 
circulating current (encloses the hole of the sample) there are two possibilities: (a) 
the vortex is close to the outer boundary, then the circulating current does not 
enclose the vortex and circulates in the same sense as the screening current; (b) 
opposite case 



In general, (5.27) is an ordinary eigenvalue diDerential equation and can be 
solved numerically. However, we consider below a few cases in which analytic 
treatment may be useful. 

Zero Field through the Sample In this case, the magnetic potential in 
the sample is due only to the Dux DDq enclosed within the hole r < Ri and 
^(r) = D<r for D r D Rq. This leads to 

T^m(r) = Fr) + Wr) ' (5.56) 

where J|>(>) (respectively, !)>([>)) is the Bessel function of the Drst (respectively, 
second) kind and the eigenvalue 9 and the ratio kj-iky are such that the 
Neuman condition is fulDlled. Since m enters (5.56) only through 41 ® mJItit 
follows that TZm and TZm+i have the same eigenvalue for D = m + 1<|2. This 
means that D = (m+ 1<2)D 0 , as in the case of a thin shell. Moreover, 
and TZjn+i become identical for D = D[|™^. Their common expression can be 
written in the form 

D D D _ 

Ra = {k.j sm{ ¥r) + ky cos{ Wr))<i r> (5.57) 

Instead of the case of Fig. 5.8 we have a new scenario: as Jl^^increases 
from the situation with winding number m to that with winding number 
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TO + 1, TZm and will not become equal at a single point, but rather 

for all r in the sample. This means that instead of a vortex there will be a cut 
with vanishing D across the sample, from the inner to the outer boundary, 
i.e. the superconducting region becomes singly connected, as we found in the 
one-dimensional problem. This is a particular case of Theorem 4 in Chap. 3. 



Piecewise Constant Field Let us now consider a magnetic Deld of the 
form D 



He{r) 



hi r D Rm 

h .2 r > Rm 



with Ri < Rm < Ro- 

Following (5.55), for r D Rm we recover the case of a homogeneous Deld 
He = hi] for r > Rm we obtain the same form as for = / 12 , but to has to 
be replaced with to ® D jv#, where D^D 0 is the Dux of a Deld hi ® /12 through 
a disk of radius Rm- At r = Rm, we require continuity of TZm and 72.^. 

Figure 5.11 shows TZm and for a case /12 = ®hi. The sign reversal 

of the magnetic Deld causes a reversal in the growing trends of TZm and 
and as a result, for the appropriate range, > TZm{r) 

far from the boundaries and the opposite holds near the boundaries. This 
means that we have a diDerent scenario than in Fig. 5.8, since now D vanishes 
at two points. For paths which enclose the hole of the sample and cross the 
line D = 0 between these two points, the winding number is to -I- 1; for paths 
that cross D = 0 skipping the line between these two points, the winding 
number is to. The currents around the inner point where D vanishes induce 
a positive Deld at it, as usual in vortices; the currents around the outer point 
induce a negative Deld and we call this point an antivortex. 

In summary, as «|iJ|kincreases, a vortex - antivortex pair appears in the 
middle of the sample i?i D r D Rq and then the vortex moves towards the 
inner boundary while the antivortex towards the outer one, until 41 4> 0 
everywhere and the winding number is to -f 1 for every path. 



Thin Shells If (Ro ® Ri) D Ro, we can write the Dux as the sum of the 
contribution from the regions inside and outside i?i, and treat the latter as a 
perturbation. For example, it is interesting to Dnd a condition for the Deld at 
which the degeneracy of to and to-|- 1 occurs. Writing A = (to-|-1<i2+D 1 (r))<r, 
the condition for degeneracy, to Drst order pertubation and for linearized GL, 

“ MMT = 0 . (5.58) 



where TZu was deDned in (5.57). As a test to (5.58) we have applied it to the 
degeneracy Deld of Fig. 5.11 (in spite of the fact that the considered shell is 
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r r 



Fig. 5.11. Left: Radial dependence of the leading terms in (5.44), for a case in 
which the magnetic field switches sign at r = Rm- The “j/-axis” starts far below 
the lower edge of the frame. Right: Streamlines at a radial strip of the sample, close 
to 0 = 0. (If the first harmonic is dominant, this is the region where the sample is 
narrowest.) Along the line 9 = 0 there is a vortex (respectively, antivortex) at the 
side close to the inner (respectively, outer) boundary. For 6 > 0.15, the screening 
currents are seen; again, their sense depends on the direction of the local field. 
For these figures we have used {Ro — Ri)/Ro = 0.426 and Rm = {Ri + Ro)/2\ 
the degeneracy between winding numbers 0 and 1 occurs when the flux through 

r < Rm is 0.684<^o 



not thin). We obtain 



D 



Di(r)7^gdr 



D 






®3c6 D 10®® 0 



5.4.7 Experimental and Numerical Evidence 

Experimental Phase Diagram Kanda et al. [10] obtained the phase di- 
agram for a mesoscopic Al ring (Fig. 5.12), by means of voltage-induced 
tunneling measurements. The ring was intended to have uniform cross sec- 
tion, but, clearly this is never perfectly true in a real experiment. As far as 
one could expect, their result is in agreement with Fig. 5.5; close to the onset 
of superconductivity (Di), there is a continuous passage between consecu- 
tive winding numbers, whereas far from Di the passage is discontinuous and 
hysteretic. 



ac Susceptibility For narrow rings, the ac susceptibility is proportional to 
the derivative of the current with respect to the Dux. Zhang and Price [17] 
measured the ac susceptibility for a mesoscopic Al ring. As in the previous 
case, the ring was intended to have uniform cross section. Again, they found 
continuous passage between m and m -I- 1 close to D i and hysteretic behavior 
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Fig. 5.12. Experimental phase diagram [10]. The lower points indicate the nor- 
mal/superconducting transition; the points at the left (respectively, right) of the 
“V” -shaped formations show the stability limit of the state with winding num- 
ber m -I- 1, where it decays into m (respectively, decay from m to m -|- 1). In this 
experiment, w/Ro = 0.38 and /?i is unknown 



far from this line. Moreover, they found magnetic signatures of the critical 
points P 2 ™^ Close to Dp the passage between winding numbers shows para- 
magnetic ac susceptibilities, as predicted. This feature was discussed in [5]; 
note, however, that for a wide ring as used in this experiment, evaluation of 
the induced Dux as being due to the current around the ring may not be a 
good approximation, and the contributions of the entire current distribution 
ought to be taken into account. 

The divergence of the ac susceptibility at predicted at the end of 

Sect. 5.4.4, is consistently found. In Fig. 5.13 we show the ac susceptibility 
for the temperatures at which this divergence appears. We emphasize that 
these are precisely the limiting temperatures between the continuous and 
hysteretic regimes for each m. Setting w<Ro = 0i>426 (as reported in this 
experiment) in Fig. 5.7, we obtain that the values of 9 at P 2 °\ P^^^ and P^^^ 
are in the ratio 1:1. 4:2. 8 for a deviation from axial symmetry 0>15. (In 

the experiment, 41i4*was not determined.) The ratios among the values of 9 
are to be compared with those of the temperatures of the experimental can- 
didates for P 2 ™\ measured from Tc- Taking the reported value Tc = li>266 K, 
these temperature diDerences are in the ratio 1:1. 5:2.0, in semiquantitative 
agreement with theory. 



Far from Axial Symmetry The case of a sample with cylindric eccentric 
boundaries was treated in [7], using linearized GL and a variational approach. 
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T=1.235K 




flux 



Fig. 5.13. ac susceptibility (which is proportional to the experimental “response” ) 
as a function of the flux. (Reproduced from Ref. [18]; w/Ro = 0.426). Each tem- 
perature corresponds to the limit between continuous and discontinues transitions 
between consecutive winding numbers, 0 -f-)- 1, 1 -f-)- 2 and 2 -o- 3. The flux vanishes 
in the middle of the graphs and every tick corresponds to through the average 
radius of the sample. Note that, in each graph, for winding numbers lower (respec- 
tively, higher) than those involved in the divergence, the transition is discontinuous 
(respectively, continuous) 

The same scenario obtained here near axial symmetry, shows up for large 
eccentricity. For small winding numbers, vortices pass through the sample 
across its thinnest part, whereas for large m they pass across the opposite 
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side. For a sample with relative width {Ro ® Ri)<Ro = 0c31, the Drst vortex 
that crosses through the thickest side occurs for the passage from m = 3 to 
TO = 4. According to Table 5.1, this is expected for relative width in the range 
0>22 D {Ro ® Ri)<Ro D 0>29, indicating that eccentricity tends to lower the 
eDective relative width. 

The resnlts obtained in this section are based on the assnmption that the 
induced potential can be negl^ted. This is expected for 6h{Ro® D 1 
in the case of thin samples, or D 1, in the case of long samples. 

In the opposite extreme, we expect bulk behavior, i.e. Meissner or Abrikosov 
state. We would like to have an estimate for the valne of 0h{Ro ® 
at which our scenario breaks down. This is provided by the resnlts of Baelns 
et al. [1]. They also considered disks with a circular hole at an asymmetric 
position, but used the entire GL equations, which they solved nnmerically. 

In one of their examples, 9 h{Ro^Ri)U®^ D 0>1. They did obtain hysteresis 
at the transition between to = 0 and to = 1, which at the temperatnre they 
considered is far from the snpercondnctivity onset, and did not Dnd hysteresis 
for the transitions at higher to (which are closer to Dp see Fig. 5.5). For the 
continuous transitions (to D 1), they always found the vortex at the thick side 
of the ring, as expected from Table 5.1 and their ratio {Ro ® Ri)<Ro = 0>75. 
For large eccentricity, the transition between to = 0 and to = 1 becomes 
continuons: in this regime the vortex is found at the thin side of the ring [12], 
again as expected. Surprisingly, for large eccentricity the transition between 
TO = 1 and TO = 2 becomes discontinuons. Apparently, the eDective relative 
width is reduced to values close to 0.44, so that Ci D 0 and the anomalous 
situation discnssed in p. 161 is encountered. This sitnation could be checked 
by varying the temperatnre: if Gi D 0, Djj^^ and Di should be very close to 
each other. 

For their example with 6h{Ro ® D 0>2, two vortices appear simul- 

taneonsly, indicating that our formalism is no longer valid. 



Nonsmooth Boundaries We have studied the case of a long (i.e. indepen- 
dent of z) sample with eccentric sqnared boundaries. Half of its cross section 
is shown in Fig. 5.14. The GL equations were solved nnmerically, by means 
of the program described in Ghap. 8. This time the induced potential was 
not neglected. The results are qualitatively the same as for the case of circu- 
lar boundaries. Far from the superconducting/normal transition, the winding 
number changes hysteretically as the magnetic Deld is swept, whereas close to 
this transition the change is mediated by the continuous passage of a vortex. 
When the winding number changes from 0 to 1, or from 1 to 2, the vortex 
passes throngh the thin part of the sample; when the winding number changes 
from 2 to 3, the vortex passes through the thick part. Making the natural 
identiDcation of Ri^o as a length proportional to the respective perimeter, the 
studied sample obeyed {Ro^ Ri)<Ro = 1<2; according to Table 5.1 the eDec- 
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Fig. 5.14. Numerically evaluated contour plot of \ip\ and field plot of the current 
density. There is a vortex in the middle of the narrow branch. Most of the current is 
screening current, but a few arrows are seen around the vortex and the circulating 
current is seen in the counterclockwise sense along the inner boundary. Here each 
outer edge equals 1.27 coherence lengths, the flux enclosed by the outer boundary 
is 1.07^0 and k = 0.4 



five value of {Rq ® Ri)<3Ro was somewhat lower, as in the case of eccentric 
circular boundaries. 

The shape of the magnetization we found is similar to that in Fig. 20b in 
[1]. The maximum of the magnetization is not necessarily found at the Drst 
{m = 0) peak. 

The presentation of Fig. 5.14 suggests that 4IJ|kmd the current have the 
same mirror symmetry as the sample. For the magnetic Delds at which there 
was a vortex in the sample, this appeared to be indeed the case, but in 
general, this does not seem to be true. 

5.4.8 Josephson Junctions 

In this section we have considered the situation where T D and, in ad- 
dition, the shape of the sample is not extremely far from a uniform cross 
section. We shall now review the opposite situation; T D Tc and the sample 
contains a Dweak linkD, which is the only segment where the current density 
is not zero in the interior of the sample. This weak link is called a Josephson 
junction; the structure which consists of a loop with a weak link is called 
Drf-SQUIDD, and was studied long ago [11]. 

The behavior of the rf-SQUID is basically the same as that obtained in 
Sect. 5.4.4: there are two possible regimes, one with continuous and the other 
with discontinous passage between consecutive winding numbers. However, 
whereas in Sect. 5.4.4 the requirement for continuous passage is a low value 
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of [this can be obtained from (5.54), estimating A„i, B^, Cm, 

etc. from their deDnitions], in the rf-SQUID case the condition is 2ULJc D D o? 
where L is here the self-inductance of the loop and Jc the maximum current 
which can pass through the junction. 

Increasing 41 reproduces a narrower constriction at the thin side of the 
ring and, therefore, a lower possible current through this constriction. In this 
sense, Jc may be regarded as a continuation of the eDect provided by I<4i4 
A large value of means strong superconductivity and hence, large 

Jc- In this sense, Jc may also be regarded as the continuation of the inDuence 
of the D-dependence of 6*i. However, the rf-SQUID is not inDuenced by the 
length of the loop, whereas 0^^ D This comparison suggests that, once 
the perimeter is much larger than the coherence length, its precise value is 
not important. At the other extreme, near the onset of superconductivity, 
the induced Deld is negligible and thus the self-inductance is unimportant. 

It would be interesting to have a study that bridges between these two 
extreme situations. 

5.5 Main Conclusions 

A mesoscopic superconducting ring exhibits qualitatively diDerent behaviors, 
depending on whether it has or does not have an axis of rotation symmetry. 
This diDerence shows up for magnetic Delds in ranges close to the degener- 
acy Delds, at which the energies of states with consecutive winding numbers 
coincide. 

We have mostly studied the case of samples with an eccentric hole. In 
this case and near the onset of superconductivity, the state of the sample can 
pass continuously from a given winding number to the next. This occurs by 
means of a vortex which crosses the sample. This vortex may cross either 
through the thinnest or through the thickest part the sample, depending on 
the winding number and on the ratio between the width and the sample 
radius. Table 5.1 tells us which scenario occurs. 

An additional feature, is the existence of the critical point P 2 , discussed 
in Sect. 5.4.4. At P 2 , the magnetic susceptibility diverges quadratically. 

Several predictions stem from the present study, and they cry out for 
experimental veriDcation. The experiments reviewed in Sect. 5.4.7 were not 
designed to check the present predictions. Rather, they were intended to check 
unrelated aspects of the ideal case where there is axial symmetry, and the 
qualitative agreement with our predictions was revealed by accident, thanks 
to experimental imperfections. 

The feature which seems to be the most easily measurable is the magnetic 
susceptibility near P 2 . This has been done by means of SQUID microsuscep- 
tometry [17,18] and experimentally equivalent situations have been coped 
with by means of ballistic Hall junctions [9]. A possibility which seems espe- 
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daily attractive would be to measure the magnetization of half of the sample, 
since this could reveal in which half the vortex is fonnd. 

In order to measnre the order parameter directly, the most appropriate 
technique seems to be scanning tunneling microscopy/spectroscopy. It is hard 
to use this tecnique in A1 (which is popnlar in the fabrication of mesoscopic 
samples, dne to its large coherence length). However, successfnl measnrements 
have been performed in In disks. It is also possible to measure the supercon- 
ducting gap at Dxed tunneling points, as in [10]. In this experiment, there 
were only two contact points, so that no information was obtained on the 
shape of the order parameter. If the same kind of experiment were repeated 
with several leads, the shape of the order parameter could be mapped. 
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6.1 Introduction 

Persistent currents in superconducting rings were predicted in the early 1950’s 
(see [17]), and then experimentally observed in the early 1960’s (see [12] and 
the notes that follow it). Moreover, it was shown that they are extremely 
stable, lasting for years! 

The original experiment was performed with type I superconductors. 
Roughly speaking, it went as follows: they took a ring-shaped sample at 
ambient temperature. They applied an external magnetic field, decreased the 
temperature past the superconducting transition temperature and finally re- 
moved the field. A persistent current was then observed: moreover, the flux 
of the magnetic field through the inner hole was quantized. Note that our 
analysis leads us to believe that, at least in the case of high k and low ap- 
plied field, if one would proceed differently, for instance by decreasing the 
temperature first and only then turning on the external field, nothing should 
be observed . 

A natural problem is to analyze this phenomenon is the framework of 
Ginzburg-Landau models and, if possible, to derive (rigorous) mathematical 
proofs. There are at least two important questions which should be consid- 
ered: 

1 ) Explain why some flux remains trapped in the ring. 

2) Explain the very strong stability (persistent character) of these states. As 
we will see below, we have a rather satisfactory mathematical explanation 
for this property in the case of high k (extreme type II) superconductors. 

6.2 Onset of Currents - Trapped Fluxes 

In this section we briefly discuss the first question. In the Ginzburg-Landau 
theory the carriers of superconductivity (i.e. the cooper pairs) are modeled by 
a comp lex- valued function whose squared norm, [V’l^, represents the cooper 
pair density. In the presence of an external constant applied magnetic field 
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hex, the Gibbs energy is given by 



F{u,A)= f f f V{u), 

7 r 2 Stt Jq 2m* i c Jq 



( 6 . 1 ) 



where 17 is a 2-dimensional domain and 

V{u) = {^\u\^+^\ut) 






U. xO u. 



P 



4/3’ 



Here, m*,e* stand for the mass and the charge of the cooper pair. It is 
conventional to take e* = 2e and m* = 2m, where e and m denote the 
mass and charge of a free electron. The first of these identities is firmly 
established on an experimental level. However, the second one is deduced 
from a free-electron approximation, and is only a crude estimate in the case 
of a real material. In fact, m* depends on the material and the experimental 
determination of its exact value is highly involved (see [21], section 4.1). 

Note that critical points of F{u, A) satisfy the corresponding Euler-La- 
grange equations, called Ginzburg-Landau equations, 



[ -(-V — —A^u = au + f3\u\’^u, 
< i c ^ 

I — — = iiu, ihV — i — A)u). 

t 47T c 



( 6 . 2 ) 



where = iV. 

The parameters a and [3 depend on the material and on the tempera- 
ture. To emphasize this temperature dependence we will often write a{T) 
and /3(T). Stable configurations will be (local) minimizers for F{u,A). The 
parameter /3 is positive, whatever T, whereas a changes sign for a critical 
temperature a = T^. More precisely. 



a{T) < 0, if T < T, , 

a{T) >0, if T > Te , ^ 

Near Tc, a behaves like C(T — T^, where C is some strictly positive 
constant, and therefore is monotone. We will assume throughout that /3 is a 
constant (which is a good approximation in the vicinity of Tc). 

Glearly, when T > Tc, a being positive, the potential V{u) is convex 
and hence so is the functional F{u,A). Therefore it has a unique (local) 
minimizing configuration, namely 



u = 0, h = hex , (6-4) 

for which T = 0. The vector potential Hex corresponding to this configuration 
is taken as Hex = ^exHo, where Hg is any solution of the equation 
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/iQ = curl Aq = 1. 

1 X 

For instance, we may choose Aq = -{—y,x) = -rexp{i9). 

For T < Tc, the potential V is no longer convex and thus the trivial 
solution (6.4), although still critical, is not necessarily minimizing. Hence, 
the first interesting question is to determine when the trivial solution ceases 
to be minimizing, i.e., when the (first) transition occurs. This question has 
already been addressed, from different points of view, in various papers (e.g. 
[10], [5] and [19]). 

Remark: For minimizers a simple comparison principle (maximum principle) 
yields 

H 

P ■ 



\uP < 



6.2.1 The Transition Temperature 

Near the trivial solution (6.4), the quadratic part of the functional is 



Q{u,A) = 



/R2 



I curl A|^ 
Stt 



2m* 



[— V hexAo)u\'^ + 



i(T) 



In 



Consider next the eigenvalue problem for the operator ;^(f V— ^/lexAo)^ 
with Neumann boundary conditions (where we have the strictly positive first 
eigenvalue Ai and associated eigenfunction -tpi), i.e. 



1 h e* 

-(-V /iex^o)^V'i = AiV'i , in 

m X c 

(6.5) 

h e* 

n ■ (-V ^ex^o) = Oj on df2. 

i c 

Note that the eigenvalue Ai depends on m* , hex and the domain, whereas 'ipi 
depends only on hex and the domain Q. We renormalize i/'i so that 

[ IV’iP = l, (6.6) 

Jn 

and recall that ipi is a solution of the minimization problem 



Ai=inf{^/" |(-V - — /iexAo)V'|^, [ IV’I^ = !}• 

m* Jo i c Jo 

Our claim is the following. 



Proposition 1 Let T\ he such that a{Ti) = — Ai. Then, for 
i) T > Ti, the trivial solution (6.J) is (locally) minimizing. 
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ii) T < Ti, the trivial solution ( 6 . 4 ) is no longer minimizing. 

Therefore, the transition occurs atT = T\. 

Remark: Notice that if 17 = then, Ai = 0, and thus Ti = T^. 

Proof of the proposition: Since Ai is the first eigenvalue, we have that for any 
admissible configuration u 

i “ ^he^Ao)u\^ >Xif \u\^ , 

and therefore. 

If a{T) + Ai > 0, this last expression is positive and thus the quadratic 
form is positive definite and assertion i) is proved. 

If a{T) + Ai < 0, take u = pLifi and A = hexAg. Then, we have 




(6.7) 

Since the first factor (Ai + a) is negative, choosing p. > 0 sufficiently small, 
we can make F{u,A) < 0, and thus the conclusion follows. ■ 

Proposition 2 In the vicinity of T\, a minimizing configuration {u, A) be- 
haves like 



ju = + o(e^) 

( A = hexAo + O(e^) 

and the lower order terms can he made precise. Here, as before, f/'i denotes 
an eigenfunction for Ai and the constant /xq is given by 

Ho = C{hex ( 6 . 8 ) 

where the constant C{hex , V'l) can be computed explicitly in terms of hex and 
T'l (see the remark below), and 

:= |Ai + a(T)\. 



Sketch of the Proof: We will sketch the proof for the simpler functional 
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and its minimizer u* in Hq. Let Ai, ui, be the first eigenvalue and eigenfunc- 
tion of —Z\ in 17. They satisfy 



{ —Aui = Aim, in 17, 

Ml = 0, on ^^2, 

\ui\l^ = 1- 

The first step is to prove that m* ^ 0 as a ^ ■ This can be deduced 

from the fact that E{Ui,) 0 when a — A|j". 

Next, let Ml be the orthogonal projection of m* on Rmi (the one di- 
mensional eigenspace generated by mi). Then, we may decompose, 

M* = Ml -I- W, 

where w G (Rmi)-*-. Note that, by orthogonality, 

lki||<lkll- 

The Euler-Lagrange equation for m* is, 

-Z\m* -I- OM* = -/3|m*Pm*, 



which yields for w, 



—Aw + aw = — /3|m*Pm* -I- e^vi. 



Note that the restriction of the operator {—A + a Id) to (Kmi)-*- is elliptic 
and its image is (Mmi)-*-. It follows that 



and that 



From (6.9) we obtain 

I 

and writing mi = jjLUi, we have 
and 



||M;||<C(e2||M*|| + ||M*f), 

y /3 |m*Pm*Mi = MiMi . 

Ikll = o(1)||m*|| 



\\w\\ = o{ii) 



M* = /XMi -I- o(/i) 

Inserting this into (6.10), we obtain 



y /3 |mi -b o(/x^) = e^/x. 



(6.9) 

( 6 . 10 ) 



( 6 . 11 ) 
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— ^ ^ 1 i 

[/3/|V'i|^ + o(l)]i/2 - [/3/|V^i|4]i/2 



Going back to (6.9) we deduce 



Ikll = o(e^)- 



Inserting this into (6.9) we obtain the desired conclusion. 

Remarks: 

1 ) Estimate (6.12) concerning the value of /x can also be derived by arguing 
that u* is a minimizer. Following the same type of ideas, we will now show 
how the value of C{hex,4’i) in equation (6.8) can be made precise. We write, 
as before, the expansions 

(u = /xoV'i + o(mo)^ , . 

\ A = /lexAo + fllA + l.O.t. ^ ^ 

Set h = dx^A 2 — dx 2 Ai. In view of the Ginzburg-Landau equations, we deduce 



{ V'^/i e* 

— ^ = {iipi, (fiV - i — A)^pi), 

h = 0, on dn. 

so that _ 

- — h(^dx^‘ipl X ^exIV^ll j 

_ 47T C 

h = Q, on dfi. 

This equation completely determines h, and hence also A, by 

A = — where AC, = h on K.^. 

Inserting Ansatz (6.13) into the computation of F(u,A), and neglecting 
terms of order higher than four in /xq, we obtain 



F (u,A) = IV'i 



+ (f IV'il" + ^ \h\^ + 2^ /^((vV - ^/xexAo)x/>i, + - 

= ^ + Mo (f \h\^ + ^ /^(( Jv - ^Me.Ao)V'i , + - 

The value of /xq which minimizes this expression is then given by 



Mo = /3 / + A / ((-V - — MexAo)x/>i , Ax/>i) e, 

. J n Jn Tn J a I c 
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SO that 



C'(/lex,V'l) = 



1 



h. 



p iPir + TT \hr + — / ((-V - -KMPi , 



2tt 



w’ Ja ^ 



- 1/2 



(6.14) 



A more rigorous proof of expansion (6.13) as well as the value of C{hex, V'l) 
is given in [4]. 

2 ) In the case of multiple eigenfunctions (for Ai), ipi has to maximize 



P / IV'il"' + 



27T 



^ [ ((vV /lex^o)V'l J ^V'l) 

m* Jq I c 



(6.15) 



among all eigenfunctions. A more precise description of branches of solutions 
emanating (in that case) from the trivial on is given in [4]. 



Since u ~ Hop’i, an important issue is to determine the properties of 'tpi. 
This problem has been considered extensively. In particular, the precise form 
of ipi has been given for special domains: St. James and de Gennes [20], Bolley 
and Helffer [7], Dauge and Helffer [11], and Del Pino, Felmer and Sternberg 
[13] for the half-plane, and Bauman, Phillips and Qi [5] for a disk. 

The analysis is considerably simpler in case has no zeros. Unfortu- 
nately, this can not be excluded a priori. In the case of zero magnetic field 
inside the domain, it has been shown that for ring-shaped domains, i/'i niust 
have zeros if the flux through the inner hole is half an odd integer multiple 
of the quantum of magnetic flux (see Berger and Rubinstein [6] and Helffer, 
Hoffman-Ostenhof, Hoffman-Ostenhof and Owen [14]). More precisely, the 
zero set consists of a line connecting the two components of the boundary 
(more general multiply-connected domains have also been considered in [14]). 
However, for generic values of the flux, we do not know if ipi has zeros or not. 

In the case we consider here, the held inside the domain is not zero: 
it is actually constant equal to ft-ex- Therefore, the previous results do not 
apply (straightforwardly at least). Nevertheless, one might expect that they 
somehow remain valid for very thin ring-shaped domains (see works by Berger 
and Rubinstein in this direction). For general domains, we however are not 
aware of any result in that direction and this is indeed a very challenging 
problem. We believe that for certain specific values of ipi will have zeros: 
yet, for generic values of hex the zero set should be empty. We will assume 
this throughout - then, denote by di the winding number of rpi. A natural 
question is then clearly: 

(Ql) How does di relate to the applied magnetic held? 

In order to get some insight, we address first the question in the case ^2 is an 
annulus 

l7:=R(i?i)\R(i?o), for 0 < i?o < 
where B{R) is the disc of radius R. 
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6.2.2 The Case of an Annulus 

Assuming ipi has no zeros, we may write 



‘ipi = pexp{i{ip + di9)), in {7 := B{Ri)\ B{Ro), (6.16) 

where the function (p is single- valued. We have 

J = J IdP = 1, 

which is independent of di. In order to compute 

m* Jq I c 

it is convenient to use polar coordinates and write, using A = Ap/iex = 
^ex( y 1 ^)/2, 



In 1 c 



d[/So,iti]x[0,27r] 

= f H^[p^\Wp\^+\^\^] + 2n 



d-lpi 2 , 2,f>',dip . 12 

)p 

'dr' 



drdO 



'Ro 



rp'^l^di - ^r/iex]^]d?" • (6.17) 



Since we have to minimize the previous quantity with respect to the constraint 
/ I'i/'P = 1, clearly we have to take (p =constant, for instance, (/? = 0. It follows 
that we have (as in Bauman, Phillips, Qi) the 1— dimensional minimization 
problem for the function p defined on the interval [i?0;7?i], i.e. we have to 
minimize 




under the constraint 

pRi 

2tt / rp'^dr = 1. 

Jro 

Here, both the function p and the integer d\ are unknowns. 

Setting 4>i = irR^hex, for t = 0, 1 (i.e. (pi is the magnetic flux through 
B{Ri)), it clearly appears from the previous minimization problem that we 
should have 



X(^)<di<x(^) + 1. (6.18) 

where x(x) denotes the integer part of x. If i?o, Rh Ri — Ro are all large, 
as well as /iex> then the ratio 7rr^/iex/</>* is also large. This fact, and simple 
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heuristic arguments related to the previous minimization problem, lead us 
to believe that p (and therefore also ipi) concentrate near the boundary of 
the annulus, and that di is close to x(^)- The discussion for small (or thin) 
annuli seems more delicate. 

Remark: From (6.18) we see that di increases with hex- In particular, each 
time there is a jump in d\, the eigenvalue will be degenerate, and there will 
be an associated eigenfunction with a non-empty zero set. In this situation, 
the Ansatz (6.16) clearly does not make sense. Let us emphasize again nev- 
ertheless that we believe such a situation is not generic (in values of hex)- 

In case the eigenvalue is degenerate, we believe that the eigenspace cor- 
responding to the first eigenvalue Ai is spanned by two radially symmetric 
eigenfunctions corresponding to different degrees. Each of them should be a 
maximizer of (6.15). By a convexity argument, the branch of minimizers of 
the energy should correspond to one of them. However, let us emphasize that 
these are only guesses and that the real picture might be more elaborated. 

6.2.3 General Domains 

Here we do not have any mathematical result. Nevertheless, we believe that 
(6.18) remains true (where now 4>q and (j>i represent the flux through the 
areas limited by the inner and outer boundaries of our domain, respectively). 
The analysis for large domains and large fields should also remain valid. 

6.3 Temperature Below Tc 

Recall that in the experiment the external field is kept constant as the tem- 
perature is lowered. We may assume that for each temperature the system is 
in a (stable) critical point (i.e. that the transformation is quasi-stationary) . 
It is likely that along its evolution the system follows a branch of solutions 
(which bifurcates at T = Tc from the trivial solution). Moreover, the winding 
number should be constant along this branch. 

Consider again the case of an annulus and assume that Ai is non degen- 
erate and that ansatz (6.16) holds. In this case we are ensured, by standard 
bifurcation theory, that the branch of minimizers, in the vicinity of T = Tc, 
consists of symmetric functions (of degree di). 

The branch of symmetric solutions exists for all T < Tc. Actually they are 
minimizing in the class of radially symmetric configurations. If the inner hole 
of the annulus is large (when compared to the characteristic size of a giant 
vortex of degree equal to the degree associated to the branch considered), 
we believe they are stable (in contrast with the case of the disk - see [5]). In 
that case, as the temperature decreases, one might therefore expect that the 
system remains on this branch. 
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6.4 Stability of Currents 

once the External Field Is Removed 

6.4.1 Rewriting F 

At the end of the first stage of the experiment the temperature is decreased 
to its final value below and kept fixed. Consequently, the parameters a < 0 
and f3 > 0 are also fixed and we may take the ratio a/ f3 = —1 (up to a change 
of units). Therefore, (6.1) becomes (up to an additive constant) 

F{u,A)= j / ^|(^V--A)u|2+^ [ (lup-1)^ (6.19) 

87t Jq 2m* i c A Jq 

By a further change of units, this functional is commonly written, in the 
mathematical literature 



F,{u,A)= [ |dA-/iexP+ f \Vau\^+^ j (|wp-l)", (6.20) 

t/ 'J f2 

where we introduce the notation dA = curl A and Va = V — iA. We also 
use as a paremter proportional to 1/(3. Note that the £ used in this section 
is not related to the e of section 6.2.1. 

6.4.2 Removing /lex 

Up to now we have decreased T, keeping ft-ex constant. This has led us to 
follow a first branch of solutions, described in section 6.3. In particular, this 
branch has selected a winding number d (recall that we saw this thanks to 
linearization in the neighborhood of Tc ) . 

Next, we remove the external field, i.e. we decrease continuously hex to 
zero. The final configuration has therefore to be a (stable) critical configura- 
tion for the functional 



F,{u,A)= [ \dA\^+ [ \Vau\^ + ^ f (H"-l)^ (6.21) 

JR 2 Jn Jq 

We expect that the winding number d, which was chosen by the first 
branch remains conserved in that process. Actually, this can be established 
in a rigorous mathematical level in the case e is small. 



6.4.3 The Case Where e Is Small 

A large mathematical literature has been devoted in recent years to the 
asymptotic limit where e goes to zero (the so called London limit in the 
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Physics literature). In this context the stability of permanent currents has 
been established in [1] and [2]. Next, we briefly describe the main results and 
sketch some ideas involved. 

The conflguration space is, as before, x quotiented by the gauge 
invariance. We denote it by i/inv 

For A G K.“*" we define the energy level set F/' as 

:= {(m, A) € i/i„v : F,(u, A) < A} . (6.22) 

In [I] (see also [16] and [18] for related results) it was shown that energy 
level sets of the Ginzburg-Landau functional contain several different con- 
nected components (called “topological sectors”) which can be classifled - up 
to a possible local flne-structure - by the topological degree of the condensate 
wave function. This degree, as we saw above, is intimately associated with 
the quantification of magnetic flux through the inner hole of our ring. The 
presence of the different path components gives us the existence of the asso- 
ciated energy wells, but gives no information about the height of the barriers 
between them. 

In [2] a more thorough study was carried out in order to estimate the 
height of these barriers. It is shown that, as expected from the physical beha- 
vior, the barriers are at energy levels considerably higher than the bottom of 
the wells. The height of the barrier between two different topological sectors, 
corresponds to the inflmum on the space of continuous paths in state-space 
linking the two sectors, of the maximum of the energy along each such path 
- we call it the threshold energy for such transition. Defined in this way, we 
immediately see that associated with the threshold energy is a mountain- 
pass solution of the Ginzburg-Landau equations (Euler-Lagrange equations 
for the energy functional). Thus, this procedure also produces solutions of 
Ginzburg-Landau which are not necessarily local minimizers of the corre- 
sponding energy. 

The main results of [1] and [2] are summarized in the following 



Theorem 1. 

(1) Given A G there exists Eq > 0, depending only on A, such that for 
e < So, we can define a continuous map 



deg : F/ ^ Z 
a = {u, A) ^ deg (m, Q) , 



(6.23) 



such that this map coincides with the classical notion of degree when u has 
values in (i.e. when u G S^) ). 

For each n Gl, top„(F/') := deg~^(n) = {a = (u. A) G F^ : deg (u, ff) 
= n}, is an open and closed subset of F^ which we call the topological 
sector of F^ . 

(2) Suppose (To G top„(F^) and Ui G top„_|_j^(F^), and let Cn be defined by 
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c„ := inf { max . (6-24) 

7GV sG[0,1] 

where V is the space of continuous paths in i?inv between (Jq and Ui. Then, 
there exists a state a such that a is a (mountain pass) critical point of 
and Fg{a) = Cn- 

( 3 ) For s sufficiently small, there is a constant a\{n) s.t. 

7t| log s\ - ai < Cn < 7t| log e| + . (6.25) 

Idea of the proof: Part (1) can be proved by doing a parabolic regularization of 
our original function u to obtain a continuous function having no charged 
singularities (a technique we developed in [3]). The degree of the original u 
can then be defined to be the degree of its regularization u^. 

Minimizing Fg inside each component of Ff^, we may obtain solutions of 
Ginzburg-Landau which are locally minimizing, i.e. critical points of Fg which 
are local minima. These are the stationary states that should be associated 
with permanent currents. 

Part (2) is an immediate consequence of (1) and the fact that our func- 
tional satisfies the Palais-Smale condition. It gives the existence of mountain- 
pass points for Fg (which correspond to mountain-pass type solutions of 
Ginzburg-Landau). Unlike the solutions obtained minimizing the energy in- 
side each topological sector, the solutions obtained in part (2) will not nec- 
essarily be local minimizers of F^, and are probably unstable. 

The number c„ defined by (6.24) is called the threshold energy for 
the transition from the state (Jq to the state a\. It will be the infimum of 
the energies for which such a transition is possible - it is the height of the 
barrier separating these states. This concept should play a crucial role in the 
behavior of our system. 

For part (3) we notice that, intuitively, a transition from top„(F'g"^) to 
top„_|_]^(F/') corresponds to passing one “quantum of vorticity” of u (in the 
Fg model this would correspond to one quantum of magnetic flux /ic/2e, see 
[12]) from the outside of our annulus into the inner hole. Since a degree one 
vortex of size rj has an energy of at least the order of tt log{ri / e) , we can 
construct a path having this as leading term for the energy. Then, once we 
fix rj to be some convenient constant, we will obtain that the maximum of 
the energy along the path (and, consequently, also our upper bound) is of 
the order of tt] logej, as claimed. 

The lower bound is more difficult to establish since, we should prove these 
energy levels are attained by every path from (Jq to a\. We would like to show 
that every such path will essentially contain a transition of the type of the 
one constructed above to obtain the upper bound for c„, where an isolated 
vortex is brought from outside into the inner hole. 
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What we actually prove is a slightly weaker statement: first, we succeed 
in defining the relative minimal connection (in the spirit of [9]) between any 
point 7(5) in our path and the initial point, and in proving it is “approxi- 
mately” continuous. This enables us to show that there exists s G [0, 1] s.t 
V = 7(s) G C) has, in some weak sense, a unique singularity of degree 

one situated in the interior of f2, about half way between the two components 
of dQ. As a matter of fact, this suffices to prove our result since, as was shown 
in [2], this type of isolated singularity of degree one costs an energy of the 
order of 7t| loge|. 

Remark: Theorem 1 is consistent with the physical behavior of the sys- 
tem described above, namely the existence and great stability of persistent 
currents. On the one hand, the existence of such non-trivial critical points 
indicates that our energy has several wells, apart from the one corresponding 
to the ground state - this is given by part 1 of the theorem. On the other 
hand, the great stability of these states means that the transition proba- 
bilities between the different wells are very low. The transition probability 
is expected to be exponentially decreasing with the height of the barriers. 
Therefore, for e small, the low transition probabilities (high stability) are a 
direct consequence of the lower bound in (6.25). 

6.4.4 The Case Where e Is Not Small 

In this case, the fact that there are “thresholds” between sectors correspond- 
ing to different values of d has not been established. Even if these barriers 
exist we do not know if the stability of the current might be explained by 
them alone. 

In this context, recall that the value e = \/2 plays a very important role. 
Indeed, for 12 = it was observed by Bogomolny, that the second order 
equations might be replaced, for minimizers, by first order equations, due to 
self-duality (see also the book by Jaffe and Taubes [15], where this is used 
to construct mathematical solutions). On the physical level, this value of the 
parameter defines the transition from type I to type II superconductors. 

In that setting, Boutet de Monvel, Georgescu and Purice (see [8]) have 
shown that there is no cost to move a vortex from one boundary of 17 to 
the other one, if one adds a Dirichlet type condition: juj = 1 on dQ. This 
suggests the threshold energy might be very small in the self-dual case and 
one might have to seek for other explanations for stability in this setting. 
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7.1 Formulation of the Problem 

There has been much activity recently involving an examination of the phase 
transition between the normal and superconducting state when a sample is 
subjected to an applied magnetic field. The curve relating critical tempera- 
ture to applied field marking this transition has in particular been the subject 
of numerous studies by experimental physicists, see e.g. [17] or [5]. In this ar- 
ticle, we will explore some attempts to understand the transition analytically. 
The results described below involve a mixture of formal and rigorous math- 
ematical analysis. 

Our starting point will be the Ginzburg-Landau model (cf. [14,11]). We 
shall consider this problem in a setting examined by many experimentalists, 
namely the case of a thin, mesoscopic sample subjected to a constant applied 
field He directed orthogonal to the sample cross-section. In particular, we 
assume the sample thickness is small relative to the coherence length. This 
leads us to consider the Ginzburg-Landau theory for a two-dimensional sam- 
ple. As we are focusing here on a bifurcation from the normal state, given by 
If' = 0 and magnetic potential A satisfying V x A = Hg, we shall concern 
ourselves with an investigation of the linearized Ginzburg-Landau equations 
about the normal state. Using a characteristic radius R of the sample to non- 
dimensionalize the Ginzburg-Landau equations (cf. [2]), we are lead to a study 
of the following eigenvalue problem with first eigenfunction : 17 ^ (P , 
where 17 has been scaled to have radius of 0{l). 

{iV + (7.1) 

-9 = 0 on 517. (7.2) 

Here 17 is a smooth, bounded planar domain, (j) is the reduced magnetic flux, 
9 is a unit normal to the boundary and An satisfies 

V X An = 12", divAN = 0 in 17, and An • P = 0 on ^^ 2 . 

We have taken non-reflecting boundary conditions which take on the simple 
form (7.2) in light of the gauge choice made above on An. The eigenvalue 
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fj, = fj,{4>) is related to the transition temperature T by 

Tc - r g(o)" 

Te 



where is the critical temperature at zero field and ^(0) is the coherence 
length at zero temperature. 

We note that this eigenvalue and corresponding eigenfunction can be char- 
acterized variationally as the minimum of the corresponding Rayleigh quo- 
tient 






inf 



|(tV -I- 4>ATss)ipf dxdy 

fo 



(7.3) 



where H^{Q) denotes the Sobolev space of square-integrable functions ip : 
fl ^ G having square-integrable first derivatives. 

We shall be most interested here in pursuing an expansion for /i and the 
first eigenfunction in the asymptotic regime of large magnetic flux, i.e. 
^ >> 1. Before pursuing this, let’s make two basic observations regarding the 
large flux setting. First, simple scaling arguments reveal that in this context, 
the behavior of the bifurcating superconducting state on a bounded domain 
fl in the presence of a large magnetic flux (p is very much related to the 
problems on the whole plane and on a half-plane with flux </> = 1. Related to 
this first observation is the second one: one expects-based on experiment and 
general theory-that the eigenfunction will concentrate near the boundary of 
the sample. That is, one anticipates a phenomenon commonly referred to as 
‘surface superconductivity’ in the physics literature ([8]). We shall return to 
this second point momentarily and indeed, we will offer a rigorous mathe- 
matical argument for its validity using Ginzburg-Landau theory, but first we 
focus on the setting of unbounded domains. 

Consider first the case of (7.1) when Q = IR^ and (p = 1. In this case, it 
is well-known that the first eigenvalue /i = 1 (see e.g. [9] for a more careful 
statement and appropriate references). For the case 17 = = {{x,y) : x > 

0}, perhaps the first analysis was carried out by St. James and de Gennes 
[18]. (In this regard, see also [7].) In the case of the half-plane, they found 
that the first eigenfunction takes the form 



^^^\x,y) = ipi{x)e^^ ^ 



(7.4) 



where ipi : [0, oo) — ^ IR is the eigenfunction associated with the double mini- 
mization over scalar functions u and real numbers /3 given by 



+ (x — dx 

Ai = inf inf ^ ,oo , , 

(3 ueHi{[0,oo)) Jjj dx 



(7.5) 



Then f3* in (7.4) is the (unique) value of the parameter p) satisfying this 
infimum. As such, the eigenfunction ipi is a solution to the problem 
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£(V>i, Ai) = i,'i + [Ai - (x - /3*)>i = 0 
= 0 = f/'i(oo) 

The formal analysis of the one-dimensional problem (7.5) carried out in [18] 
was made rigorous in [4] and [10] where it was shown that decays to zero 
exponentially as a: ^ oo and that the optimal (3 is indeed unique. In fact, 
one finds that (3* and Ai are related by {(3*Y = Ai and numerically one can 
find the approximate value Ai « 0.59. In particular, we note that onset in a 
half-plane occurs at a higher temperature (lower /i) than in the whole plane. 

Two further results on the half-plane are useful-one for the formal analysis 
on a bounded sample to follow, and the other for a rigorous treatment to be 
described briefly later in the article. The first is given by the Lemma below, 
in which we have chosen the normalization V’i(O) = 1- 

Lemma 1. Define Ik as the moment of the first eigenfunction ipi: 




Then for every positive integer k, one can express Ik in terms of f3* and Iq. 
In particular, 

h = (3*h, 

h=\{l3*fh{=\\iIo) and 

This is proved in the appendix to [3] with a slightly different scaling. 
Another useful fact involves the rigorous justification of the claim 

= V'i(a:)e*^ 

Formally, if one seeks the solution to (7.1)-(7.2) on IRff with the lowest value 
of /i for (j) = 1 via separation of variables, one can quickly arrive at this 
formula where ifi and P* are characterized through (7.5). However, it is not 
so trivial to rigorously justify that this solution is the only solution at /x = Ai, 
i.e. to prove that the first eigenvalue is simple for the half-plane. It turns out, 
though, that this is indeed the case as was shown recently in [9] (cf. Theorem 
3.2). 

7.2 Analysis of Onset in a Disc 

As our first venture into a mathematical analysis of onset on a bounded do- 
main, let us consider the case of a disc D with curvature k (not to be confused 
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with the Ginzburg-Landau parameter which does not enter in this article due 
to our choice of non-dimensionalization.) This problem has received the at- 
tention of numerous authors. It turns out that the linearized problem (7.1) 
can be solved explicitly in terms of Kummer functions [ 6 ] and a complete 
rigorous analysis of both the linear problem and the associated nonlinear bi- 
furcation theory has been worked out in [1]. (See also e.g. [12].) What one 
finds, both in experiment and via Ginzburg-Landau theory, is a tempera- 
ture/field curve which oscillates as it increases, with sharp cusps emerging at 
intervals whose length approaches a constant. In particular, one finds in [1] 
the following rigorous expansion for /i in a disc: 

fj,{(j)) ~ Xi(j) — for 4> » 1. (7.6) 

The presence of oscillations in the temperature/field curve for a disc, (which, 
as we shall see, emerge in the next term of the expansion) though by now well- 
acknowledged, were perhaps a surprise at first, since the common wisdom was 
that such ‘Little-Parks’ type oscillations should be associated with a sample 
having non-trivial topology such as a ring-not in a disc. 

We choose to begin with the case of the disc despite the presence of 
the above-mentioned work for two reasons. First, the formal analysis below 
represents a different, and perhaps simpler way of capturing (7.6) as well 
as the oscillations in the temperature/field curve. Secondly, it will serve as 
a kind of ‘warm-up’ problem in which we introduce a method of attack to 
be later applied to the case of a general bounded domain. We shall utilize 
the method of formal matched asymptotic expansions under the assumption 
(j) » 1. This will involve a boundary layer construction which is then to be 
matched to the normal state = 0 in the interior of the disc. 

To analyze (7.1), one first must determine An. One easily solves 

V X An = z, div An = 0 in D, and An • P = 0 on dD, 

to find ^ 

An = -{-y,x). 

However, this turns out to be inconvenient since An yf 0 on dD. (In this vein, 
note that on a half-plane, the choice An = ( 652 ^) happily does vanish on the 
boundary, substantially simplifying the analysis of that case.) Therefore, in 
a neighborhood of the boundary we instead decompose An as An = Q + P 
where 

V X q = z, div q = 0 near dD, q = 0 on dD, (7.7) 

and q is purely tangential, while 

V X p = 0, div p = 0 near dD, p • P = 0 on dD. (7.8) 



Letting 



rj = distance to dD, s = arclength along dD, 
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we find 

where t(s) denotes the unit tangent vector to dD. Then we make a change 
of variables (exploiting the gauge invariance): 

^( 1 ) = (7 9 ) 



where G is a scalar function satisfying VG = p and the presence of the factor 
s jg motivated by the appearance of a similar term arising in the half- 
plane solution. We should emphasize that (7.9) is not assumed to be a polar 
decomposition for that is, ip is not assumed to be real. 

The eigenvalue problem (7.1) then transforms (near dD) to: 





— Kr]/2) + cj) 

1 — KT] 



2 

V' = m(<(')V'- 



The solution to this problem must be matched to the normal state = 0 
away from dD. 

We stretch the normal variable rj by introducing ^ and seek a 

formal expansion for /i(^) and ip = f/'(C) s) powers of 



M — + fj,2 + ■ ■ ■ , 

V' = Mi, s) + s) + «) + ■•■ 

(7.10) 



At order 0{(j>) we find: 

+ [fio - + PMWo = Q, 

= 0 = tf'o(oo,s). 

(7.11) 

Note that the condition 'I'o{oo, s) = 0 represents a matching condition to the 
normal state in the interior of the sample. We recognize this as the eigenvalue 
problem arising in the analysis of the half-plane. Hence, = X\ and 

Mi,s) = ipiiiWois) 



with ITo to be determined. 

At order we obtain an inhomogeneous equation with left-hand 

side again given by the self-adjoint operator £(-,Ai) now applied to <f"i. 
Through multiplication by the homogeneous solution ipi and extensive use of 
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the moment identities in Lemma 1, we obtain as a solvability condition the 
formula 

K 

So far we have 

(where Iq = / V'l ~ 1-312) in agreement with [1], and 

where Wq remains to be determined. 

At order 0(1) the solvability condition takes the form of an eigenvalue 
problem for Wq and ^ 2 ' 

VLo,, + tciWos + (C 2 - ^^i 2 )Wo = 0 (7.12) 

for — L/2 < s < Lj2 where L = ^ = arclength of dD and a = Ci{K, (3* , Iq). 
One obtains a general solution to (7.12) through the obvious ansatz 

TAo(s) = (7.13) 

for a = a±{Io, P* , ^ 2 ) arising as the roots of the quadratic coming from the 
substitution of (7.13) into (7.12). 

Of course, (7.12) must be supplemented by boundary conditions and we 
now arrive at a key point: the boundary conditions for Wq are not periodic. 
Instead, they come from the requirement that 

^(1) = _ ^i(^)M/o(s)e*‘^®e*‘^'^'^‘® (7.14) 

is single- valued. Thus, the boundary conditions are: 

(1) The amplitude of |lTo| is periodic, and 

(2) The phase of ITo jumps so that the change in phase of = 2Trk{4>) for 
some integer k{4>). 

This will ensure that is single- valued. One immediate consequence of (1) 

is that the root a above must be purely imaginary. Carrying out the algebra, 
the conditions above lead to determination of the eigenvalue p ,2 = us 

a bounded, piecewise smooth, oscillatory function of (j) which approaches a 
periodic function as p 00 . 

In conclusion, for a disc we find 

^ Xi<p- + fi 2 {(t)) for</)>>l. 

Oio 

and given asymptotically by (7.13) and (7.14). 
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7.3 Analysis of Onset in a General Bounded Domain 

We turn now to the case where 17 is an arbitrary bounded simply connected 
domain in the plane. Again we denote by k the curvature of df2, though now 
K = k{s) for — L/2 < s < L/2 where L is the arclength of the boundary. We 
will describe an asymptotic analysis of (7.1)-(7.2) in this setting for (f> » 1. 
More details of this expansion can be found in [3] where Bernoff and the 
author carried out the program using a different scaling. (In [3], one finds 
an expansion for critical field at fixed temperature in the regime where the 
Ginzburg-Landau parameter is large.) 

We again seek a boundary layer solution of the form 



where as before rj is the distance to 917 and VG = p. Again, near the boun- 
dary we decompose An as An = q + P, where q and p are given by (7.7) 
and (7.8). We find that the eigenvalue problem (7.1) transforms near 917 to: 




^ (t?(1-k(s)77/2) + (/) 
1 — K{s)f] 



2 

tp = 



(7.15) 



As in the case of the disc, we expect the leading behavior in the normal 
direction to be though we now expect this amplitude to be modulated 

by some transverse (tangential) amplitude. Let us again introduce ^ 

Then one might guess as before that 



i>^MOWo{s), (7.16) 



where the difference between this setting and a disc would be that Wq would 
no longer be of modulus one. However, seeking a solution to (7.15) with 
an expansion such as (7.16) fails. In order to achieve the proper transverse 
behavior, i.e. to achieve a proper balance between the normal and tangential 
derivatives of ip, we find we must introduce 

T = — So) for some sq € {—Lj2, L/2). 



That is, we must stretch the tangential variable s as well, where Sq remains 
to be determined. So we must now expand for the eigenvalue fj, as 

fi = flop + + ■ • ■ (7.17) 

and we must expand for ip = ip{^, r) as 

iP = ^o + ^,'Pi + ^,^2 + ... (7.18) 

We must also expand the curvature itself (via Taylor series) as 

k(t) = k(so) -b ^/v^(so)r -b ^^^Kss{so)t^ + ■■■ 



(7.19) 
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We then seek a boundary layer solution to (7.15) valid in a neighborhood of 
the point s = Sq on i-e. valid for 

0 < ^ << and |t| << 

Such a solution would then be matched to the normal state = 0 outside 
of this neighborhood, so that necessarily the amplitude of the order parameter 
will be concentrated in a neighborhood of the point s = Sq- This represents 
a major departure from the behavior of eigenfunctions for the cases of the 
half-plane and disc in which the amplitude is constant along the boundary. 

Substitution of (7.17), (7.18) and (7.19) into (7.15) yields at leading order 
(0(h)) that = 0 so that again /tq = Ai and 

= V'i(C)W^o(t) 



with Wo to be determined. 

At order 0{hJ^^) and 0(/i®/‘^) we find: 

£(if'i, Ai) = -^liiiiWo for z = 1, 2. 

so that integration against f/'i gives /zi = /i 2 = 0. Indeed, one finds the next 
non-zero contribution to the eigenvalue expansion comes at order 
where the solvability condition yields (as always, with extensive use of the 
moment identities): 

(k(so) -I- 3 / 0 /Z 4 ) Wo = 0 so that 

k(so) 

3/0 ■ 

Recalling that /z, and so /i 4 in particular, is to be the smallest eigenvalue, we 
have determined sq by the criterion 

k(so) = max k(s), 

S 

i.e. So corresponds to the location of maximum curvature along df2. 

Since k has its maximum at s = sq we have 

'ts(so) = 0 and Hss{so) < 0. 

To keep things simple, we will assume: 

(z) 9L? has a unique point of maximum curvature 
(zz) ztss(so) < 0 (strict inequality). 

(7.20) 



So far we have 



«(so) 

3/0 



^1/2 + C>(^3/8) 



fj, ~ Xi(l) 
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but we are compelled to continue the expansion since we still have not fully 
determined the leading order behavior of the eigenfunction. That is, we still 
have not determined Wq{t). 

Summarizing the remainder of the calculation, one find at order 
that /is = 0 while at order the solvability condition takes the form 

of an O.D.E. for Wq' 



Worr 




^ss(so) 2^\ 

6/3* J 



Wo = 0 



for — oo < r < oo and we match to the normal state away from s = sq via 
the boundary conditions 



Wo(-oo) = 0 = Wo(oo). 



Through a simple change of variables, this problem can be converted into 
the standard harmonic oscillator problem: 



/zz + (A- ^^^)/ = 0, /(-oo) = 0 = /(oo) 

This can be solved explicitly with principal eigenfunction e~^ and principal 
eigenvalue A = 1/2. We then change back to the original variables to find 

Wo(r) = 



and 



Me = 



'Ai |/v^s(sq)| 

6/3* 



where c = c(/ro,/3*) > 0. 

We conclude that near the point of maximum curvature of df2 we have 









while is exponentially small elsewhere in 17. 

For the expansion in /r = we have found 

M = Ai/. - + • ■ • (7-21) 

This completes the formal expansion of (7.1) for a general domain. The expan- 
sion succeeds in predicting an exponential localization of the superconducting 
state near the point of maximum curvature. On the other hand, in light of 
the exponential decay away from this point, it bears no information about 
the phase of the eigenfunction on the rest of the boundary, thus precluding 
any predictions about possible oscillations in the temperature/field transition 
curve which one might expect to arise from a phase winding type of argument 
as in the disc. 
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7.4 Rigorous Justification of Boundary Localization 

Much of the formal argument just presented for a smooth bounded domain 
can be rigorously justified. With regard to the expansion (7.21), one can ob- 
tain a rigorous upper bound of this form after a straight-forward but tedious 
calculation by substituting the approximate eigenfunction constructed above 
into the Rayleigh quotient (7.3). (See [9], Proposition 4.1.). 

To prove the corresponding lower bound is harder, and at this point we 
can only prove rigorously that 

lim = Ai. (7.22) 

(In this regard, see also [16].) 

Concerning the exponential localization of the first eigenfunction, we have 
rigorously justified the decay away from the boundary and have so far ob- 
tained a preliminary result in the direction of showing decay along the boun- 
dary. We summarize this work here: 

Theorem 1. Let Q C he a bounded, open, simply connected domain with 
dQ G for some oq G (0> !)• If denotes a sequence of eigenfunc- 

tions corresponding to the first eigenvalue given by (7.3), normalized so 
that then for (f> sufficiently large we have 

I < dist(z.an) ^ ^ g (7 23) 

for constants c\ and C 2 independent of 4>. Moreover, if Q is not a disc, then 
we have 




In order to see the implications of (7.24), it is interesting to consider the case 
of a smooth domain fi whose boundary agrees with a circle except along a 
very small arc. The theorem above guarantees that the first eigenfunction 
will feel this ‘defect’ in the boundary and decay to zero somewhere when 
the flux (j) is large. (Presumably the decay will be everywhere except where 
the curvature is maximized at the junction between the arc and the circular 
boundary. ) 

7.5 Infinite Curvature — Domains with Corners 

Throughout this discussion, we have always assumed our boundary was 
smooth. It is natural to ask, however, about what happens to the eigen- 
value problem (7.3) when the domain is not smooth. This question has been 
considered in numerous experiments but the question has also been consid- 
ered from the standpoint of Ginzburg-Landau theory (see e.g. [15,13,19]). 
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The experiments and the theory predict a localization of the nucleating su- 
perconducting state in a vicinity of a corner, in keeping in spirit with the 
above discussion of localization near points of maximum curvature. 

If one focuses on the case of a square, and again seeks an expansion for 
/i in the large flux regime, then one discovers a marked departure from the 
earlier cases. These cases all rely on the basic principle that if one ‘blows up’ 
the eigenvalue problem in a neighborhood of a boundary point-which is in 
effect the result of taking 4> » 1-then to leading order what one sees is a 
half-plane. From this perspective then, it is not surprising that one always 
obtains (7.22) as the leading order behavior of the eigenvalue. 

If one ‘blows up’ the problem near the corner of a square, however, one 
obviously still feels the corner. A numerical computation on the problem (7.3) 
for 17 a square confirms this distinction and leads to a prediction of (cf. [15]): 

~ 0.55(() for (j) » 1, 

whereas we recall that ~ 0.59(() for a smooth sample. Further work of a 
rigorous nature is now being done on this problem. 
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8 On the Numerical Solution of the 
Time-Dependent Ginzburg— Landau Equations 
in Multiply Connected Domains 
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Abstract. A numerical method for the solution of the time-dependent Ginzburg- 
Landau equations is detailed. The method is based on the popular technique of 
gauge invariant variables. Extension of the method to multiply connected domains 
is addressed. An implementation of the method is made available through the Web. 



8.1 Introduction 

The numerical simulation of superconductivity has attracted increasing at- 
tention during the last years, specially due to the appearance of high- 
temperature superconductors. At the mesoscopic level, the governing equa- 
tions are provided by the Ginzburg-Landau theory, and are frequently re- 
ferred to as TDGL equations (for Time Dependent Ginzburg-Landau equa- 
tions). These are coupled nonlinear partial differential equations for the (com- 
plex) order parameter and for the electromagnetic vector potential A (the 
scalar potential is usually eliminated through an appropriate choice of gauge). 

Numerical approximations to the TDGL equations have been derived 
using both finite element [1] and finite difference [2-7] methods. Most physi- 
cal applications use a specific finite difference method that we will refer to as 
[/-method. The unknowns in the ^[/-method in two spatial dimensions are 
the order parameter ij; and two auxiliary fields, and , that are related 
to A by 



W"{x,y,t) = exp J 

W{x,y,t) = exp J Ay{x,ri,t) dr^ 



( 8 . 1 ) 

( 8 . 2 ) 



The point (xo,yo) is arbitrary, i = V— 1. Such variables were first introduced 
in lattice gauge theories [8]. To our knowledge they were first applied to the 
TDGL equations by Liu et al [3]. The ^/>[/-method has since proved useful in 
the numerical simulation of many superconductivity phenomena [3,5-7]. 



J. Berger and J. Rubinstein (Eds.): LNP m62, pp. 200—214, 2000. 
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The TDGL equations coupled with Maxwell equations with the zero scalar 
potential gauge choice lead to the following mathematical problem: 



- 1) V' +/ 



dt^ =-- [(-tV-A)"V’ + (i-r)(|V'P 

rj 1 

dtA = {1-T) Re (-iV - A) V’] - x V x A 



(8.3) 

(8.4) 



where lengths have been scaled in units of ^(0), time in units of to = 
7Th/{96kBTc), A in units of iLc2(0)^(0) and temperatures in units of Tc- It 
has been assumed that the coherence length ^ obeys ^{T) = ^(0)(1 — 
where T is the temperature in units of the critical temperature Tj,, and that 
the Ginzburg-Landau parameter n is independent of temperature. 77 is a pos- 
itive constant (a ratio of characteristic times for tp and A), / a random force 
simulating thermal fluctuations, ks the Boltzmann constant and Hc 2 the up- 
per critical magnetic held for type-II superconductors (see [9]). Re stands for 
“real part of” . 

Eqs. (8.3)-(8.4) are to be solved in a bounded domain 12, complemented 
with initial conditions for ip and A, together with the following boundary 
conditions: 



- Boundary condition for A: A given applied magnetic held Hf. in the z- 

direction, possibly time-dependent but spatially uniform, is assumed. 
Gontinuity of the held thus implies 

B, :=e, - V X A = He (8.5) 

- Boundary condition for 'ipt Zero supercurrent density perpendicular to 

the boundary is imposed, namely, 

9-(-iV-A)t/> = 0 (8.6) 

where 9 denotes the unit normal to the superconductor-vacuum interface. 
This automatically implies that the normal current perpendicular to the 
boundary also vanishes, since the total current across the superconductor- 
vacuum interface is zero. To see this, let Jg = (1 — T)Re[tp (— zV — A) tp] 
denote the supercurrent density and J„ = —dtA the normal current 
density. Rewrite Eq. 8.4 as 

J„ -g X V X A 

Projection of this equation along the normal 9 = Vy, 0) leads to 

V • Jg ~\~ V • = hi i^l^xdy ^ydx) B ^ (S-^) 

Since {v^dy — Vydx) is nothing but the tangential derivative, and consid- 
ering that the applied held He is uniform, the right-hand side of (8.7) 
identically vanishes showing that the total current across the boundary 



IS zero. 
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For later use, we define the magnetization as (see, e.g., [9]) 

. . _ J{B^{x,y,t)- He)dx dy 

^ 47t f dx dy 



8.2 Numerical Method 



Consider a rectangular mesh such as that of Fig. 8.1, consisting of x Ny 
cells, with mesh spacings ax and Qy . Any numerical method is defined by the 
(finite) unknowns of the method plus the equations relating these unknowns. 
In the tpU method the fundamental unknowns are three complex arrays: 

• ipij, with I < i < Nx + I, I < j < Ny + 1, associated to the nodes (or 
vertices) of the mesh. The value of ipij approximates that of the order 
parameter at position (xi,yj). In the program, the corresponding array 
is F(i, j). 

• Ufj (link variable in the a;-direction, with 1 < t < Nx, 1 < J < Ny + 1, 

associated to the horizontal links (cell edges) of the mesh. The value 
approximates that of exp(— z Ax{^,yj) d^). 

• Ufj (link variable in the y-direction, with 1 < i < Nx + 1, 1 < J < Ny, 
associated to the vertical links of the mesh. The value Uf^ approximates 
that of exp(— z Jy^^^ Ay{xi,r]) dy). 

To derive the discrete equations it is useful to notice that, from the definition 
of the link variables, discrete analogs of and from (8.1)-(8.2) can be 
defined at the nodes as 



".t = n 






= ii 



which leads to 









( 8 . 8 ) 



(8.9) 



8.2.1 Discretization of the TDGL Equations 

In the following, discrete approximations for each term of (8.3)-(8.4) are 
derived, maintaining second order accuracy in space. 

Term (— zV — A)'^ ip : From the identity 

(_,v - A)V = -VTdlxiwp,) -U^dly{WiP) 

a second order approximation at {xi,yj) reads 

— 2V’i,i + U ^_ijipi-iy 



(-ZV- A)2^: 
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® Vertex variable 
O Cell variable 
® Link variable in x-direction 
^ Link variable in y-direction 



Fig. 8.1. Scheme of computational cells defining the numbering of discrete vari- 
ables. 



Term (|V'P 






+ 0(al + tty) 



l)'ip : It is readily approximated by 



Term Ke [ip {—tV — A) ip\ : From the identity 

{-tdx - A^) Ip = -iU''dx{Wip) 



( 8 . 10 ) 



( 8 . 11 ) 



it follows that 
Re [ip {-I - A^) Ip] 



Xi + ^,Vj 



= Im 






+ 0{al) 



= -Im +^(«") = -Im {Pj^,,UP^,,iPi+i,j)+0{al) 

dx \ / dx 

(8.12) 

and analogously for the y component. 

Term V xV xA (=V xB) : We introduce as auxiliary variable 



L.,j = 



(8.13) 



In the program, the corresponding array is bloop(i,j). From this and 
Stokes’ identity it follows that 

Lij = exp (-la^ayByxi + ^,Vj + y)) (l + 0{al + Uy)) (8.14) 
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SO that, since B = ( 0 , 0 , B^) and thus V x B = {dyBz,—dxBz, 0 ), we can 
use the approximations 

dyBzixi + = 2 ~ ( 8 - 15 ) 



QxQ. 



V 



—dxBz{xi,yj + — (^LijLi-ij — l) + 0 {a^ + a,y) ( 8 . 16 ) 

2 o-x'^y 



Term dtA : From 



if {x,y,t)W{x + 5 ,y,t) 



fX+S 



= -iU {x,y,t)W{x + 5 ,y,t) / dtAx(^,y,t) 



= -i 5 if {x,y,t)U'^{x + 5 ,y,t)dtAx{x + ^,y,t) + 0 { 5 ‘^) ( 8 . 17 ) 



it follows that 

dtAx{xi +^,y^,t) = ^KydtUf + 0 {al) ( 8 . 18 ) 

and similarly for dtAy. 

Collecting the previous results, the numerical method for interior nodes reads: 



dtf,j = 






ya^x 

TtV 



— ^ + fi,j ( 8 . 19 ) 






V 



dtUl^ = -lil - T)C/)(, Im - -Uly - 1 ) ( 8 . 20 ) 

ay 

dtUly = -*(1 - - l) (8.21) 



Finally, a simple forward-Euler scheme is adopted to discretize the time vari- 
able with step At, namely 



3 pij{t + At) = ipij{t) + Atdt f,j{t) ( 8 . 22 ) 

and analogously for Ufj and Ufj. Notice that the random force / is also 
treated as a vertex variable. At each vertex it is selected from a Gaussian 
distribution with zero mean and standard deviation a given by 

a = ffEofAt){T/T,) 



as done in Ref. [ 5 ]. 
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8.2.2 External Boundary Conditions 

Equations (8.19)-(8.21) are not defined for boundary nodes or links. We adopt 
the usual methodology of constraining boundary values of the unknowns to 
satisfy first order approximations of the boundary conditions. 

If the boundary is aligned with the y-axis, the zero-current condition 
implies {—idx — = 0 or, equivalently, —lU dxfU^'tp) = 0. For the order 

parameter at i = 1 (West boundary) and i = Nx + l (East boundary) this is 
implemented as 

V’lj = + = u (8.23) 

Similarly, for the South (j = 1) and North {j = Ny + 1) boundaries the 
expression is 

V'yi = Ufi4>i^2 ■4’i,Ny+i = U^i,Nyipi,Ny (8.24) 

For the link variables, it remains to define how to update the values of 
those on the boundary. Notice that, for cells with two edges on the boundary 
only the product of the two link variables has numerical consequences, since it 
is the total circulation of the vector potential around the cell that propagates 
inside the computational domain. We have thus one unknown for each cell 
on the boundary, with the other three link variables already calculated from 
Eq. (8.20) or Eq. (8.21). Let H^, be the applied field and let the cell (i,j) be 
at the boundary. From 



~ i,j+l^ i,j ~ ( KlxdyHe) 



(8.25) 



the unknown link variable is readily obtained. 

Remark: Notice that it is not difficult to obtain second order approx- 
imations to the boundary conditions that would preserve the accuracy of 
the scheme of Eqs. (8.19)-(8.21). Taking as example the East boundary 
(i = Nx -l- 1), a second order approximation of the zero-current condition 
leads to 






Tjal rjal 

- - 1) V’i.j + fi,j (8.26) 



This coincides with (8.19) under the assumption 

or, equivalently, Uffij-ifi+ij = (a second order approximation 

to Oxild^if) = 0). One can proceed analogously with the link variables. This 
variant has not yet been adopted in practice, though it deserves at least a 
try. 
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i=l i=W i=E i=Nx+l 



Fig. 8.2. Scheme of a computational mesh with a hole. 



8.2.3 Boundary Conditions at Holes 



If the domain is multiply connected, at the hole boundary the same boun- 
dary conditions as before apply, namely zero perpendicular supercurrent and 
magnetic field continuity. In what concerns the order parameter, one pro- 
ceeds exactly as for the exterior boundary (Eqs. (8.23) and (8.24)). However, 
the magnetic field inside the hole is not known a priori. Our methodology 
has been implemented for the case of one rectangular hole, but it is easily 
generalized. Let Hi be the magnetic field inside the hole. Since there are no 
currents in the hole. Hi is uniform and only depends on time. 

Consider the hole shown in Fig. 8.2. It is delimited by the vertex lines 
i = W, i = E, j = S and j = N. Since the adjacent cells must also have 
Bz = Hi, the magnetic field is uniform in the subdomain uj depicted in Fig. 
8.2. The key remark is that the link variables corresponding to the boundary 
of LO can be calculated using Eqs. (8.20) and (8.21). 

The algorithm to update Hi and the link variables at the boundary of the 
hole is (with a notation similar to that in the program): 

• Update all interior link variables according to (8.20)-(8.21). 

• Compute 



'E-l 



V.i = n U^s-i 



\i=W 

'E-1 



Ul 



'P x 2 — Ue,N I n I ^W,N 

\t=W 

( N-1 

n U\V-l,j ) Uw-1,N 
3=S 



Py2 = Uls 



'n-1 
,3 = S 



E+l,j I ^E,N 



(8.27) 

(8.28) 
(8.29) 



(8.30) 
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Notice that V = 'Pxi'Px 2 'Pyi'Py 2 approximates exp(— z J A ■ ds) where 
the circulation is calculated around uj. Consistently with the previous 
approximations, we take V = exp(—iMaxCiyHi) where M is the number 
of cells in oj, 



M={N- S){E -W)+ 2{N -S) + 2{E - W) 



• Update Eli using, as immediate from above. 



dtH,= 



i 

Maxtty 



VdtV 



(8.31) 



• Update all link variables at the hole boundary using (8.25), with Eli in 
the place of El^. 



The implementation uses the logical array Bulk (i,j) to determine if 
cell (i,j) is in the superconductor or in the hole. 



8.2.4 Discretization of the Free Energy 



Let, as before, E2 denote the domain occupied by the superconductor, and let 
E2h denote the hole (if any). The exact expression for the Gibbs’ free energy 
is 



Q = 



' \J f2n 



n 






i-r 



i(-*v-A)v^r 






[|V X Ap - 2He • (V X A)] I (W 



(8.32) 



where the terms involving ip must be taken as identically zero in fin (the 
hole) . 

From the previous definitions Q in cell (i, j) is approximated by 



Si,j — 









- »w\ 



axay f - V’ijf Pfj+ii’i+ij+i - V’ij+il 

'2(1-T)l al al 



j+i - \uf_^^jipi+i^j+i - ipi+ij\ 



K^Gxay tin Li J 

(1 - T)2 Qxtty 



TnL, 






-2H, 



(8.33) 



Notice that, since Lij approximates exp {—laxayBz) at cell (i,j), and since 
ax, tty and are small (remember that distances are in units of ^(0) and 
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I II III 



□ void 



superconductor 



Fig. 8.3. Scheme of the cases considered. 



fields in units of i?c 2 ( 0 )), the imaginary part of InLij must lie in the branch 
that is closest to zero, i.e., between — tt and tt. Again, the terms involving ij} 
must be taken as identically zero if Bulk (i, j) is false. 

8.3 Examples 

We detail in the following a few numerical examples. These depict some of 
the typical phenomena that occur in superconducting systems and how they 
are modeled by the described method. The reader is referred to [7] for an 
application of the model to the study of vortex arrays in superconducting 
thin films. It is also possible to extend the formulation to consider d-wave 
superconductors, as has been done in [10,11]. 

Consider first the case of a square sample with no hole (case I, see Fig. 
8.3), with dimensions 32^(0) x 32^(0). We use, with the units defined in 
Section 1, Gx = ay = 0.5, k = 2, ij = 1 and T = 0.5, with a noise constant 
of Eq = 10“^. With these definitions Hd = 0.04 and Hc 2 = 0.5 for the bulk 
material, while idea = 0.85 for a semi-infinite domain. Numerical limitations 
arise in the choice of the time step due to the forward-Euler treatment of the 
equations. A practical rule for time step selection is 

(8.34) 

where 



In this case we choose At = 0.015, which satisfies stability. External field 
begins at He = 0 and is linearly incremented to Hg = 1 along the 10® 
simulated time steps. Variables are homogeneously initialized to a perfect 
Meissner state, tp{t = 0) = 1, A{t = 0) = 0. 
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(a) (b) 

Fig. 8.4. Magnetization curves for the different cases considered. 



This case is particularly simple and runs at about 2500 steps per minute 
on a personal computer. The magnetization curve that is obtained can be seen 
in Fig. 8.4 (a). For applied fields smaller than Hg = 0.203 the sample remains 
in a Meissner state, but at this field an instability develops that leads to the 
entrance of four vortices with the consequent jump in the magnetization. 
Similar vortex-entrance events occur at Hg — 0.216 (8 vortices), 0.252 (4 
vortices), 0.270 (4 vortices), 0.288 (4 vortices), 0.312 (4 vortices), etc. In 
Figs. 8.5 we show the distribution of the modulus of the order parameter 
on the sample for several values of the applied field. It can be observed that 
the arrangement of the vortices is strongly affected by the finite size of the 
sample and its square symmetry. Larger samples allow for the obtention of 
hexagonal vortex lattices (an example can be seen in Fig. 8.6). Also notice 
that for Hg > 0. 4 the superconductivity is strongly depressed in the sample’s 
interior, but recovers near the boundary. This gradually leads, for Hg ~ 0.5 
or greater, to surface superconductivity in a layer a few coherence lengths 
thick. The corners always remain the points where the order parameter is 
maximal. 

The series of minima in the magnetization curves deserve special atten- 
tion. Similar extrema were measured by Guimpel et al [12] and by Brongersma 
et al [13]. A related phenomenon was reported by Hiinnekes et al [14]. In [7] 
it was argued that the minima reflect the magnetization behavior of the su- 
perconducting sheet at the sample surface and not rearrangements in the 
vortex lattice (which do occur). The simple case reported here confirms this 
argument, since minima extend far beyond Hg 2 {Hg = 0.5) and must thus 
come from a surface effect. 

In Fig. 8.4 (a) the hysteretic behavior of the system is clearly observed. 
Beginning at the calculated solution for Hg = 1, negative increments in the 
applied field were imposed to show the hysteresis. Some snapshots of 
can be seen in Fig 8.7. For any given field, there are many more vortices in 
the sample when the applied field is decreasing than increasing. The lower 
(absolute) values in the magnetization suggest a smaller barrier for vortices 
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Fig. 8.5. Colour graph of the modulus of the order parameter for different applied 
fields. Case I. = 0.160 (a), 0.200 (b), 0.205 (c), 0.215 (d), 0.220 (e), 0.250 (f), 
0.260 (g), 0.270 (h), 0.280 (i), 0.290 (j), 0.320 (k), 0.330 (1), 0.350 (m), 0.400 (n), 
0.500 (o), 0.700 (p). Colours run from yellow {\ip\ ~ 1) to blue (|i/>| ~ 0). 




Fig. 8.6. Vortex arrangement at Hs = 0.4 in a square sample with dimensions 
96^(0) X 96^(0). 
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Fig. 8.7. Colour graph of the modulus of the order parameter for different applied 
fields. Case I, return (applied field descending from 1 to 0). He = 0.900 (a), 0.600 
(b), 0.460 (c), 0.450 (d), 0.445 (e), 0.430 (f), 0.400 (g), 0.350 (h), 0.300 (i), 0.200 
(j), 0.100 (k), 0.000 (1). Colours run from yellow (iT/ij ~ 1) to blue (|-!/)| ~ 0). 



to leave the system than the barrier for vortices to enter the system. The 
results are however not conclusive since in the simulation the rate of change 
of the applied field is rather high and time-dependent terms play a role. The 
three vortices in Fig. 8.7 (1), for example, leave the sample if the field is kept 
constant at iJg = 0 during another 35000 time steps. 

Consider now a hollow sample. Let the hole be a centered square, with 
dimensions 8^(0) x 8^(0) (case II), or 16^(0) x 16^(0) (case III). The same 
process of increasing and decreasing the applied field as before is conducted. 
The magnetization curves can be observed in Fig. 8.4 (b). Essentially the 
same structure as before arises, but at zero field in case II and III there 
remain fiuxoids “trapped” by the sample. These fiuxoids (5 for case II and 
13 for case III) are localized in the hole and do not leave the sample if the 
simulation is continued keeping = 0 for as many as 10® additional time 
steps. 

Vortex arrangements are also different, as shown in Figs. 8. 8-8. 9. It is 
interesting to remark how the first four vortices that enter the system are 
“captured” by the hole in case II, and similarly for the first sixteen ones in 
case III. In Fig. 8.8 (b) the instant before the capture has been depicted, 
and similarly in Fig. 8.9 (f). The dynamics can be better grasped looking 
at animated sequences. Some are available at the same webpage mentioned 
above, or can be reproduced with the program in a few hours of CPU time. 
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Fig. 8.8. Colour graph of the modulus of the order parameter for different applied 
fields. Case II. = 0.202 [0] (a), 0.206 [4] (b), 0.210 [4](c), 0.230 [12](d), 0.250 
[12] (e), 0.270 [20] (f), 0.300 [24] (g), 0.310 [24] (h), 0.320 [28] (i), 0.330 [28] (j), 
0.340 J32] (k), 0.350 [32] (1), 0.37 [36] (m), 0.400 [40] (n), 0.450 [52] (o), 0.550 
(p). Colours run from yellow (]■!/)] ~ 1) to blue (]'i/'| ~ 0). Between brackets the 
winding number along the external boundary is reported (above Hc 2 the winding 
number is not evaluated because round-off pollutes the results). 



We end up here the example section, since it is not the purpose of this 
article to discuss particular applications of the proposed method but rather 
to illustrate some physically interesting cases that can be simulated with the 
program. 

8.4 Concluding Remarks 

A numerical method for solving the 2D TDGL equations in multiply con- 
nected domains has been described, together with the underlying term-by- 
term approximation formulae. An implementation of the method is avail- 
able at http : / / cabmecl . cnea . gov . ar/~gustavo, and is readily extendable 
to more than one hole to consider more complex mesoscopic systems. A 
few examples showing the main phenomena that can be simulated with the 
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Fig. 8.9. Colour graph of the modulus of the order parameter for different applied 
fields. Case III. = 0.200 [0] (a), 0.202 [0] (b), 0.218 [4](c), 0.220 [8](d), 0.230 
[8] (e), 0.234 [16] (f), 0.250 [16] (g), 0.270 [24] (h), 0.300 [28] (i), 0.330 [28] (j), 
0.340 [32] (k), 0.350 [32] (1), 0.400 [40] (m), 0.420 [44] (n), 0.450 [52] (o), 0.550 
(p). Colours run from yellow {\'ip\ ~ 1) to blue {\ip\ ~ 0). Between brackets the 
winding number along the external boundary is reported. 



method have been reported. The reader is encouraged to download the pro- 
gram and test other configurations, such as eccentric holes (as considered in 
Section 5.4.7) or squid-like systems. It is also possible to introduce defects, 
simply by changing |'i/)p — 1 in Eq. 8.3 by j'f/'P — r, with r < 1 at regions with 
defects. Numerically, this amounts to a straightforward modification of Eq. 
8.19. Extension to d-wave superconductors is more involved, but the term- 
by-term approximations of Section 2 lead to an appropriate scheme (some 
results can be found in [10,11]). 
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Abstract. We discuss formation of vortices and antivortices in field theory sys- 
tems. We first describe conventional models, where such topological defects are pro- 
duced either via thermal fluctuations, or via a non-equilibrium mechanism, known 
as the Kibble meehanism, during a phase transition. We then describe a new mech- 
anism, recently proposed by us, where defect-antidefect pairs are formed due to 
strong oscillations, and subsequent flipping of the order parameter field. We also 
describe a novel phenomenon in which defect-antidefect pairs are produced via this 
flipping mechanism due to resonant oscillations of the order parameter field which is 
driven by a periodically varying temperature T, with T remaining much below the 
critical temperature T^. Also, in a rapid heating of a localized region to a temper- 
ature below Tc, far separated vortex and antivortex can form. We discuss possible 
experimental tests of our predictions of defect-antidefect pair production without 
ever going through a phase transition. 



9.1 Introduction 

The subject of topological defects is a highly interdisciplinary area in physics. 
Topological defects occur in many diDerent branches of physics, and are of 
interest to the researchers in these Delds for varied reasons. In condensed 
matter physics topological defects arise in a variety of systems, such as vortex 
Dlaments in superDuid helium, Dux tubes in superconductors, defects in liquid 
crystals etc., and have been studied, both theoretically and experimentally, 
for a long time. In the last two decades or so, certain developments have 
taken place in the Delds of particle physics as well as in condensed matter 
physics, which have made it possible for the study of topological defects 
in one Deld to directly relate to the developments in the other Deld [1,2]. 
An important example of this is provided by the study of the processes of 
formation of topological defects. First serious attempts in this direction were 
made in particle physics models of the early universe [3] where the possibility 
of occurrence of topological defects provided the long sought source of density 
Ductuations which could lead to the formation of structure in the universe, 
such as galaxies, clusters of galaxies etc. 

The entire picture of the formation of these defects in phase transitions in 
the early universe is very similar to what has been experimentally observed 
in condensed matter physics for a long time. However, the issue of details 
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of the processes of formation of these defects and their evolution had not 
attracted much attention. It turns out that not only is the general picture of 
topological defects in both subjects similar; even the theoretical framework 
for discussing these defects, and their formation is almost identical. Thus, 
the processes of defect formation which were proposed for the early universe, 
are completely valid for describing the formation of topological defects in a 
condensed matter system. Recognition of this has made it possible to carry 
out direct experimental investigation of such aspects of theories of topological 
defects using suitable condensed matter systems [4D8]. Needless to say that 
such experimental veriD cation would be out of question for particle physics 
since these defects are supposed to have formed during the very early stages 
of the evolution of the universe, at extreme densities and temperatures, which 
are not present anywhere in the present universe (and not conceivable in any 
laboratory experiments in foreseeable future). 

In this article we will discuss various theories of topological defect for- 
mation. We will Drst describe the conventional models which are proposed 
for topological defect formation in a phase transition. Then we discuss a new 
model of defect formation, recently proposed by some of us, where defect- 
antidefect pairs form due to strong oscillations, and subsequent Wipping of 
the order parameter (OP) Held [9,10]. Topological defects can form via this 
mechanism, even without the system ever going through a phase transition. 
We demonstrate this by showing that vortices are produced via this new 
Wipping mechanism due to resonant oscillations of the Deld which is driven 
by a periodically varying temperature T, with T remaining mnch below the 
critical temperature Tc [11]. Also, in a rapid heating of a localized region to 
a temperature below far separated vortex and antivortex can form (or, a 
large string loop can form for a three dimensional sample). We discuss how 
one can experimentally test the predictions of this new mechanism in systems 
snch as superDuid helium and superconductors. 



9.2 Theoretical Framework 

for Discussing Defect Formation 

We will conDne our discussion to the formation of vortices and antivortices 
arising due to spontaneous breaking of a global U(l) symmetry. Nevertheless, 
much of our discussion is general and applies to other defects, and to particle 
physics as well as systems in condensed matter physics. The diDerences be- 
tween the relativistic case (as appropriate for particle physics) and condensed 
matter systems primarily arise from the equations of motion. We will discuss 
these diDerences at appropriate places. 

Our model Lagrangian describes a system with a spontaneously broken 
global U(l) symmetry in 2-1-1 dimensions. The Lagrangian is expressed in 
terms of scaled, dimensionless variables (by choosing suitable units). 
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£= i(D,D°)(D^D)®V(D) (9.1) 

Here D = Di-|-iD 2 isa complex scalar order parameter Deld with magni- 
tude D. H(D) is the eDective potential, which is the analog of the Ginzburg- 
Landau (GL) free energy (for uniform D ) in the context of condensed matter 
systems and describes the symmetry breaking pattern of the theory. Just 
like for GL free energy, we choose the form of G(D) to describe spontaneous 
breaking of U(l) symmetry. 

V(D) = i(D2® 1)2 + ^t2D2> (9.2) 

4 8 

T is the temperature of the system and D is a dimensionless parameter. 
We take D = 4. (Here the critical temperature Tc = 1 with our choice of 
units and parameters.) The temperature dependence of the eDective poten- 
tial, given above, is motivated from the one-loop Dnite temperature correc- 
tions. It will be more appropriate to use linear temperature dependence for 
condensed matter systems. For much of the discussion this diDerence will not 
be relevant, except for the discussion at the end about the Dipping mechanism. 
There, defect formation is found to be more eD cient for linear temperature 
dependence. 

G(D) in Eq.(2) describes the symmetric phase of the system at high tem- 
peratures, with D = 0 being the vacuum state (the state of lowest free energy) . 
For low temperatures (T < Tc), the ground state occurs at a non-zero value 
of D, and is not symmetric under U(l) transformation, thereby describing the 
spontaneously broken phase. The order parameter space (the vacuum mani- 
fold) is a circle here, characterized by the phase D of D for Dxed magnitude 
D. Topological defects (U(l) vortices and antivortices), with non-trivial wind- 
ings of D, will form during the phase transition, which for this case is a second 
order phase transition. 



9.3 Conventional Models of Formation 
of Vortices and Antivortices 

Conventionally, defect production has been studied in two diDerent situations. 
In certain condensed matter systems it is possible to produce defects by exter- 
nal inDuence, such as in an external magnetic Deld (which leads to formation 
of Dux tubes in type II superconductors), or due to moving boundaries, such 
as production of vortices in a rotating vessel containing superDuid helium, 
(or nucleation of vortex rings in superDow through a small oriDce [12]). The 
only other method of producing topological defects is either due to thermal 
D actuations at temperatures close to the transition temperature (with defect 
density suppressed by the Boltzmann factor) , or in a phase transition via the 
Kibble mechanism where defect production happens due to formation of a 
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kind of domain structure during phase transition with defects forming at the 
junctions of these domains. As we mentioned above, the Kibble mechanism 
was originally proposed for studying defect formation in the early universe. 
However, the mechanism as such has complete general applicability and in 
fact has been recently veriDed by studying defect formation in certain con- 
densed matter systems [5,6]. 

In the Kibble mechanism, the domain like structure arises from the fact 
that during phase transition, the orientation of the OP Deld can only be 
correlated within a Dnite region. The order parameter can be taken to be 
roughly uniform within a correlation region (domain) , while varying randomly 
from one domain to the other. This situation is very natural to expect in a Drst 
order phase transition, where the transition to the spontaneous symmetry 
broken phase happens via nucleation of bubbles (for which case K(D) will 
have a diDerent form than given in Eq.(2)). Inside a bubble the orientation 
of the order parameter (say, phase D of D in Eq.(l)) will be uniform, while D 
will vary randomly from one bubble to another. Eventually bubbles grow and 
coalesce, leaving a region of space where D varies randomly at a distance scale 
of the inter-bubble separation, thereby leading to a domain like structure. The 
same situation happens for a second order transition where the orientation 
of the OP Deld is correlated only within a region of the size of the correlation 
length. This again results in a domain like structure, with domains being the 
correlation volumes. There are non-trivial issues in this case in determining 
the appropriate correlation length for determining the initial defect density. 
This is due to the eDects of critical slowing down of the dynamics of the OP 
Deld near the transition temperature. For a discussion of these issues, see 
ref. [8] and references therein. 

In order to determine whether a topological defect (vortex) has formed 
in a region, one needs the information about D at every point on a closed 
path in that region. For this one needs to know how D will vary in between 
any two domains, once D is known inside the two domains. An important 
ingredient in the Kibble mechanism is the assumption that in between any two 
adjacent domains, the OP Deld is supposed to vary with least gradient. This 
is usually called the geodesic rule and arises naturally from the consideration 
of minimizing the gradient energy. 

One can take the example of a superDuid phase transition in ^He corre- 
sponding to spontaneous breaking of U(l) symmetry and characterized by a 
complex order parameter. The GL free energy for this will be given by an 
expression as in Eq.(2) (with linear temperature dependence for the coeD - 
cient of the D^ term). In the superDuid phase, the magnitude D of the order 
parameter gives the degree of superDuidity, while its phase D can vary spa- 
tially over distances larger than the correlation length. In this case, string 
defects (superDuid vortices) arise at the junctions of domains if D winds non 
trivially around a closed path going through adjacent domains. Simple argu- 
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ments show [13,5] that the probability of string formation at a junction of 
three domains (in two space dimensions) is equal to 1/4. 

It is important to mention that in the above argument, no use is made 
of the Deld equations. Thus, whether the system is a relativistic one, or a 
non-relativistic one appropriate for condensed matter physics with the dy- 
namics of the order parameter being given by time dependent Ginzburg Lan- 
dau (TDGL) equations, there is no diDerence in the defect production (per 
domain). It is this universality of the prediction of defect density (number 
of defects per domain) in the Kibble mechanism which has been utilized to 
experimentally verify this prediction (which was originally given for cosmic 
defect production) in liquid crystal systems [5]. Note that defect density as 
such is not universal since it depends on the domain size. For a second order 
transition, domains are not easily identiDed (as in the case of superDuid ^He 
[7]), making it diD cult to utilize the universality of defect density (defects 
per domain) for a clean experimental veriD cation of the theoretical predic- 
tion. For a Drst order transition proceeding via bubble nucleation, bubbles 
are the domains, which may be easily identiDed facilitating the measurement 
of defect density (defects per domain), as in the case of liquid crystals, see [5]. 
See, also, [6] for the experimental veriDcation of another universal prediction 
of the Kibble mechanism relating to the defect-antidefect correlations. 

As the Kibble mechanism is formulated only in terms of the order pa- 
rameter Deld (phase D of D for Eq.(l)), one may expect that presence of 
other Delds, such as gauge Delds, will also not alter the predictions of this 
mechanism. Thus, one should expect the same predictions to apply for su- 
perconductors as for superDuid ^He, both described by the same free energy 
(similar to that in Eq.(2)). There is, however, a subtlety here [14] when gauge 
Delds are present, due to gauge invariance. As far as the spatial variation of 
D alone is concerned, any possible continuous variation of D is allowed on an 
open path in the region intermediate to any two domains, all such possibilities 
being related to each other by gauge transformations and hence physically 
equivalent. As the geodesic rule concerns the variation of D from one point to 
another diDerent point, we conclude that for gauge theories the geodesic rule 
for D becomes unjustiDed. Without a criterion like the geodesic rule, one can 
not specify the coiiDguration of D at every point on a closed path (say, go- 
ing through three adjacent domains) and hence can not determine whether 
the path encloses any string or not. In view of this, it becomes important 
to carry out experimental tests of the Kibble mechanism (such as those in 
refs. [4D7]) for superconductors which are the only experimentally accessible 
systems with spontaneously broken gauge symmetries which support topo- 
logically nontrivial defects, namely string defects, see ref. [15] in this context. 
The issue of geodesic rule for gauge defects has been investigated in the liter- 
ature and it has been shown that in certain situations (such as in the presence 
of strong damping) the geodesic rule arises dynamically [16,17]. However, in 




220 Sanatan Digal et al. 



the presence of strong Deld oscillations, the geodesic rnle may not hold, see 
[18]. 

9.4 A New Mechanism 

of Defect- Antidefect Production 

An important aspect of the Kibble mechanism is that it does not crncially 
depend on the dynamical details of the phase transition. For example, the 
number of defects (per domain) prodnced via the Kibble mechanism depends 
only on the topology of the order parameter space and on spatial dimensions. 
Dynamics plays a role here only in determining the relevant correlation length 
[8], which in turn determines the domain size, aDecting net nnmber of defects 
prodnced in a given region. Still, the number of defects per domain is entirely 
independent of the dynamics. (Apart from some special sitnations, e.g. in a 
very slow Drst order transition, see [17].) 

Recently, a new mechanism for defect production has been proposed by 
some of ns [9,10] where the dynamics of the OP Deld plays a very important 
role. Here, defect-antidefect pairs are prodnced due to strong oscillations of 
the Deld. Whenever the Deld passes through zero magnitude, while oscillating 
(in a region where the Deld is non-nniform), a defect-antidefect pair gets 
created. 

The essential physical picture underlying this mechanism is as follows 
[10]. We will discuss the formation of U(l) global vortices in 2-1-1 dimensions, 
with the Lagrangian given in Eq.(l). Consider a region of space in which the 
phase D of the OP Deld D varies uniformly from D to D as shown in Fig. la. 
At this stage there is no vortex or anti-vortex present in this region. Now 
snppose that the magnitnde of the OP Deld undergoes oscillations, resulting 
in the passage of D through zero, in a small region in the center enclosed by 
the dotted loop, see Fig. lb. (We will discnss later how such oscillations can 
arise.) From the eDective potential K(D) (Eq.(2), for T < Tc) it is easy to see 
that oscillation of D throngh zero magnitnde amounts to a change in D to the 
diametrically opposite point on the order parameter space S^. This process, 
which causes a discontinuous change in D by D , was termed as the Dipping of 
D in [10]. 

For simplicity, we take D to be uniform in the Dipped region. Consider 
now the variation of D along the closed path AOBCD (shown by the solid 
cnrve in Fig. lb) and assume that D varies along the shortest path on the 
order parameter space (as indicated by the dotted arrows), as we cross 
the dotted cnrve, i.e. the variation of D from the nnDipped to the Dipped 
region follows the geodesic rule. [Even if D varies along the longer path on 

we still get a pair, with the locations of the vortex and the antivortex 
getting interchanged.] It is then easy to see that D winds by 2D as we go 
around the closed path, showing that a vortex has formed inside the region. 
As the net winding surrounding the Dipped region is zero, it follows that an 
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anti-vortex has formed in the other half of the dotted region. One can also 
see it by explicitly checking for the (anti)winding of D. 

Another way to see how Dipping of D results in the formation of a vortex- 
antivortex pair is as follows. Consider the variation of D around the closed 
path AOBCD in Fig. lb before Dipping of D in the dotted region. Such a 
variation of D corresponds to a shrinkable loop on the order parameter space 
. After Dipping of D in the dotted region, a portion in the center of the 
arc connecting D=D to D=D on moves to the opposite side of 5^. If the 
midpoint of the arc originally corresponded to D=D, Dipping of D changes D 
to D+D. We assume that diDerent points on the arc move to the opposite 
side of maintaining symmetry about the mid point of the arc (and say, 
also maintaining the orientation of the arc). Then one can see that the loop 
on the order parameter space becomes non-shrinkable, and has winding 
number one, see [10] for details. Thus a vortex has formed inside the region 
enclosed by the solid curve. Obviously, an anti-vortex will form in the left 
half of Fig. lb. 

Every successive passage of D through zero will create a new vortex- 
antivortex pair. Density waves generated during Deld oscillations lead to 
further separation of a vortex-antivortex pair created earlier. The attractive 
force between the vortex and anti-vortex lead to their eventual annihilation. 
We now discuss how such oscillations of the OP Deld can arise. As shown 
in [9,10], such strong oscillations can naturally arise in a Drst order transi- 
tion during coalescence of expanding bubbles (when dissipation is not too 
strong, or when explicit symmetry breaking is also present). In a strong Drst 
order transition, bubble walls acquire large kinetic energies before bubbles 
start coalescing. This kinetic energy leads to strong oscillations, and subse- 
quent Dipping of the OP Deld, resulting in production of defect-antidefect 
pairs [9,10]. This mechanism is valid even for second order phase transitions, 
where oscillations of the OP Deld can result during a quench from very high 




a b 

Fig. 9.1. (a) A region of space with 9 varying uniformly from a at the bottom to 
some value /? at the top. (b) Flipping of ^ in the center (enclosed by the dotted 
loop) has changed 9 — ^ to 9 — y-t-rr resulting in a vortex-antivortex pair production 
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temperatures [10]. Further, this mechanism is also applicable for the forma- 
tion of other topological defects. For example, it was shown in [10] that this 
mechanism also applies to the production of monopoles as well as textnres. 
For string prodnction in 3-1-1 dimensions, above arguments can easily be seen 
to lead to the production of a string loop enclosing the Dipped region [10]. 
Production of defect-antidefect pairs due to Deld oscillations has also been 
seen for gauge defects, see [18]. 

9.5 Resonant Production of Vortex- Antivortex Pairs 

We now discuss a new phenomenon where defect-antidefect pairs can form 
without any external inDuence (like external Delds or moving boundaries etc.) 
and at temperatures much below the critical temperature, without ever going 
throngh a phase transition [11]. In our model, defects form due to resonant 
oscillations of the OP Deld at a temperature which is periodically varying, but 
remains much below the critical temperature Tc. (Periodic variation of the 
temperature will certainly be externally controlled. In the same way, a system 
undergoing phase transition has externally controlled temperature.) We also 
show that in rapid heating of a localized region to a temperature below far 
separated vortex and antivortex (or a large string loop in 3-1-1 dimensions) 
can form. We stndy the system described by Eq.(l). As mentioned above, the 
temperature dependence of the eDective potential in Eq.(2) is motivated from 
the one-loop Dnite temperature corrections. We get similar results with linear 
temperature dependence in the eDective potential, which is more appropriate 
for condensed matter systems. (In fact, for linear temperature dependence 
we get defect production for even lower temperatures.) 

Another important point we mention is that the basic physics of our model 
resides in the time dependence of the eDective potential. In the present case 
we achieve this by using a time dependent temperature. In many condensed 
matter systems one can eqnally well do this by periodically varying some other 
thermodynamic variable such as pressure (which may even be experimentally 
more feasible for the periodic variation case), or even a time-dependent ex- 
ternal electric or magnetic Deld (say, for liquid crystals, though there are 
subtleties in that case [10].) One can even have coupling to an oscillating 
uniform background Deld leading to resonance in the OP Deld, as in the case 
of reheating after inDation in the early universe. There has been much dis- 
cussion of non-thermal symmetry restoration, and defect prodnction during 
snbseqnent symmetry breaking, in the context of post-inDationary reheating 
[19,20]. The oscillatory temperature dependence in our model leads to Deld 
equations which are similar to those with an oscillating inDaton Deld coupled 
to another scalar Deld (with the oscillating temperature playing the role of 
the inDaton Deld). However, there are also crncial diDerences between our 
results and those in the literature, see ref. [11] for detailed discussion. 
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We now discuss the dynamics of the Deld, using the following equations 
for Deld evolution. 

D2D,<Df2 + DDD,<Dt® D 2 d, + V°(D) = 0> (9.3) 

Here V(D) is the eDective potential in Eqn.(2). We solve Eq.(3) using a 
second order staggered leapfrog algorithm. D is the dimensionless dissipation 
coeD cient. As the production of vortex-antivortex pairs happens here due to 
the Dipping mechanism, the dynamics of the Deld plays a crucial role. Here it 
makes a diDerence whether the dynamics is given by Eq.(3), or by the TDGL 
equations. We Dnd that for a system whose dynamics is completely dominated 
by the dissipative term (i.e. D is very large), we do not get any defect produc- 
tion (which is natural to expect since for large dissipation, oscillations and 
subsequent Dippings of the OP Deld will be suppressed). However, for small 
dissipation, defects are produced via the Dipping mechanism. We have not 
included any noise term in the above equations. The basic physics we discuss 
above does not depend on that. Further, as discussed above, time dependence 
of the eDective potential could be thought to arise from some source other 
than the temperature (with temperature kept very low to suppress any ther- 
mal Ductuations). Thus here we concentrate on discussing this phenomenon 
without any noise term. (It will be interesting to explore the eDects of noise on 
defect production in our model and explore connections with the well studied 
phenomenon of stochastic resonance in condensed matter systems [21].) 

We Drst discuss a situation in which a central patch in the system is in- 
stantaneously heated from zero temperature to a temperature Tq < and 
maintained at that temperature, while the region outside the patch is kept at 
zero temperature. One could easily produce such a situation by rapidly heat- 
ing a small portion of the system (such as superDuid ^He or superconductor), 
which is kept in contact with a low temperature reservoir. Eventually the 
temperature of the system may approach a uniform value, but the produc- 
tion of defects will happen on the time scale of the relaxation of the OP Deld 




Fig. 9.2. Solid curve shows the effective potential at T = 0. The system is instan- 
taneously heated to T = To with effective potential shown by the dashed curve 
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Fig. 9.3. The central region is instantaneously heated to a temperature To = 0.72 
(left figure). A far separated vortex-antivortex pair is produced due to flipping of 
^ in the heated region (right figure) 




















(depending on heating rate). We Drst give qualitative arguments explaining 
the physics underlying the process of defect formation in this case. Assume 
that the system initially is at zero temperature with the OP Deld pointing in 
some direction on the order parameter space, denoted by point P in Fig. 2. 
Thick solid curve in Fig. 2 represents the eDective potential at this stage. Now 
snppose that the temperature is instantaneously increased to a value Tq and 
kept there, where Tq is less than the critical temperature Tc- The dashed 
curve in Fig. 2 denotes the eDective potential at T = Tq. As the temperature 
has been increased suddenly, the OP Deld will still have the value shown by 
point P in Fig. 2. However, now the eDective potential being given by the 
dashed curve, the OP Deld at point P becomes unstable and starts rolling 
down towards the minimum of the new eDective potential (dashed curve). It 
is clear that if the value of the potential energy at point P, with respect to 
the new eDective potential, is larger than the height of the central bump then 
the Deld will overshoot the bump and roll down to the opposite side (ignoring 
dissipation). That is, the OP Deld will be Wipped, leading to vortex-antivortex 
pair production via the Dipping mechanism (for non-uniform D, as discussed 
above) . 

We study the evolution of the Deld by Eqn.(3), with T in the eDective po- 
tential taken as the local value of temperature. The temperature proDle of the 
wall separating the central region from the surrounding region at zero tem- 
perature is taken to be of the form T(r) = (To<2)(li8)tanh((ri8)i?)<iD )), where 
R is the radius of the (circular) central patch and D is the wall thickness. 
(Our results do not depend on the proDle used for this boundary region.) We 
use a 500 D 500 lattice with the physical size of the lattice equal to 80 D 80. 
The time step D t was taken to be 0.008. We take i? = 24 and D = 0c32. The 
initial magnitude of D was taken to be uniform, equal to the zero tempera- 
ture vacuum expectation value (vev), while its phase varied linearly from 0 
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to 2D along the Y-axis, being uniform along the X-axis, as shown in the left 
Dgure in Fig. 3. (This choice facilitated the use of periodic boundary condi- 
tions to evolve the Deld. Defect production happens with much smaller phase 
variation also.) 

The instantaneous heating of the central region (interior of the circle 
shown in the left Dgure in Fig. 3) with Tq = 0>72 (with D = 0.4), lead to 
destabilization of the OP Deld in that region. The Deld, while trying to relax 
to its new equilibrium value, overshot the central barrier and ended up on the 
opposite side of the order parameter space. For the above Deld conDguration, 
this lead to formation of a vortex at one boundary of the D ipped region, 
with an anti- vortex forming at the opposite boundary (as discussed above). 
The Dgure on right in Fig. 3 shows the Deld conDguration at t = 21t6. A 
vortex-antivortex pair is seen here at the boundary of the heated region. 
Note that such a pair could not have been formed via any other mechanism. 
Defects could not form here via the Kibble mechanism as that requires the 
system to go through a symmetry breaking phase transition. In our case 
the temperature never crosses the transition temperature. Similarly, such 
defects could never be produced by thermal D actuations, as that process can 
not directly produce a pair in which a defect and an antidefect are so far 
separated. 

These arguments show that the above scenario can be used to provide an 
unambiguous experimental veriD cation of the Dipping mechanism described 
in [10] for defect production. For example, one can use superDuid ^He (or su- 
perconductor) to experimentally test this scenario by locally heating a central 
region to a temperature Tg < Tc (Tg should be large enough to allow for over- 
shooting). In 3 -|- 1 dimensions, this would lead to the formation of a string 
loop, with a size of order of the size of the heated central region. The con- 
dition of small phase variation across the system can be easily achieved for 
superDuid helium by allowing for small, uniform, superDow across the sys- 
tem. (For superconductors, one can allow small supercurrent.) The fact that 
the formation of such a large string loop does not require a phase transition, 
makes this a clean signal, unpolluted by the presence of smaller string loops. 
One can even consider a Dim of superDuid helium (or a superconductor). 
Again, by allowing small uniform superDow, and rapidly heating a localized 
portion of the system, one should observe a far separated vortex-antivortex 
pair. 

We now describe the resonant production of vortex-antivortex pairs, in- 
duced by periodically varying the temperature T. T (in Eqn.(2)) is taken to be 
spatially uniform, with its periodic variation given by T{t) = T^ + Ta sin(Df). 
The choice of frequency D was guided by the range of frequency required to 
induce resonance for the case of spatially uniform Deld (evolved by Eqn.(3)). 
We Dnd that resonance happens when D lies in a certain range. (We are as- 
suming that for the relevant range of D here, the system can be considered in 
quasi-equilibrium so that the use of temperature dependent eDective poten- 
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tial makes sense.) This frequency range for which resonant defect production 
occurs depends on the average temperature (Tq) as well as on the amplitnde 
of oscillation Ta, with the range becoming larger as Tq approaches Tc- 

Initially the magnitude of D is taken to be equal to the vev at T = Tq, 
over the entire lattice. The phase D of D was chosen to have small random 
variations at each lattice point, with D lying between 20° and 40° (left Dgnre 
in Fig. 4). We have carried out simulations for other widely diDerent initial 
conDgnrations as well. In one case we took the domain structure developing 
at late stages in the above simulations, and used it as the initial data for 
evolution with a diDerent set of parameters. In another case, we took the 
lattice to consist of only four domains with small variations of D between 
domains. Defects are always produced as long as there is some non-uniformity 
in the initial phase distribution. Because of the coupling between the phase 
and magnitude of the OP Deld, even a slight non-uniformity in phase is 
ampliDed due to magnitude Ductuations brought about by the periodically 
varying temperature. Although we Dnd that at early times defect formation 
depends on the initial coriDguration, the asymptotic average defect density 
seems to remain unchanged. 




0 16 32 48 64 80 ** 



Fig. 9.4. Left figure shows the initial configuration of <P for the entire lattice. The 
figure on the right shows the plot of ^ at t = 908.0 for the resonant oscillation 
case for a portion of lattice, showing randomly oriented domains, with 4 vortex- 
antivortex pairs. To = 0.31 and Ta = 0.125 for this case 



The Dgnre on the right in Fig. 4 shows a portion of the lattice at time 
t = 908c0, for D = li>19, Tq = 0.31, Ta = 0>125 and D = 0c013, showing four 
vortex-antivortex pairs. We count only those pairs which are separated by a 
distance larger than . Here (= 1 at T = 0) is the relevant length 
scale (correlation length) in Eq.(l). We emphasize again, formation of these 
vortices can not be accounted for by Kibble mechanism, or by the thermal 
production of defects. Although, the basic mechanism of defect production 
here is completely diDerent from the production of defects via thermal Ductu- 
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ations, it is interesting to check what sort of defect densities are expected from 
thermal Ductuatiori mechanism at the temperatures under consideration. For 
this, we have estimated the energy of a vortex-antivortex pair, using the 
numerical techniques in ref. [22], to be about 2.5 (for Tq = OtSl) when the 
separation between the vortex and the antivortex is about (with mn 

being temperature dependent). If we take thermally produced defect density 
to be of order D exp(-i?pair<T), then even with T = Tq + Ta = 0.435, the 
defect density is only about 6 D 10®"‘, which is less than the defect densities 
we Dnd. Thus detection of defects via resonant production should not have 
any diD culty from the thermal contribution to the defect deirsity (at least 
for values of T which are not too close to Tc). 

We have carried out simulations for various values of Tq (with D = li>19, 
Ta = 0i>125, and D = 0c013 kept Dxed), starting with similar initial coiiDgu- 
rations. As a function of time, defect density rises from zero, and eventually 
Ductuates about an average value. We carry out the evolution till t D 1000, 
when this average defect density becomes reasonably constant. For this set 
of parameters, the smallest value of Tq for which we observe resonant defect 
production was equal to 0.31. (For linear temperature dependence in V(D) in 
Eqn.(2) we get defect production at much lower temperatures, with smallest 
value of Tq = 0>10 and Ta = 0.08, D = 1.19.) Fig. 5 shows temporal varia- 
tion of defect density at large times. The Ductuations in defect density are 
due to pair annihilations and pair creations of vortices which keep happen- 
ing periodically because of localized Dipping of D . The number of vortices is 
equal to the number of antivortices, as the Dipping mechanism creates only 
vortex-antivortex pairs. 

The asymptotic average defect density (for 900 D t D 1000) shows non- 
trivial variation as a function of Tq. We Dnd that the defect density peaks at a 




Fig. 9.5. Evolution of density n of vortices and antivortices at large times. Straight 
lines show linear fits to the respective curves, n for u) = 1.19 and 1.31, are shown 
by the solid and the dotted curves respectively (with Tq = 0.5 and Ta — 0.125). 
Dashed curve shows n for To = 0.31, Ta = 0.125 and u) = 1.19 
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value of To D OcH. This drop in average defect density for larger temperatures 
can be due to a decrease in ttih- Due to Datter VeU near the true vacuum, D 
does not gain too much potential energy when 14o changes due to change in 
temperature (with Ta = 1-0), which may make Dipping of D diD cult (even 
though the barrier height is smaller now). We also Dnd that there is an 
optimum value of frequency D for which the defect density is maximum. 
It is reasonable to expect that if D is too large, it would be diD cult for 
the Deld to overshoot the central barrier, since larger frequency will lead to 
averaging out of the force on D dne to the rapidly changing eDective potential. 
On the other hand, if D is too small, the Deld may have enough time to 
relax to its equilibrium value without being suD ciently destabilized, making 
the overshooting of D more diD cult. By keeping all other parameters Dxed 
(To = Ocb, Ta — 0i>13 and D = 0c013), we have explored the behavior of 
defect density for diDerent values of frequency. (For the above parameters, 
resonant defect production happens for 0c94 < D < lc31). For D 0.94, 1.0, 
1.13, 1.19, and 1.31, we Dnd the average defect density to be 0.0048, 0.0061, 
0.0059, 0.0058, and 0.0042 respectively. 

We have made some check on the dependence of the asymptotic average 
defect density on Ta- For Tq = 0t6, D = li>19 and D = 0c013, the average defect 
density is larger for Ta = 0>13 compared to the case when Ta = 0>25. (Again, 
note that we are focusing on asymptotic defect density.) When we increase D, 
it results in suppression of the defect density since damping makes it diD cult 
for D to overshoot the barrier. Moreover, as D is gradually increased, the 
minimnm valne of Tq reqnired to indnce resonant oscillations also increases 
and for D > 0c63, resonant production of vortices is not possible for Tq < Tc- 
We also Dnd that the range of freqnency for which resonant defect production 
occurs, becomes narrower on increasing D. 

9.6 Conclusion 

Stndy of the formation of topological defects is an active Deld. There have 
been many interesting developments recently in this area. New theories have 
been proposed which lead to diDerent predictions about the defect distribu- 
tions. It is possible to experimentally test many of these predictions. It will be 
very interesting to verify the prediction that topological defects can form via 
the Dipping mechanism, without ever going through phase transition. Super- 
Duid helinm, or supercondnctors are some systems where these experimental 
tests can be carried out. Resonant production of defects also presents novel 
possibilities for defect prodnction. Experimental veriD cation of this will be 
very interesting, especially from the point of view of its implications for the 
defect production in the inDationary theories of the universe. 
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10 The Order Parameter 

as a Macroscopic Quantum Wavefunction 



Antony J. Leggett 

Department of Physics, University of Illinois at Urbana-Champaign, 1110 West 
Green Street, Urbana, IL 61801-3080, USA 



Abstract. Although it is only in the very simplest cases that the order parameter 
of a superfluid or superconductor can be regarded literally as a Schrodinger wave 
function, it is quite generally “very like” one, and thinking of it in this way can 
often be quite helpful to one’s intuition, particularly in cases involving internal 
degrees of freedom. In this chapter I shall briefly sketch the basis for this point of 
view, starting with the very simplest case, that of a noninteracting Bose gas, and 
proceeding through progressively more complicated examples, to end with a Fermi 
superfluid with “exotic” pairing. 



10.1 The Free Bose Gas 

Consider a set of N identical noninteracting atoms without internal degrees 
of freedom and subject to Bose statistics, moving freely in a volume V with 
periodic boundary conditions. It is a standard result, originally due to Ein- 
stein, that in the thermodynamic limit N,V —>■ oo, N/V —>■ const. = n, there 
exists a temperature Tc{n) such that below Tc the thermal equilibrium single- 
particle distribution over plane-wave states k, (aj[ak)(r) = (nk(T)) has the 
property 

(no(T)) = iVo(T) - N, K^o)(T) ~ 1 (10.1) 

i.e. below Tc a finite fraction f{T) = Nq{T)/N of all atoms occupy the zero- 
momentum (lowest-energy) single-particle state. This phenomenon is known 
as Bose-Einstein condensation (BEC), and the atoms which occupy the zero- 
momentum state are known as the condensate. The specific form of the con- 
densate fraction /(T) for the free gas is 1 — (T/Tc(n))^/^, so that / tends to 
0 for T Tc{n) and to 1 for T ^ 0. 

Suppose now we perturb the system with some space- and time-dependent 
c-number external potential V (r, t). Under the action of V the original single- 
particle wave functions, which are time-independent (e'*^ '") except for the 
overall phase factor exp[— i(S^fc^/2m)t], will evolve into a set of functions 
V'(k) (r) which have a nontrivial time dependence; the label (k) is attached to 
indicate the state from which they evolved. By unitarity, the states i/)(k)(rt) 
for different k are at all times mutually orthogonal; moreover, because of the 
product nature of the wave functions which were represented in the original 
(thermal-equilibrium) density matrix, the average occupation number (n(k)) 
of the state ^/>(k)(rt) is just equal to the original (rik). In particular, the state 
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V'(o) (r^)> and only that state, has a macroscopic occupation Nq. For notational 
convenience, let us denote this state by Xo(rt) and call it the “wave function 
of the condensate” ; note that it is no more and no less than a particular (time- 
and space-dependent) single-particle wave function. Then we can define the 
order parameter W(rt) by the simple prescription 

tF(rt) = y^xoiT^t) (10.2) 

where for this simple case Nq = Nq{T) = N{1 — {T Thus, up to 
its overall normalization the order parameter is indeed nothing but a simple 
one-particle Schrodinger wave function. 

The state of the system considered above is rather special, in that it is 
specified to have evolved from the thermal equilibrium state under the action 
of an external perturbation, and one might suspect that a definition similar 
to (10.2) might actually be useful more generally. This is true, but at this 
point we might as well go directly to the case of an interacting Bose gas. 

10.2 The Interacting Bose Gas 

We consider now the general case of an interacting Bose gas (but still without 
internal degrees of freedom) subject to some external potential V (rt) and not 
necessarily in thermal equilibrium. Quite generally, we can define the single- 
particle density matrix 

p{r,r' : t) = (^/>+(r)V'(r')) 

= j dr2-.drN'I'^^^*{v,V2...VN : t)!f^^(r',r2...rAr : t(10.3) 



(i) 

where the are functions which diagonalize the Wbody density matrix 
with eigenvalues pi (i.e., crudely speaking, “the iV-particle system is in state 
with probability Pi”). The quantity p(r,r' : t) is clearly Hermitian with 
respect to its arguments (r,r') and thus can be diagonalized with real eigen- 
values which we denote (ni)(t) 

p(r,r' : t) = ^(ni)(f)x*(rf)xi(rT) , (10.4) 

I 

where for any given time the eigenfunctions constitute a complete 

orthonormal set. Intuitively, the quantity (ni)(t) is the average occupation, 
at time t, of the single-particle state Xi(r : t). Note that the choice of the Xi 
is simply dictated by the requirement of absence of “off-diagonal” terms in 
(10.4), and they need not be eigenfunctions of any particular quantity (e.g. 
the kinetic energy) other than 'p itself. 

We now define the system of interest as possessing (at time t) “BEC” if at 
least one of the eigenvalues {ni)(t) is of order of the total particle number N, 
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and as possessing “simple BEC” if one and only one of the eigenvalues has 
this property. It is impossible to overemphasize, first, that the conventional 
definition of an order parameter (see below) makes sense only if the BEC is 
“simple”, i.e., if the “condensate” is uniquely defined, and second, that in the 
general case (as distinct from the simple special case discussed in Section 10.1) 
we have no a priori reason to believe that in all states of physical interest any 
BEC occurring need be simple. In fact, the reasons why “simple BEC” tends 
to be the norm, at any rate in spinless systems, are quite subtle and have 
to do with the effects of the interatomic interaction, which for most cases of 
practical interest is repulsive;^ they are discussed in detail in [71, section 4 
(cf. also [8]). 

Given that the system of interest indeed shows simple BEC, we can define 
an order parameter as in (10.2), the only difference being that the quantity 
Nq = (rio)(t) is in general a function of time: 

W{rt) = ^/No{t)xo{r,t) . (10.5) 

Note that, even in thermodynamic equilibrium at T = 0 the quantity Nq 
need not be equal to the total number of particles N (in fact, in a case of 
practical interest - liquid ^He - the condensate fraction /(O) = Nq{T = 
0)/N is believed to be less than 10%). We see that, just as in the special 
case of Section 10.1, the order parameter is essentially a particular single- 
particle wave function; the only “macroscopic” thing about it is that the 
corresponding single-particle state is occupied by a macroscopic number of 
atoms. 

10.3 Bose Gas with Internal Degrees of Freedom 

Although the Bose system in which BEC was originally realized, liquid ^He, 
has no (relevant) internal degree of freedom, this is no longer the case with a 
system of more recent interest, namely the ultracold atomic alkali gases (for 
review, see e.g. [4]); these systems are invariably characterized by hyperfine 
and Zeeman quantum numbers, and the energy scales involved are such that 
it is often quite easy to produce situations in which two or more different 
hyperfine-Zeeman states coexist. The general description of BEC in such sys- 
tems is discussed in detail in [7] ; in the present context the simplest approach 
is to define a fixed (space- and time-independent) set of basic vectors a in the 
“internal” space (which need not necessarily correspond to the eigenfunctions 
of the single-particle Hamiltonian, though this choice is usually convenient 
where it is possible) and to treat the label a on a par with the coordinate 

^ Bose systems with attractive effective interactions are generally unstable against 
collapse in real space, though in a “trap” geometry there are some complications: 
cf. [2], section III.c. 
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vector r. Thus, one defines a creation operator ■i/;(r, a) (= ■i/'a(r) in a more 
familiar notation) and generalizes equations (10.3) and (10.4) to read 

p{r,a,r',a' : t) = (t/>+(r, a)V'(r, a')) W 
= a : t)xir,{r' , a' : t) , (10.6) 



where the eigenfunctions Xir/(r,Q; : t) are “spinors” (multicomponent wave 
functions) in the space of the internal degrees of freedom; note that the 
spinor structure of those eigenfunctions may depend on the index i. As above, 
we define the system to show simple BEG if one and only one eigenvalue 
(no,r;o)(t) = No{t) is of order N, and can then generalize the definition (10.5) 
of the order parameter to read 

if'(r,a' : t) = a/]Vo^Xo.,)o(J'.« : (0 = *,??) (10-7) 

The question of the justification for the assumption that any BEG occurring 
is simple is even more delicate in this case, and in fact one not infrequently 
has to deal with cases where it is not: see [7], section 7, and cf. also below. 
Section 10.5. 

10.4 Cooper Pairing: s-Wave Case 

As is well known, the basis of the BGS theory of superconductivity is that 
electrons near the Fermi surface of the metal in question pair off to form 
a bound state with total spin and orbital angular momentum zero (Gooper 
pair), in such a way that all pairs occupy the same two-particle state. It is 
thus tempting to think of the Gooper pairs as bosons, and the formation of 
the superconducting state as a sort of BEG of these bosons. Were the radius 
of the pairs much less than the mean distance between them (“Bose limit”), 
this picture would be at least qualitatively valid, and one could then simply 
apply the analysis developed in Section 10.2 above (and moreover, generalize 
it to the case of “exotic” pairing along the lines of Section 10.3). However, 
the pre-1986 superconductors are certainly in the opposite limit: the “pair 
radius” is much greater than the average inter-pair separation (“BGS limit”) 
and as a result one certainly cannot neglect the fermion nature of the electrons 
composing the pair. (The situation is a bit more ambiguous for the cuprates, 
but they too are probably closer to the BGS than to the Bose limit.) 

A simple schematic representation of the Welectron wave function cor- 
responding to the ground state assumed by Bardeen et al. is [1], apart from 
normalization. 



= ( 10 . 8 ) 

Aip{vi - r2)xs(l, 2)(^(r3 - r4)x^(3, 4)...(/?(rAr-i - vn)Xs(.N - 1, N) 
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where Xs(l,2) denotes the spin singlet combination of the spins of particles 1 
and 2 and A is the operator of antisymmetrization between any two electrons. 
Because the spin singlet function is already antisymmetric in the interchange, 
the orbital function <p(ri —r 2 ) must be symmetric. At finite temperature (less 
than the superconducting transition Tc), a typical wave function represented 
in the density matrix has some fraction f(T) of all the electrons paired off as 
in (10.8), with the rest occupying independent single-particle states. Now, just 
as in Section 10.1, we can envisage generalizing (10.8) by applying a space- 
and time-dependent external potential, so that <^(rir 2 : t) now becomes a 
function of time and of the center-of-mass coordinate R = (rir 2 :t) as well as 
of ri-r 2 . One might therefore think that it would be natural to attempt to 
define an “order parameter” <f"(ri,r 2 : t) by the prescription 

!f'triai(i'i,r2 : t) = \/l%‘p(ri,r2 : t) (?) (10.9) 

where Nq = N f{T). 

However, this definition turns out to be rather awkward to implement for 
the more general case, and in any case the quantity ip(rir 2 : t) turns out 
not to have much direct physical significance. Rather, following the classic 
discussion of [11], let us define for an arbitrary state the two-particle density 
matrix 



p(ricri,r2cr2,r3CT3,r4cr4 : t) = {'tp+^{ri)-tf;+^{r2)ipa3{r3)'ipaA'^4)){t) (10.10) 

and study the special case CTi = — CT 2 = t, cts = —o'a =i- Then, using the 
Hermitian property of p, we can write it in a form analogous to (10.4): 

p(ri t,r2 i,r3 J,,r4 t) = ^(n*)(t)x* (rir2)xi(r4r3) . (10.11) 

i 

As in the Bose case, let us assume that one and only one of the eigenvalues 
{rii){t) is extensive, i.e. of order of the total number N (“simple pseudo- 
BEC”); this is certainly true in the BCS ground state, and there are general 
arguments similar to those applying in the Bose case which indicate that 
the (attractive) interaction between fermions tends to disfavor macroscopic 
occupation of more than one (orbital) two-particle state, see e.g. [6], pp. 160- 
163. Then we can define a (two-particle) order parameter !f'(ri,r 2 : t) by the 
prescription (where Ao(t) is the unique macroscopic eigenvalue and xo the 
corresponding eigenfunction) 

if(rir2 : t) = \/lVo(t)xo(i'ii'2 : t) ■ (10.12) 

In the BCS formalism the constraint of fixed particle number is relaxed, 
so that we can assign a finite value to so-called “anomalous” averages such 
as ('!/'a(r)V’/3(rO); then we have for 'I'{viV 2 : t) the simple expression 

tf^(rir2 : t) = (V't(ri)V’i(r2))(t) = E(ri,r2 : t) 



(10.13) 
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where we note an alternative notation frequently used in the literature. One 
advantage of defining the order parameter by (10.12) [or (10.13)] rather than 
(10.9) is that the formula for the change in the expectation values of “two- 
particle” quantities such as the potential energy which is explicitly^ due to 
pair formation, when expressed in terms of the quantity defined by (10.12), 
is formally identical to that for the total potential energy in a two-particle 
system: for example we have 

(<5(l^))pairing = J J dridr2V{ri - r2)\^{ri,r2 : 1)1“^ (10.14) 

By contrast, if we were to use the definition (10.9) the expression for 
(5(4"))pairi„g would be very messy. 

The question of the normalization of is a little trickier than in the 
Bose case. If we use the definition (10.13) (or equivalently (10.12) with xo 
normalized to unity) and calculate the right-hand side for the BCS thermal 
equilibrium state, we find, using the standard BCS notation, the result 

No{T) = J y |if'(rir 2 )pdridr 2 = C(^) J de{^^f E/2T 

(10.15) 

The expression on the right can thus be regarded, in an intuitive sense, as a 
measure of the “number of Cooper pairs” formed in the system; it is of order 
A^(Z\(0)/e_p) at r = 0 and of order N A‘^{T)/TceF in the limit T Tc- (By 
contrast, in the “Bose” limit the number of pairs at T = 0 would of course 
be simply N/2). 

By this time the reader may be distinctly puzzled, since he or she is proba- 
bly used to thinking of the order parameter of a superconductor as a quantity 
Wirt) which has only a single space argument, whereas the quantity intro- 
duced in (10.12) and discussed above is a function of two space arguments 
ri,r 2 . Actually, the traditional order parameter E(rt), which was originally 
introduced by Ginzburg and Landau in the context of a phenomenological 
approach before the microscopic BCS theory was developed, is straightfor- 
wardly related to the !f'(rir 2 : t) of (10.12). Let’s write the latter in terms of 
the center-of-mass coordinate R = |(ri -|- r 2 ) and the relative coordinate p 

= ri - T2: 

if'(ri,r2 : t) = if(R,p : t) . (10.16) 

In the simple s-wave case considered in this section, the dependence of E 
on the relative coordinate p is fixed, in thermodynamic equilibrium, by the 
energetics and is a function only of j p j, and more generally cannot deviate 
far from its equilibrium form without a major cost in energy (i.e. the internal 
“structure” of the Cooper pairs is fixed to a good approximation). Thus it 

^ As distinct from possible “indirect” changes due to pair formation, e.g. in the 
Fock term in the energy. 
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is convenient to eliminate p from the description. The most common way of 
doing this is simply to write 

t) = const. X 0 : t)r=R , (10.17) 

but it would also be possible, for example, to define as the integral of 

t) over p for r = R.^ Thus, the traditional order parameter is, up 
to a (possibly temperature-dependent) constant, simply the “effective” wave 
function of the center of mass of the Cooper pairs. Note that, just as in the 
Bose case, the only “macroscopic” thing about this wave function is that it 
is occupied by a macroscopic [0(fV)] number of pairs. 

A final detail concerns the choice of the constant in (10.17). It turns 
out that the original choice of Ginzburg and Landau, when interpreted in 
terms of BCS theory with a contact interaction —g5{r), actually identifies 
the order parameter with the local (complex) energy gap A(rt) [3]. Since in 
such a theory the gap is just 5 'f'(R, 0 : t), this choice is equivalent to setting 
the constant in (10.17) equal to g. However, it should be emphasized that 
this choice is simply a matter of convention and nothing depends on it; this 
remains equally true in the case of a more general form of interaction. 



10.5 Cooper Pairs with Internal Degrees of Freedom 

An important simplifying factor in the case of the s-wave pairing, believed 
to describe the “classic” superconductors, is that the spin structure of the 
pairs is a singlet and thus is fixed once and for all, while the dependence 
of the two-particle order parameter <f"(R,p) on p is only on the magnitude 
IpI and is fixed, in equilibrium, by the energetics. Thus the pairs have no 
“orientation” or adjustable internal structure. By contrast, there exists a class 
of Fermi superfluids - the superfluid phases of liquid ^He, some more recently 
discovered superconductors and, probably, neutron stars - where the pairs 
possess a nontrivial spin and/or orbital structure which is not completely 
determined by the (main part of the) Hamiltonian.^ 

In such cases, the simplest procedure consists in first generalizing (10.13) 
to arbitrary spin components a,/3: 



'?'a/3(i'iT2 : t) = (V'a(ri)V'/3(r2))(= A„^(ri,r2 : t)) (10.18) 



and writing it in analogy to (10.17) in the form 

'I'a/3iri,r2-.t) = <I'ai3{'R,p-.t) (10.19) 

^ To lowest nontrivial order in the standard Ginzburg-Landau gradient expansion 
these definitions are effectively equivalent; at higher order they may produce 
minor differences. 

* For an exhaustive discussion of the topic of this section, see [10], chs. 3 and 5. 
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In the case of spin singlet (but possibly orbitally anisotropic) pairing we 
have, as in Section 10.4, t) = — t) = |(1 — t)- 

In the case of triplet pairing, we could of course characterize the spin state 
by the amplitudes for each of the three Zeeman substates, but it is often 
more convenient to represent it by an equivalent spin-space vector d(R,p:t) 
defined in terms of the 2x2 matrix 'J/ap by 

d(R, p:t)= Tr(-icT2crif (R, p : t)) . (10.20) 

We still need to characterize the “orientation” of the orbital part of the 
wave function. For simplicity, I specialize to the case of p-wave pairing, which 
occurs in ^He and probably some superconductors:® in this case one can for 
example define a quantity dj^(R : t) (where i denotes the component of d in 
spin space) by 

dip(r,t) = J d^pp^di{R,p : t)r=R (10.21) 

or by any of a number of definitions which are essentially equivalent in the 
usual Ginzburg-Landau limit. The quantity defined by (10.21) is a bivec- 
tor, that is, it is simultaneously a vector in spin space with components 
t=l,2,3 and a vector in orbital space with components /i=l,2,3. This descrip- 
tion is qualitatively similar, though not identical, to that of a Bose gas with 
an internal (“spin”) degree of freedom, see Section 10.3; it can be generalized 
in a fairly obvious way to the case of pairing with £ 

In a simple system such as liquid ®He, where the interatomic interactions 
are to a first approximation invariant under separate rotations of the spin and 
orbital coordinates, the free energy F is to the same approximation invariant 
under an overall rotation of the order parameter di^ in spin and orbital space 
separately. However, this does not mean, as one might perhaps think, that F is 
a function only of the quantity in general, forms of the order parameter 

which are equivalent in this respect but cannot be related by any rotation 
[e.g. din = and = 2~^/'^Snz(Six + iSiy)] correspond to different 

values of free energy even in the above approximation. What it does mean is 
that it is possible for the order parameter at one point in space and time to 
be rotated, in spin and/or orbital space, relative to its value elsewhere at a 
cost only of the relevant gradient terms in the Ginzburg-Landau free energy. 
For a detailed discussion in the specific context of ®He, see [10] or [9]. 

One caveat should be made about the above analysis (which is standard 
in the literature): The definition (10.18) (like (10.13) in the s-wave case) 
implicitly relies on the assumption that one and only one eigenvalue of the 
two-particle density matrix (10.10) is “of order TV”, i.e. we have simple, rather 
than general, “pseudo-BEG” . If there is an exact or approximate conservation 

® In real-life superconductors it is necessary to classify the internal structure of 
the pairs by its behavior under the operations of the crystal symmetry group 
rather than under the rotation group 0(3) so that the s-, p-classification is only 
approximate. 
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law in the system, it is not at all obvious that this must be true. For example, 
in the absence of the small spin-nonconserving nuclear dipole interaction, the 
ground state wave function of superfluid ^He in the A phase would actually 
be a product of two independent wave functions for the up- and down-spin 
atoms, and would then have two different two-particle eigenfunctions with 
occupation ~ N. In this and similar cases, it may be shown that in the 
thermodynamic limit an arbitrarily weak spin-nonconserving interaction will 
enforce the “simplicity” condition, but it is not guaranteed a priori in general 
that this limit corresponds to the actual conditions of a real-life experiment. 
For a detailed discussion of this point, see [5]. 
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11.1 Introduction 

In classical electrodynamics, the scalar and vector potentials are mathemat- 
ical artifacts, designed to simplify calculation, without any real physical sig- 
nificance. However, in quantum theory this is no longer true; potentials enter 
Schrodinger’s equation in an intimate way, and can produce directly observ- 
able effects. As far as I am aware, this was first pointed out by Ehrenberg and 
Siday [1] in a widely neglected paper. Aharonov and Bohm [2] gave a much 
more explicit account, illustrated by two striking gedanken experiments, and 
brought the issue to the notice of the community. 

Although the Ehrenberg-Siday-Aharonov-Bohm (ESAB) effect is a nec- 
essary consequence of quantum mechanics, it seemed at first sight to be 
counter-intuitive. It was therefore deemed necessary to find direct experi- 
mental confirmation of its existence. Experiments by Chambers [3] and by 
Boersch and Lischke [4] appeared to provide this confirmation, but a se- 
ries of articles by Loinger and coworkers [5] showed that these experiments 
were open to an alternative interpretation. Roy [6] drew attention to the 
importance of topological considerations, and it was these topological con- 
straints which led the present author [7] to suggest that an experiment using 
a toroidal magnet could yield an unambiguous test for the reality of the ef- 
fect. The subsequent work of Tonomura and his coworkers [8,9] used such a 
toroidal geometry, and thus gave an elegant and unambiguous experimental 
demonstration of the reality of the ESAB effect. 

11.2 The Role of the Electromagnetic Potentials 
in Quantum Mechanics 

The potentials A, are defined (in Gaussian units) by 

B = V X A, 

1 DA 

E = -V<Z>--^, (11.1) 

c ot 

together with the constraints 

V2<?+1^(V-A) =- 4 ttp , 

J. Berger and J. Rubinstein (Eds.): LNP m62, pp. 239—247, 2000. 

(c) Springer- Verlag Berlin Heidelberg 2000 
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V^A 



1 d^A 



V(V • A + 



1 d<P 
c dt 




( 11 . 2 ) 



and the Lorentz condition 

1 d(P , , 

V-A+-— = 0 11.3 

c ot 

Here E, B are the electric and magnetic fields respectively, and p, J 
are the charge and current densities. These potentials automatically satisfy 
Maxwell’s equations 



V • E = 47rp, 



V-B = 0, 



VxE+-^=0, 
c at 

^ „ 1 9E 47t , 

V X B — = — J. 

c ot c 



(11.4) 



However, the constraints (11.2) and (11.3) do not fix A, uniquely since, if 
X is an arbitrary scalar field satisfying the wave equation. 



^ X= 

c ot^ 



then the gauge transformation 



c dt 

A' = A -P Vv 



(11.5) 



( 11 . 6 ) 



yields an equally good set of potentials. Since the “real” physically observable 
quantities are E, B, and not A, (p, all observable effects must be gauge 
invariant. 

It is easily shown that the Lagrangian 

C = — ri2/c2 + {e!c)w ■ A — e<P (H-7) 



yields the usual classical equations for a charged particle in an electromag- 
netic field. Here m is the rest mass of the particle, v its velocity, and p,., its 
Newtonian momentum. This Lagrangian gives the canonical momentum 



P 



(9v 



Pn + (e/c)A 



( 11 . 8 ) 



and Hamiltonian 

7f = p- v — £ = a/ (cp — eA)2 -I- -I- e(P. (H-9) 

Note that neither the Lagrangian, the Hamiltonian, nor the canonical mo- 
mentum are gauge invariant. 
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Cl 




Fig. 11.1. The first Aharonov-Bohm gedanken experiment. The beam, emerging 
from an electron gun G, is split at A. One half passes through the Faraday cage 
Cl, and the other half, through C 2 . The two beams are reunited at B and produce 
interference fringes on a screen at S 



Making the usual transition to quantum mechanics by interpreting the 
canonical momentum p = —ihV yields the non-relativistic Schrodinger equa- 
tion 

in which the state vector W depends explicitly on the potentials, and is there- 
fore also not gauge invariant. However, gauge transformations only affect the 
phase of If'. which is observable, is gauge invariant. 

11.3 The Aharonov— Bohm Gedanken Experiments 

In the first gedanken experiment, let us consider a coherent electron beam 
split into two parts, each of which passes through a long cylindrical Faraday 
cage (Fig. 11.1). After leaving the cages, the beams recombine, to produce 
interference fringes in the usual manner. The beam is pulsed; the duration of a 
pulse is short compared to the transit time. While the electrons are inside the 
cages, an electrostatic potential is applied to the cage Ci and then removed, 
while the cage C 2 is grounded throughout. The electrons never experience any 
electric (or magnetic) field, but nevertheless the phase of the beam in Ci is 
changed relative to C 2 , leading to a displacement of the interference fringes. 

Fig. 11.2 illustrates the second gedanken experiment. M is an infinitely 
long magnet, perpendicular to the plane of the diagram. The electron beam 
is split at A into two coherent beams, going around the magnet along paths 
Cl and C 2 , before being reunited at B. The phase difference between the two 
paths is 



A = 6c^- (5c2 




A-dr- 



A - dr 



/C2 



e 

he 



A ■ dr 



e 

he , 



B -dS, 



( 11 . 11 ) 





242 C.G. Kuper 




Fig. 11.2. The second Aharonov-Bohm gedanken experiment. The electron beam 
emerging from G is split at A. The two halves travel along the paths Ci and C 2 , 
on opposite sides of the infinitely long magnet M. The two beams are reunited at 
B and produce interference fringes on a screen at S 



by Stokes’s theorem. Here C is a closed contour around M and is a surface 
of integration bounded by C. Eq. (11.11) demonstrated explicitly the gauge 
invariance of A, but again illustrates that the inaccessible field B will move 
the interference fringes. 

11.4 Early Experimental “Verification” 

Many experiments have been reported, which are basically just variants of 
the second Aharonov-Bohm gedanken experiment. However, infinitely long 
magnets or solenoids are not obtainable, and the experiments used short finite 
magnets. I will describe briefly two examples, taken from a large set. 

In Chambers’s experiment [3], an electron beam was split by an electro- 
static “biprism”, and the magnetic field B was contained within a magnetic 
whisker (~ l/rm in diameter, and ~ 0.5mm long). Boersch and Lischke [4] 
used a solenoid, consisting of a hollow superconducting tube (of outer di- 
ameter 1.44 /im, inner diameter 0.76/xm, and length ~ 100/im), which could 
contain either an odd or even number of flux quanta ^0 = 7rfi,c/e. 

In all experiments of this class, the expected fringe shifts were observed. 
However, Bocchieri et al. [5] have remarked that another interpretation is 
possible. Since the magnet is always quite short compared with the electron 
trajectories, the electrons will always experience a “leakage” field, so it was 
not true that the electron trajectories went through a field-free region of 
space. 

11.5 Roy’s Theorems 

Roy [6] gave mathematically sufficient conditions for the “non-existence” of 
the ESAB effect, i.e. sufficient conditions for all observable effects to be deriv- 
able from the action of accessible fields only. His theorems establish that in 
any singly-connected region of space, the field strengths E, B will determine 
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all physical effects on the particle. Hence for an unequivocal demonstration 
that the effect is real, a multiply-connected geometry is essential. 

Roy defines paths in space-time /i = 1,2, 3, 4, = i^O) where ^ 

is a real parameter, satisfying — oo < ^ < 0, and where z^ are single-valued 
differentiable functions of ^ and of the coordinates Xv The paths are required 
to satisfy the conditions 



z^{x,Q) = Xf, , 

lim Zfj,{x,^) = oo . (11.12) 

^ — »■ — OO 



The electromagnetic potentials A^{x) are assumed to be single- valued func- 
tions, satisfying the conditions 

c)z 

lim A,{z)^ =0 (11.13) 

?^-oo OXfi 

and the fields = d^A^ — d^A^ satisfy 



Since the integrand is continuous and the integral is uniformly convergent, 
we may differentiate under the integral sign, and then integrate by parts, to 
get 



d 

dx 




dC A„{z) 




Afi{x) 







dz^ dzp 
dxp 



(11.15) 



Roy’s first theorem states: 

If a charged particle is confined within a region TZ, and if for every Xp 
in TZ there exists a path Zp{x,ff) satisfying the conditions (11.12), then all 
physical effects on the particle are determined by the in TZ alone. 

The proof follows by gauge invariance, noting that the left-hand side of 
(11.15) is single valued; the potential is equivalent to 



" /_oo dxp' 

which contains only the field strengths in TZ. 

The second theorem states: 

If two potentials a£^ and a£'^ in TZ, satisfy 



dp{AA,,) - d,,{AAp) = 0 ; 

<oo; 

f)z 

lim ^Z\A,(z) = 0 

4^-00 dxp 



(11.17) 
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Fig. 11.3. Interferograms at normal incidence, from a thin-film toroidal permalloy 
magnet (Tonomnra et al. [8].) (a) “Ideal” sitnation, with the flux well confined 
within the magnet; (b) there is flux leakage 



(where AA^ = — A^if^ ) for at least one path f) satisfying the condi- 

tions (11.12) and lying entirely within TZ, then the two potentials are equiv- 
alent. 

The proof follows from (11.15), replacing A^ by AA^] it is the derivative 
with respect to of a single-valued function, i.e. it is equivalent to zero 
potential. 

From Roy’s theorems, it follows that in any singly-connected region of 
space, all observable effects result from accessible fields; a non-trivial ESAB 
effect can only be tested using a topology which is not singly connected. 



11.6 Crucial Experiments 

In the light of Roy’s theorems, it is clear that a real direct experimental 
verification of the ESAB effect requires a topologically different setup from 
that of the early experiments. The present author [7] suggested that a real 
experiment could be performed in which the magnetic field is confined within 
a hollow superconducting torus. The walls can be thick enough, compared 
with the London penetration depth, so that there need be no significant stray 
or fringe fields. 

Tonomura’s group in Japan have performed a series of very elegant ex- 
periments [8,9] which establish the reality of the ESAB effect in a totally 
convincing manner. In these experiments, the phase of the electron beam is 
followed by using holographic interferometry. The method is designed to pro- 
duce contour lines of constant phase. The electron beam is split coherently 
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Fig. 11.4. Interferograms taken at oblique incidence (Tonomura et al. [8]), showing 
contour lines of magnetic flux, and demonstrating the refraction of the electron 
phase by the magnetic medium 

into a reference beam and a beam which passes through the specimen — a 
toroidal magnet. The interference between the reference beam and the beam 
which irradiates the specimen produces a hologram. The photographic plate 
containing the hologram is then placed in an optical system to reconstruct a 
map of the interference fringes. 

In the first series of experiments, Tonomura et al. [8] used a thin-film 
permalloy toroidal magnet. When the electron beam is at normal incidence, 
the fringes of constant phase are concentric loops around the torus. The 
interferograms of many specimens showed that the magnetic flux was indeed 
well confined within the torus. (Fig. 3a). Specimens where the flux was not 
confined were easily identified by the fact that some of the contour lines have 
to exit from the torus (Fig. 11.3b). 

At oblique incidence, interference fringes can be seen in all three regions: 
outside the specimen, inside the central hole, and inside the magnetic mate- 
rial itself (Fig. 11.4). Note that the fringes inside the material are bent by 
refraction, but are bent back again inside the hole (c/. the refraction of light in 
a parallel-sided glass block) . The experiment verifies the effect quantitatively, 
to an accuracy of better than 20%. 

The criticism of Bocchieri et al. [5] is still not completely answered by 
this experiment, since the electron beam is not totally excluded from the 
region where the flux sits. To answer this possible criticism, Tonomura et al. 
varied the energy of the electrons (80, 100, and 125 keV), in order to vary 
the penetrability of the magnet to the electrons. Varying the beam energy 
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Fig. 11.5. The design of Tonomura’s [9] niobium-sheathed toroidal magnets. Left: 
scanning electron micrograph; right: schematic 



led to no change in the displacement of the phase between the hole and the 
exterior. 

To counter Bocchieri’s further assertion that even the slightest penetration 
can “explain” the effect, Tonomura [9] made a series of toroidal magnets 
(< 10/im in size), completely sheathed by superconducting Nb of thickness 
> Al ~ 10^ nm (Fig. 11.5). The sheath serves both to confine the flux within 
the magnet, and to exclude the electron beam from the magnet. 

When the Nb is superconducting, only two different interferograms are 
found, as expected (Fig. 11.6a, b). They correspond to the two cases where 
the number n of flux quanta within the magnet is even or odd. (The total 
flux within the torus is <l> = n^o-) However, when the temperature T of a 
specimen is > Tc, 'P is no longer quantized, and intermediate phase shifts are 
seen (Fig. 11.6c). This experiment of Tonomura thus gives a very elegant and 
direct confirmation of the reality of the ESAB effect. 
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Abstract. Inhomogeneous superconductors, made up of superconducting and 
non superconducting regions, or of regions having different critical tempera- 
tures, have properties that may differ considerably from those of ideally homo- 
geneous superconductors. We review here some examples of interest, such as super- 
conductor/normal metal contacts, superconducting networks embedded in insulat- 
ing matrices, and granular superconductors. 



12.1 Introduction 

A superfluid is in general described by a macroscopic wave function: 

( 12 . 1 ) 

where the amplitude \ip\ and the phase (p may be space, and also time de- 
pendent. The superfluid density expresses the macroscopic occupation 
of a quantum state. The particles that have condensed in that state must 
evidently be bosons. In the case of superfluid helium, these particles are the 
individual atoms. In the case of a superconductor, they are pairs of electrons 
of opposite momentum and spins, the famous “Cooper pairs” . In a BCS su- 
perconductor, pairs form and condense at the same temperature, the critical 
temperature Tc. But other kinds of condensation leading to superconduc- 
tivity are in principle possible, for instance with pairs forming at a higher 
temperature than the condensation temperature. In any case, the superfluid 
density is defined only below the condensation temperature Tc. 

In an homogeneous superconductor, the superfluid density determines the 
value of the London penetration depth A/, that characterizes the Meissner 
effect: 

= 167re^|^P(mc^)“^ (12-2) 

where m is the single electron effective mass. In homogeneous super- 
conductors described by the theory of Bardeen, Cooper and Schrieffer (BCS), 
the concepts of the superfluid density and of the pair potential A, or order pa- 
rameter (identical to the energy gap in the homogeneous case) are intimately 
related: 

|V,|" = (12.3) 
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The value of the coefficient C can be determined experimentally by com- 
paring values of A and of A (the latter obtained by a tunneling experiment 
that detects the energy of the first excited states). The value of C has also 
been calculated within the framework of the BCS theory. In a pure metal, 
C « A^(0)^o, where iV(0) is the normal state density of states at the Fermi 
level, and is the coherence length. At T = 0 (i.e. in the absence 

of any excitations), the superfluid density is then equal to the free electron 
density: the penetration depth is in fact independent from the pair poten- 
tial. It will retain the same value for infinitesimally small values of the pair 
potential, or of the critical temperature Tc, related to Z\ by Z\ = 1.75A:Tc. 
The limit Z\ — > 0 corresponds to a vanishingly small interaction parameter 
V, Afu Od exp(— 1/A^T^), where Od is the Debye temperature of the metal. 
We shall see below that the indirect relationship between Meissner currents 
and the order parameter allows an interesting situation where these currents 
can flow in an inhomogeneous superconductor, in regions where V = 0 (and 
therefore Z\=0). 

Another important quantity determined by the order parameter is the 
maximum velocity Vc that the condensate particles can acquire without being 
excited out of the condensate. In a BCS superconductor 



A 

Pf 



(12.4) 



where pf is the Fermi momentum. In general, what is being measured exper- 
imentally is the critical current density: 



J, = 2e\^P\^ — 
Pf 



(12.5) 



In the Ginzburg Landau formulation of the free energy of the condensed 
state 

h ^ A h'^ 

F, = + -\^\^ + - — )p + _ (12.6) 

— where the coefficient a is a linear function of the temperature T that goes 
to zero at T^, the coefficient b is taken as constant, and ft. is a local field — 
the critical current density is given by: 



Je — 



def/'o ^ 
3v^ m^{T) 



where the coherence length ^(T) is related to the coefficient a by 

arf = 



2m|a| 



(12.7) 



( 12 . 8 ) 



and ijjQ is the equilibrium value of the superfluid density, ■0 q = — 
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In inhomogeneous superconductors, the definition of an order parameter 
is not obvious. They may display some or all of the manifestations of super- 
conductivity described above — Meissner effect, critical current density, gap 
in the excitation spectrum. But the relationship between these quantities will 
in general be different from what they are in a BCS superconductor. 



12.2 The Case 

of a Normal-Metal/Superconductor Interface 



We consider an interface between a semi-infinite BCS superconductor having 
an interaction parameter V and a gap A, with a normal metal in which 
the interaction parameter is zero, or extremely small compared to that of 
the superconductor. There exists a proximity effect between the two sides. 
Two theoretical approaches have been proposed to describe it. In the dirty 
limit — where the electron mean free path is substantially smaller than the 
coherence length — the proximity effect can be understood as due to the 
diffusive leakage of Cooper pairs from the S side into N. In the clean limit, 
one can, following Saint James, consider the case where S is semi-infinite, and 
N is a slab of finite thickness d . An incoming electron from the N side, having 
an energy counted from the Fermi level that is smaller than the energy gap 
in the S side, cannot penetrate inside S. It creates an electron-hole pair in 
S, combines with the electron to create a Cooper pair in S, while the hole is 
reflected back into N. This process is usually known as an Andreev refiection. 
After being again reflected at the outer surface of N, this time as a normal 
refiection, the hole hits again the S/N interface, undergoing a second Andreev 
refiection that re-establishes the charge and spin of the original quasi-particle. 
After a second normal refiection at the outer surface of N, the cycle starts 
again. This description is equivalent to the behavior of a particle in a potential 
well of thickness 2d. Its energy is quantized. When 2d > ^s, the separation 
between the energy levels is given by: 



Ae = 



irkp 
2m d 



(12.9) 



where kp is the Fermi wave vector in N. This separation is half that of 
a normal particle in a potential well of width d. Since there are no states 
available below the first level, it plays the role of an effective energy gap, if 
one probes only excitations propagating perpendicular to the interface. Note 
that this gap comes about because normal quasi-particles cannot penetrate 
inside S: it is a proximity effect. Another way to describe it, is to remark 
that the reflected hole has a momentum that is almost equal and opposite to 
that of the incoming electron (to within kp^)' together, they are almost a 
Cooper pair, that has been induced in N by the proximity of S. 

Let us now apply a magnetic field parallel to the interface, on the N side 
of the bi-layer. Will there be a Meissner effect in N, namely will the applied 
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field be screened inside N and have a very small value at the interface - or will 
it be essentially unscreened in N? In other terms, is there a finite superfiuid 
density in N? And if yes, what is its value? The answer to this question 
is not obvious. On the one hand, the leakage of Cooper pairs from S to N 
implies the existence of a finite superfiuid density. On the other hand, if the 
interaction parameter is strictly zero in N, so is the local pair potential (the 
gap in an homogeneous superconductor). This comes about because in the 
linear perturbation approximation, valid for small values of the pair potential, 
it is given by an expression of the form: 

A{r) = V{r) j K{r,r')A{r')dr' (12.10) 

where K (r, r') is a kernel having a range that depends on the normal state 
properties. If the local value of V is zero, so is the local pair potential. How- 
ever, if the pair potential is non zero somewhere in the sample, the local value 
of AjV is non zero everywhere. AjV the pair amplitude. What is required 
to have finite Meissner currents is a finite pair amplitude and not necessarily 
a finite pair potential. These currents are given in the dirty limit by 

j{x) = -x{x)A{x) (12.11) 

where A(x) is the local value of the vector potential, and x(a;) is given by 

X{x) = f A{x')Kn{x - x')dx' (12.12) 

n 

Here a is the normal state conductivity and D is the coefficient of diffusion. 

Although the Meissner current is determined by a non-local relation, it 
may be described by a London like equation with an effective local superfiuid 
density (or order parameter), or in other terms a local penetration depth. 
But this is not quite in the spirit of the London equation, which is strictly 
local. 

Because the kernels AT„ decrease exponentially away from the S/N inter- 
face, so does the function x(x) inside N (x^O). This means that the effective 
local penetration depth diverges exponentially away from the interface. Al- 
though the Meissner currents are finite everywhere, they become exponen- 
tially weak away from the interface. Let us define p as the distance in N 
measured from the interface. We can divide N into two regions. Far from the 
interface, A(p) > p: the field penetrates essentially freely. For all practical 
purposes, the superfiuid density is zero. Close to the interface, it may or may 
not be that A(p) < p\ the field may or may not be screened. It can be shown 
that the condition 

\{p)=p (12.13) 

A(p) = iF-i 



is equivalent to: 



(12.14) 
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where K~^ is the maximum range of the kernels The parameter \K 
plays the role of an effective Ginzburg Landau parameter. If it is everywhere 
in N larger than 1, there is in practice no Meissner effect in N. If, close to 
the interface, it becomes smaller than 1, then the field will not penetrate in 
that region. 

The effective GL parameter is a strong function of temperature, contrary 
to the case of homogeneous superconductors. Near the critical temperature 
of S, it is larger than 1 everywhere in N, because of the decrease of the pair 
potential in S. At low temperatures, because the Kernel range varies as 
, the screening condition (12.13) is eventually fulfilled, first near the interface, 
then progressively further away. For instance, in the case of a contact between 
Pb, a. superconductor below 7.2K, and Gu, a non-superconductor, a Meissner 
effect is seen on the Gu side below about 2K. At very low temperatures, the 
screening distance from the interface can reach several microns. 

It turns out that the study of the Meissner effect is well suited for a study 
of the superfluid density on the N side of S/N contacts. The screening length, 
because it is measured from the interface, and not from the outer surface of 
N, gives a good evaluation of the practical superfluid properties induced by 
the proximity effect. 

An interesting question is that of the determination of the local value of 
the order parameter, in an inhomogeneous situation. Suppose for instance 
that one performs a tunneling experiment at the surface of the N side of an 
S/N contact. One may naively think that what will be measured is the value 
of the order parameter at that surface, as is usually the case when perform- 
ing such an experiment on a superconductor. It turns out that this guess is 
usually wrong. The reason is, that for a thick N layer, the order parameter in- 
creases exponentially away from the surface, towards the S/N interface. Two 
effects then cancel each other: the exponentially decreasing sensitivity of the 
tunneling current away from the surface, and the exponentially increasing 
order parameter. For thick N layers (compared to the decay length of the 
order parameter in N), the energy scale of the tunneling characteristic is in 
fact determined by its value near the interface. The measurement is in fact 
highly non-local. There is one special case where the tunneling measurement 
is a local probe. This is when the N layer is at a temperature close to its own 
Tc- The decay length in N is then considerably increased beyond the range of 
the normal state kernel, and to first approximation what is being measured 
is the local value of the order parameter at the surface. 

12.3 Superconducting Networks 

We consider a system composed of superconducting and insulating regions, 
mixed at random. A lattice model for such a system would be composed 
of superconducting and insulating bonds. An experimental realization is a 
composite of a superconducting metal, such as Indium, and of an insulator 
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or semiconductor, such as Germanium. The important points for the choice 
of the constituents are that they should not be soluble in each other, nor 
form definite compounds by some chemical reaction, and that they should 
both be in crystalline form under the conditions of preparation. Such systems 
can be prepared by co-evaporation of the two elements unto a substrate held 
at the appropriate temperature (such that both elements crystallize upon 
condensing on the substrate). The scale of the superconducting and insulating 
regions are asumed to be large enough so that their electronic properties are 
essentially identical to that of the bulk. For instance, the superconducting 
regions have the same critical temperature as the bulk, and the same local 
superfluid density. In practice this requires that their smaller dimension be 
of the order of 10 nm or more. 

The macroscopic superfluid properties of such a system are entirely de- 
pendent on its geometry, which is itself strongly dependent on the respective 
volume fractions of the constituents. There exists a critical metal volume 
fraction Xc below which the metal forms only finite clusters, and above which 
it forms both finite clusters and an infinite one. Kt x < Xc the compound is 
macroscopically an insulator. Its resistance is finite at any temperature and 
for all current values. An applied magnetic held will penetrate throughout 
any thickness of the composite, although it will be excluded from the volume 
of the finite clusters in a way that depends on their geometry. Since the re- 
sistance is finite and the macroscopic London penetration depth is infinite, 
the macroscopic superfluid density is zero. 

A more interesting situation arises &t x > Xc ■ The infinite cluster then 
displays the basic properties of a superfluid. Below Tc, it has zero resistance, 
a finite critical current density, and a finite London penetration depth. De- 
scribing the network in terms of a percolation model, it is characterized by 
a length scale, called the percolation correlation length This length scale 
diverges at Xc as 

Cp = Cpo(a; - xe)-" (12.15) 

The infinite cluster is composed of blobs connected by thin links that 
contain a small number of parallel paths, ^p is the typical distance that 
separates these links. The number of parallel paths that constitute a link 
remains finite as Xc is approached. In a d dimensional medium, the density 
of links determines the macroscopic critical current density, which varies as: 

3c = 3co{x - (12.16) 

Here jco is the critical current density of the bulk. This relation is well 
followed by experiment. A measurement of the critical current density of 
random superconductor/insulator composites is in fact the most direct way to 
determine the critical exponent of the percolation correlation length. Values 
obtained experimentally are in good agreement with those obtained from 
Monte Carlo simulations. It is worth to note that the behavior of the normal 
state conductivity of the composite is not, contrary to the superconducting 
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critical current density, determined uniquely by the density of weak links in 
the network. It is also determined by the length of these weak links, which has 
its own critical exponent. For instance, in 3 dimensions, the critical exponent 
for the critical current density is equal to 1.7, while that for the conductivity 
is equal to 2.0. 

12.4 Granular Superconductors 

We now consider another kind of mixture of superconducting and insulating 
regions. Instead of being distributed at random, the constituents have dif- 
ferent morphologies. The superconductor is in the form of grains, and the 
insulator coats these grains, forming dielectric regions that act as tunneling 
barriers between the grains. Ideally, the grains have all the same size, and the 
barriers all the same thickness and transmission coefficient. In an experimen- 
tal realization, the grains are made of Aluminium, and the dielectric barriers 
of Germanium. A granular composite is formed by vacuum deposition of the 
constituents unto a glass substrate held at room temperature. They hit the 
substrate at random, but because under the conditions of deposition, only A1 
crystallizes, Ge atoms are rejected from the crystallization regions and form 
the described dielectric coating (amorphous Ge) around the grains. As the 
grains grow, Ge atoms accumulate around them, until they form a continu- 
ous coating. At that stage, grain growth stops. Micrographs show that the 
A1 grain size distribution is fairly narrow, with an average size that decreases 
as the Ge content increases (the Ge coating reaching continuity faster). A 
typical A1 grain size is 10 nm for the concentrations of interest. 

In the normal state, electrical conduction occurs by electron tunneling 
from grain to grain. Because of the small grain size, Goulomb effects induce 
a repulsive potential Ec for the transfer of one electron between two initially 
neutral grains. This potential is effective when the relaxation time r is such 
that: 

^ <E, (12.17) 

T 

the composite is then an insulator. In the opposite case, it is in fact a metal, 

namely the transfer of electrons from grain to grain does not require an 

activation energy. As the Ge content is increased, the grains become smaller, 
2 

hence Ec~^ becomes larger. Here e is an effective dielectric constant of the 
medium, and r is the grain radius. At the same time, the Ge barrier becomes 
thicker and its cross section smaller, so r becomes longer. At some point, 
condition (12.17) is met and the composite becomes and insulator. 

Below a temperature Tco, the grains become superconducting. What will 
then be the properties of the granular compound? If, above Tco, the composite 
is metallic, we expect it to become itself superconducting. This is indeed the 
case if the grains are sufficiently large to have a well defined T^g, as we have 
assumed here. A more delicate situation arises if the composite is insulating 
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in its normal state. Can the composite still become superconducting? And, 
if not, how will its insulating properties be affected by the individual grains 
superconductivity? 

At the time of writing, we do not have a full theoretical understanding of 
these questions. But experiments have revealed two interesting phenomena. 

The first one is that there does exist a narrow window of concentration 
where the composite is insulating in the normal state, but nevertheless be- 
comes superconducting below a temperature Tj,, lower than T^q. This proves 
that the Josephson coupling between superconducting grains, Ej, can be 
larger than the Coulomb potential Ec, although the normal state coupling 
energy, h/T, is smaller than Ec- The net result is that an insulator — a ma- 
terial in which all electrons are localized in the normal state — can become 
a superconductor, due to inhomogeneity effects. 

The second one is that, at slightly larger Ge concentrations, the Al-Ge 
composite becomes a super-insulator below Tc- In other words, as the Ge 
concentration is increased, the composite state at T = 0 goes from supercon- 
ducting to super-insulating. The super-insulating state is characterized by 
a faster increase of the resistance below than above T^, as the tempera- 
ture is lowered. By applying, below Tc, a magnetic field sufficiently strong to 
quench superconductivity in the grains, it is possible to compare directly the 
resistance in the super-insulating state to that in the normal state. At low 
temperatures, the former can be several orders of magnitude larger than the 
latter. 

The origin of the super-insulating properties below Tc lies clearly in the 
opening up of the superconducting gap in the individual grains. This gap 
prevents quasi-particle tunneling (Giaever tunneling) — the only one allowed 
when the intergrain Josephson coupling is weak. What is remarkable is that 
the vast majority of intergrain Ge barriers act essentially as ideal Giaever 
junctions. This experiment proves that transport in the composite does in- 
deed occur through inter-grain tunneling — and not, for instance, through 
electron hoping, as would be the case in an amorphous material. The granular 
structure does control the properties of the system. 
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